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Foreword 


‘The job of the aeronautical engineer has changed dramatically in recent years and will continue to change. Ad- 
‘vanced computational tools have revolutionized design processes for all types of flight vehicles and have made it 
possible to achieve levels of design technology previously unheard of. And as performance tangets have become 
‘more demanding, the individual engineer's role in the design process has become increasingly specialized. 

In this new environment, design work depends heavily on voluminous numerical computations. The computer 
handles much of the drudgery, but it can't do the thinking. It is now more important than ever for a practicing 
engineer to bring to the task a strong physical intuition, solidly based in the physics. In this book, Doug McLean 
provides a valuable supplement to the many existing books on aerodynamic theory, patiently exploring what it all 
‘means from a physical point of view. Students and experienced engineers alike will surely profit from following 
the thought-provoking arguments and discussions presented het 
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Series Preface 


‘The field of aerospace is wide ranging and multi-disciplinary, covering a large variety of products, disciplines 
and domains, not merely in engineering but in many related supporting activities. These combine to enable the 
aerospace industry to produce exciting and technologically advanced vehicles. The wealth of knowledge and e: 
perience that has been gained by expert practitioners in the various aerospace fields needs to be passed onto oth- 
ers working in the industry, including those just entering from University. 

The Aerospace Series aims to be a practical and topical series of books aimed at engineering professionals, 
operators, users and allied professions such as commercial and legal executives in the aerospace industry, and 
also engineers in academia. The range of topics is intended to be wide ranging, covering design and development, 
‘manufacture, operation and support of aircraft as well as topics such as infrastructure operations and develop- 
‘ments in research and technology. The intention is to provide a source of relevant information that will be of 
interest and benefit to all those people working in aerospace. 

Aerodynamics is the fundamental enabling science that underpins the world-wide aerospace in- 
dustry—without the ability to generate lift from airflow passing over wings, helicopter rotors and other lifting 
surfaces, it would not be possible to fly heavier-than-air vehicles as efficiently as is taken for granted nowadays. 
Much of the development of today's highly efficient aircraft is due to the ability to accurately model aerodynamic 
flows using sophisticated computational codes and thus design high-performance wings; however, a thorough 
understanding and insight of the aerodynamic flows is vital for engineers to comprehend these designs, 

This book, Understanding Aerodynamics, has the objective of providing a physical understanding of aerody- 
namies, with an emphasis on how and why particular flow patterns around bodies occur, and what relation thes 
flows have to the underlying physical laws, It is a welcome addition to the Wiley Aerospace Series. Unlike most 
aerodynamics textbooks, there is a refreshing lack of detailed mathematical analysis, and the reader is encouraged 
instead to consider the overall picture. As well as consideration of classical topies—continuum fluid mechanics, 
boundary layers, lift, drag and the flow around wings, ete—there is also a very useful coverage of modelling 
aerodynamic flows using Computational Fluid Dynamics (CFD). 

































Peter Belobaba, Jonathan Cooper, Roy Langton and Allan Seabridge 


Preface 


This book is intended to help students and practicing engineers to gain a greater physical understanding of aero- 
dynamics. It is not a handbook on how to do aerodynamics, but is motivated instead by the assumption that en- 
gineering practice is enhanced in the long run by a robust understanding of the basics. 

A real understanding of aerodynamics must go beyond mastering the mathematical formalism of the theories 
and come to grips with the physical cause-and-effect relationships that the theories represent. In addition to the 
‘math, which applies most directly at the local level, intuitive physical interpretations and explanations are re 
quired if we are to understand what happens at the flowfield level. Developing this physical side of our unde 
standing is surprisingly difficult, however. It requires navigating a conceptual landscape littered with potential 
pitfalls, and an acceptable path is to be found only through recognition and rejection of multiple faulty paths. It 
is really a process of argumentation, thus the “arguing” in the title. This kind of argumentation is underemphas- 
ized in other books, in which the path is often made to appear straighter and simpler than it really is. This book 
explores a broader swath of the conceptual landscape, including some of the false paths that have led to errors in 
the past, with the hope that it will leave the reader less likely to fall victim to misconceptions. 

We'll encounter several instances of serious misinterpretations of mathematical theory that are in wide ciret 
lation and of erroneous physical explanations that have found their way into our folklore. In any case where a 
misconception has been widely enough propagated, the “right” explanation would not be complete without the 
debunking of the “wrong” one. I have tried to do this kind of debunking wherever it seemed appropriate and have 
not hesitated to say so when I think something is wrong. This is part of what makes aerodynamics so much fun. 
It's one of those little perversities of human nature that coming up with a good explanation is much more satisfy~ 
ing when you know there are people out there who have got it wrong. But debunking bad explanations serves a 
pedagogical purpose as well, because the contrast provided by the wrong explanation can strengthen understand~ 
ing of the right one. 

This effort devoted to basic physical rigor and avoiding errors comes at a cost. We'll spend more time on some 
topics than some will likely think necessary. I realize some parts of the discussion are long and are not easy, but I 
hope most readers will find it worth the effort 

We are now well into what I would call the computational era in aerodynamics, made possible by the eve 
advancing capabilities of computers. In the 1960s, we began to calculate practical numerical solutions to linear 
equations for inviscid flows in 3D. In the 1970s, it became economical to compute solutions to nonlinear equa~ 
tions for inviscid transonic flows in 3D and to include viscous effects through boundary-layer theory and viscous. 
inviscid coupling. By the 1990s, we were routinely calculating solutions to the Reynolds-averaged Navier-Stokes 
(RANS) equations for full airplane configurations, These computational fluid dynamics (CFD) capabilities have 
revolutionized aerodynamics analysis and design and have made possible dramatic improvements in design tech- 
nology. CFD is now such a vital part of our discipline that this book would not be complete if it did not address it 
in some way. While this is not a book about CFD methods or about how to use CFD, there are conceptual aspects 
of CFD that are relevant to our focus, and these are considered in chapter 10. 












































| believe that although we now rely on CFD for much of our quantitative work, it is vitally important for a 
practicing engineer to have a sound understanding of the underlying physics and to be familiar with the old sim- 
plified theories that our predecessors so ingeniously developed. These things not only provide us with valuable 
‘ways of thinking about our problems, they also can help us to be more effective users of CFD. 

The unusual scope of the book is deliberate. The book is not intended to be a handbook. Nor is it intended as 
a substitute for the standard textbooks and other sources on aerodynamic theory, as I have omitted the mathem- 


atical details whenever the physical understanding I seck to promote can be conveyed without them. This ap- 
plies especially to the discussion of the basic physics in the early chapters. Those looking for rigorous deriva- 
tions of the mathematical details will have to look elsewhere. Also, exhaustive scope is not a practical goal. So, 
for the details on many of the topics treated here, and for any treatment at all of the many topics neglected here, 
the reader will have to consult other sources. This book is also not intended as an introduction to the subj 
‘Though it would not be impossible for someone with no prior exposure to follow the development given her 
some experience with the subject will make it much easier. And while I assume no prior knowledge of the sub- 
ject, I do assume a higher level of technical sophistication than is often assumed in undergraduate-level text 

An understanding of the physical basies is more secure ifit includes an appreciation of the “big picture,” the 
logical structure of the body of knowledge and the collection of concepts we call aerodynamics. I have tried to 
at least touch on all of the topics that are so basic that the overall framework could not stand without them. 1 
also devote more attention than most aerodynamics textbooks to the relationships between the parts, to how it 
all “fits together.” Beyond that, several considerations have guided my choice of topics and the kinds of treat- 
‘ment I've given them. One is my own familiarity and experience. Another is my observation of some common 
knowledge gaps, things that don't seem to be covered well in the usual aero engineering education. But we'll 
also spend a good part of our time on some of the very familiar things that we tend to take for granted. Our 
understanding of these things is never so good that it can't benefit from taking a fresh look. We'll put a different 
spin on some familiar topics, for example, what the Biot-Savart law really means and why it causes so much 
confusion, what “Reynolds number” and “incompressible flow” really mean, and a real physical explanation for 
how an airfoil produces lift. 

As welll see in chapter 1, the subject matter of aerodynamics consists of physical principles, conceptual mod- 
cls, mathematical theories, and descriptions and physical explanations of flow phenomena, Some of this subject 
‘matter has direct practical applications, and some doesn’t. Well spend considerable time on some topics that 
have no apparent practical import, for example, physical explanations of things for which we have perfectly 
‘good quantitative theories and esoterica such as how lift is felt in the atmosphere at large. We'll do these things 
because they provide general fluid-mechanics insight and because they serve to expand our appreciation of the 
cognitive dimension of the subject, the processes by which we think about aerodynamic phenomena and the 
practical problems that arise from them. They also help us to see how mistaken thinking can arise and how to 
avoid it. The medical profession in recent years has begun to pay more attention to the cognitive dimension of 
their discipline, studying how doctors think, in an effort to improve the accuracy of their diagnoses and to avoid 
mistakes. Doing some of the same would be good for us as well. 

Aerodynamics as a subject encompasses a wide variety of flow situations that in tum involve a multitude 
of detailed flow phenomena. The subject is correspondingly multifaceted, with a rich web of interconnections 
among the phenomena themselves and the conceptual models that have been developed to represent them. Such 
a subject has a logical structure of course, but it is not well suited to exposition in a single linear narrative, and 
there is therefore no ideal solution to the problem of organizing it so that it flows completely naturally as a 
single string of words. The organization I have chosen is based not on the historical development or on a pro- 
gression from “easy” concepts to “advanced,” but on a general conceptual progression, from the basic physics, 
to the flow phenomena, and finally to the conceptual models. I have tried to organize the material so that it can 
be read straight through and understood without the need to skip forward. I have also tried to provide direct 
references whenever I think referring back to previous chapters would be helpful and to alert the reader when 
further discussion of a topic is being deferred until later 

The general flow of the book is as follows. First, we take an overview of the conceptual landscape in chapter 
1. Then we consider the basic physics as embodied in the NS equations in chapters 2 and 3. We turn to the 
phenomenological aspects of general flows in boundary layers and around bodies in chapters 10 and 5. We then 
enter the more specific realm of aerodynamic forces and their manifestations in flowficlds to deal with drag in 


















































chapter 6 and lift generation, airfoils, and wings in chapters 7 and 8, All of this sets the stage for a bit of a re- 
gression into theory, with discussions of theoretical approximations and CFD in chapters 9 and 10. 

When I started writing I had something less ambitious in mind, something more on the scale of a booklet 
with a collection of helpful ways of looking at aerodynamic phenomena and a catalog of common misconcep- 
tions and how to avoid them. As the project progressed, it became clear that effective explanations required 
‘more background than I had anticipated, and the book gradually grew more comprehensive. The first draft in 
something close to the final form was completed in late 2008 and was reviewed by several Boeing colleagues 
(acknowledged below). Their feedback was incorporated into a second draft that was used in a 20-week after- 
hours class for Boeing engineers in 2009. Feedback from class participants and others led to significant revi- 
sions for the final draft. As it tured out, the general argumentative approach I've taken to the subject extended 
to the writing process itself: Many sections saw multiple and substantial rewrites as my thinking evolved. 

1 gratefully acknowledge the help of many people in getting me through this long process. First, my wif 
‘Theresa, who put up with the many, many weekends that I spent in front of our home computer. Then The Boe- 
ing Company, which allowed me to spend considerable company time on the project, Boeing editors, Andrea 
Jarvela, Lisa Fusch Krause, and Charlene Seammon, who turned my raw Word files and graphics into a present- 
able draft and helped me take that draft through several revisions, and Boeing graphics artist John Jolley, 
who redrew nearly half the graphics. Finally, the friends and colleagues without whose help the book would 
have been much poorer. Mark Drela (MIT), Lian Ng, Ben Rider, Philippe Spalart, and Venkat Venkatakrish- 
nan provided very detailed feedback and suggestions for improvement. Steve Allmaras and Mitch Murray 
made special CFD calculations just for the book. My former Boeing colleague Guenter Brune wrote the ex- 
cellent 1983 Boeing report on flow topology that introduced me to the topic and served as the basis of much 
of Section 5.2.3. Another former Boeing colleague, Pete Sullivan, did the CFD calculations plotted in Sec- 
tion 6.1.5. And many others contributed feedback on various drafts of the manuscript: Anders Andersson, John 
D. Anderson (University of Maryland), Byram Bays-Muchmore, Bob Breidenthal (University of Washington), 
Julie Brightwell, Tad Calkins, Dave Caughey (Cornell University), Tony Craig, Jeffrey Crouch, Peg Curtin, 
Bnuce Detert, Scott Eberhardt, Winfried Feifel, David Fritz, Arvel Gentry, Mark Goldhammer, Elisabeth Gren, 
Rob Hoffenberg, Paul Johnson, Wen-Huei Jou, T. J. Kao, Edward Kim, Alex Krynytsky, Brenda Kulfan, Louie 
LeGrand, Adam Malachowski, Adam Malone, Tom Matoi, Mark Maughmer (Penn State University), the late 
John McMasters, Kevin Mejia, Robin Melvin, Greg Miller, Deepak Om, Ben Paul, Tim Purcell, Steve Ray, 
Matt Smith, John Sullivan (Purdue University), Mary Sutanto, Ed Tinoco, David Van Cleve, Paul Vijgen, Dave 
Witkowski, Conrad Youngren (New York Maritime College), and Jong Yu. 

Thanks also to the copyright owners who kindly gave permission to use the many graphics I borrowed from 
elsewhere. They are acknowledged individually in the Figure ttle. 


































Doug MeLean, 
April 2012. 


List of Symbols 


Many of the symbols listed below have different meanings in different contexts, as indicated when multiple defin- 
itions are given. When an example of usage (a figure or equation) is listed, itis not necessarily the only example, 


English Symbols 


a Acceleration 
Speed of sound 

A Streamtube area 
Amplitude of a disturbance in laminas-flow stability theory 

‘Ay,A2 Coefficients of induced-drag polar (equation 8.3.17) 

Ai Coefficients of sin-series spanloads (equation 8.3.20) 

‘Ag Wake momentum area (equation 6.1.6) 

AR Aspect ratio= b/s, 

b Wingspan 

by Span between the centers of trailing vortex cores (figure 8.3.3) 

B_—Constant in aw of wall (equation 4.4.10) 

© Airfoil chord 

cwy Wing average chord 

€ Wing average chord (figure 8.3.7) 

&p Specific heat at constant pressure 

Specific heat at constant volume 

Cylindrical part of the outer boundary of a control volume (figure 6.1.1) 

Ca Drag coefficient (2D or per unit span) 

Cb Drag coefficient (3D) 

Cb; Induced-drag coefficient (3D) 

CbimisMinimum induced drag coefficient on induced-drag polar (equation 8.3.19) 

Coin Induced drag coefficient at zero lift (equation 8.3.17) 

Coo Drag coefficient at zero lift (equation 8.3.15) 

Cr Skin-frietion coefficient 

C.__Lift coefficient (2D or per unit span) 

CL Lift coefficient (3D) 

CLnax Maximum lift coefficient of a 3D wing 

Co Pitching moment coefficient (2D or per unit span) 

Cyr Pitching moment coefficient (3D) 

Cy Sectional normal-force coefficient (figure 8.3.7) 

CN Total normal-force coefficient (figure 8.3.7) 

Cp__ Pressure coefficient 




















'P Smith's canonical pressure coefficient equation 7.4.1) 

C* —Atachment-ine Reynolds number (equation 8.6.15) 

d Viscous drag vector ofa propeller blade section (figure 6.1.17) 
dy Diameter of fuselage (equation 8.3.29) 

D Drag 


D; Induced drag (equation 8.3.5) 
© Thermodynamic internal energy 
Base of natural logs 
Induced-drag efficiency factor (equation 83.14) 
eNT _Induced-drag efficiency factor of untwisted version of a wing (equation 83.19) 
eo Oswald efficiency factor (equation 8.3.15) 
F Force 
f Function 
Genus of a region of a surface (equation 5.2.2) 
hb  Emhalpy 
Height of a vortex generator 
Height of an excrescence (figure 6.2.1) 
Height above the ground (equation 7.4.2) 
hp Riblet protrusion height (Figure 6.3.6) 
H_ Total enthalpy 
Boundary-layer shape factor 
1 Unit vector in x direction (equation 6.1.1) 
Square root of minus one 
1 Index of a region ofa surface (equation 5.2.3) 
cr Cumulative skin-friction integral (equation 6.1.13) 
exs Enstrophy integral (equation 6. 
J Propeller advance ratio = Vind 
k Thermal conductivity 
Roughness height 
Unit curvature vector (figure 4.2.4} 
Unit vector in z direction (equation 5.4.1) 
Equivalent sand-grain height 
Length, 
Lift per unit span ofa wing or propeller blade 
Length 
Lift in 3 (equation 5.4.1) 
Ly Carry-through lift on fuselage (figure 8.3.18) 
Li Lifton tail or canard (figure 8.3.17) 
Ly Lifton exposed wing (figure 8.3.15) 
M Mach number 
Propeller shaft torque (equation 6.1.19) 
Mar Wing-root bending moment (equation 8.3.28) 
m= Mass 
Exponent in power-law velocity distributions for laminar boundary layers (section 4.3.2) 
Exerescence-drag magnification factor (figure 6.1.13) 
Exponent in Smith's power-law airfoil velocity distributions (figure 7.4.12) 
1H. Mass flux of a source or sink (equation 8.3.3) 
Normal direction 
Propeller revolutions per unit time 











Unit normal veetor (figuee 3.3.6) 

NN Nodal-point singularity (figure 5.2.6 

p Pressure 

P Propeller shaft power (equation 6.1.20) 
Pr Prandtl number 


2 
Dynamic pressure = 1/2Pref Uret 


co 


deal gas constant 
Reynolds number (any subscript indicates reference length used) 
Radius from airplane to a point on the ground (figure 8.5.3) 
Attachment-line Reynolds number parameter (equation 8.6.16) 


R 
Ry Average of absolute value of roughness height 
Revit Critical Reynolds number, at onset of instability (figure 4.4.3) 


Radius 
Recovery factor (equation 4.6.4) 
Radius to the maximum-velocity poiat in a tailing vortex core (figure 8.1.8) 


12 Radius to the point of effectively zero vorticity in a vortex core (figure 8.1.8) 
ty Radius of fuselage (figuse 8.3.14) 
fe Radius of vortex core (equation 8.3.6) 


s— Arelength 
Riblet spacing 
Wing area 

sp Propeller dise area 

S — Entopy 


Sadale-point singularity (figure 5.2.6) 
Denotes integration over a surface (equation 6.1.1) 
T Temperature 
The Trefftz plane (figure 6.1.1 
‘Thrust ofa propeller (equation 6.1.18) 


1 Time 
t Unit tangent vector 
u Cartesian x-velocity component 


Perturbation velocity inthe x direction (figure 7.4.1 (a)) 


ue Friction yelociy Ur = VTw/P 


Ue Undistubed fretstream velocity in the x direction 
+” Cartesian y-etocty component 

Perturbation yelocty in they direction (igure 74.1 (a) 
YNeocity vector 
Velocity magnitude 

olume 
W Carlen 2velocty component 

Pertti velocity inne» drction (equation 83.) 
W Outer funtion inh law of he wake (equation 44.13) 
X Cartesian space coordinate 
y 




















Cartesian space coordinate 
Cartesian space coordinaten 


Greek Symbols 


@ — Wavenumber in x direction (equation 4.4.1) 
Angle of attack 

4 Angle of attack at zero total lift (equation 8.3.16) 

Flow direction angle 
‘Laminar boundary-layer similarity parameter (figures 4.3.5 and 4.3.6) 
‘Turbulent boundary-layer similarity parameter (equation 4.3.8) 


Wavenumber in 2 direction (equation 4.4.1) 
8 Boundary-layer thickness 
8, Boundary-layer thickness 
8° Boundary-layer displacement thickness (equation 4.2.13) 


Yc Local 8 integral (equation 4.2.14 
4 Velocity potential (equation 3.10.1) 
+1 Ratio of specific heats, ple. 
1 Circulation 
Tr, Circulation of vortex care (equation 8.3.6) 
1 Dimensionless spanwise coordinate ona wing =2y’b 
1 Propeller efficiency = thrust work outshaft work in (equation 6.1.21) 
1W Propeller induced eficiency 
© Streamline curvature (igure 424) 
Yon Karman constant (equation 44,10) 
A Wing sweep (igure £6.1) 
4. Mixing length 
Coefficient of shear viscosity 
Propeller torque coefficient (equation 61.19) 
Hoff ttfective viscosity, sum of viscous and turbulent (equation 61.15) 
¥ Kinematic viscosity. wp 
x pin 3.14159. 
T1 Constantin the law ofthe wake (equation 4.4.13) 
6 Boundary-ayer momentum thickness (equation 4.2.11) 
Angular coordinate around circular eylinder (Ligure 5.3) 
Flow angles entering and leaving acasende (figure 7423 (0) 
Dihedral ange (uation 8.3.11) 
Density 
Propeller power londing (equation 6.1.20) 
Shear stress 
Propeller thrust loading (equation 6.1.18) 
Vortcty magnitude 
Frequency (equation 4.4.1) 
Vortcty vector 
‘Transformed spanwise coordinate (equation 8.3.22 





<E € 


Subscripts 


1 Inthe boundary-layer x direetion (equation 42.15) 
Denotes conditions upstream of cascade (figure 7.4.23 (b)) 
Denotes conditions upstream of the shock on a transonic airfoil (figure 7.4.31) 
2 Denotes conditions downstream of a cascade (figure 7.4.23 (b)) 
Denotes conditions downstream of the shock on a transonie airfoil (Figure 7.4.31) 
3. Inthe boundary-layer 2 direction (equation 4.2.13) 
(Of the boundary-layer coordinate system (figure 4.2.2) 
© Pertaining to a vortex core (figure 8.3.3) 
Cross-flow component (figure 4.1.7) 
Airfoil chord 
ch Chordwise (figures 4.3.11 and 4.3.12) 











cut Pertaining to a cut through a wake (figure 6.1.3) 
Based on diameter 
Drag per unit span 


D Drag 
At the edge of the boundary layer 


f Friction 
i Incompressible 
Induced, as applied to a propeller 
J. Pertaining to a blowing jet (equation 4.5.1) 
K Kinematic (equation 4.6.8) 
J Lift per unit span 
L_ Based on length L. 
Lif 
JocalDenoting the effective local freestream condition for an exerescence 
m Pitching moment per unit span 
Connectivity of a 2D domain (equation 52.5) 
Direction normal to wake cut (equation 8.3.10) 
(© Denotes conditions atthe start of an airfoil pressure recovery (equation 7.4.1 
1p At constant pressure 
Propeller 
ref Reference 
ms Root-mean-square 
Relative to streamwise direction at boundary-layer edge (figure 4.1.8) 
sep Denotes conditions at separation (discussion of figure 7.4.13) 
sp Spanwise (figures 4.3.11 and 4.3.12) 
sw From steamwise at boundary-layer edge to the wall (figure 4.1.8) 
1 Turbulent (equation 3.7.5) 
‘Total (or stagnation) (equations 3.8.3-6) 
T Thermal (equation 4.6.2) 
vy Atconstant volume 
ww Atthe wall 
x Based on x 














© At infinite distance, far field 
‘At inginite height from ground (figure 8.3.12) 

L Perpendicular 

perp Perpendicular to constant-percent-chord lines (figure 8.6.11) 

| Parallet 


Greek Subscripts 


{8*Based on displacement thickness 


fu Momentum, as in Cy (equation 4.5.1) 
6 Based on momentum thickness 


+ Friction velocity,in Ur = VTw/P 


Superscripts 


Fluctuating part 

Independent variable in integration 

Denotes a half singularity at a boundary of a surface (equation 5.2.5 

‘Time average 

“Averaged along the length 

‘A Nondimensional 

* Denotes conditions at Mach 1 (equations 3.11.4 and 3.11.5) 
Displacement thickness, when used with 8 

+ Turbulent-boundary-layer wall variables (equations 4.4.3 and 4.4.4) 

= Tensor (equation 5.4.1) 


Acronyms and Abbreviations 


1D One dimensional 
2D Twodimensional 
3D Three dimensional 
Boundary condition 
Boundary-layer control 
Computational fluid dynamics 
Cross-flow 
Contral processing unit 
etached-eddy simulation 
Direct numerical simulation 
Engineering Sciences Data Unit 
General geometry Navier-Stokes 
Hybrid laminar flow control 
Large-eddy simulation 
Laminar flow control 
Lighter than ait 
National Advisory Committee for Aeronautics 
National Aeronautics and Space Administration 
Natural laminar flow 
Navier-Stokes 
Ordinary differential equation 
Office National d'Etude et Recherches A&rospatiales 
Personal computer 
Partial differential equation 
Reynolds-averaged boundary-layer equations 
Reynolds-averaged Navier-Stokes equations 
Spalart-Allmaras 
Sub-boundary-layer vortex generator 
Shear Stress Transport 
Turbulence kinetic energy 
TS Tollmien-Schlichting 
Unsteady Reynolds-averaged Navier-Stokes, 
Vortex generator 











WINGOP Wing Optimization 


Chapter | 


Introduction to the Conceptual Landscape 


‘The objective of this book is to promote a solid physical understanding of aerodynamics. In general, any under- 
conceptual models: 





standing of physical phenomena requires 
It seems that the human mind has first to construct forms independently before we can find them in things. 
Kepler's marvelous achievement is a particularly fine example of the truth that knowledge cannot spring 
from experience alone but only from the comparison of the inventions of the intellect with observed fact. 


—Albert Einstein on Kepler's discovery that planetary orbits are ellipses 


Einstein wasn't an aerodynamicist, but the above quote applies as well to our field as to his. To understand the 
physical world in the modern scientific sense, or to make the kinds of quantitative calculations needed in engin- 
cering practice, requires conceptual models. Even the most comprehensive set of observations or experimental 
data is largely useless without a conceptual framework to hang it on. 

In fluid mechanics and aerodynamics, I see the conceptual framework as consisting of four major components: 

1. Basic physical conservation laws exp 
relationships those laws represent, 





ed as equations and an understanding of the cause-and-effect 





2. Phenomenological knowledge of flow patterns that occur in various situations, 


3. Theoretical models based on simplifying the basic equations and/or assuming an idealized model for the 
structure of the flowfield, consistent with the phenomenology of particular flows, and 





4. Qualitative physical explanations of flow phenomena that ideally are consistent with the basic phy 
and make the physical cause-and-effect relationships clear at the flowtield level, 
By way of introduction, let's take a brief look at what these components encompass, the kinds of difficulties they 
entail, and how they relate to each other. 

The fundamental physical conservation laws relevant to aerodynamic flows can be expressed in a variety of 
‘ways, but are most often applied in the form of partial-differential equations that must be satisfied everywhere 
in the flowfield and that represent the local physics very accurately. By solving these basic equations, we can in 
principle predict any flow of interest, though in practice we must always accept some compromise in the phys 
accuracy of predictions for reasons welll come to understand in Chapter 3 

‘The equations themselves define local physical balances that the flow must obey, but they don't predict what 
will happen in an overall flowfield unless we solve them, either by brute force numerically or by introducing 
simplified models. There is a wide gulf in complexity between the relatively simple physical balances that the 
equations represent and the richness of the phenomena that typically show up in actual flows. The raw physical 
laws thus provide no direct predictions and little insight into actual flowfields. Solutions to the equations provide 
predictions, but they are not always easy to obtain, and they are limited in the insight they can provide as well 
irate solution, while it can tell us what happens in a flow, usually provides us with little under- 
standing as to how it happens or why. 


























Even the most 





Phenomenological knowledge of what happens in various flow situations is a necessary ingredient if we are 
to go beyond the limited understanding available from the raw physical laws and from solutions to the equa- 
tions. Here I am referring not just to descriptions of flowfields, but to the recognition of common flow pat- 
terns and the physical processes they represent. The phenomenological component of our conceptual framework 
provides essential ingredients to our simplified theoretical models (component 3) and our qualitative physical 
explanations (component 4). 

‘Simplified theoretical models appeared early in the history of our discipline and still play an important role. 
Until fairly recently, solving the “full” equations for any but the simplest flow situations was simply not fe 
ible. To make any progress at all in understanding and predicting the kinds of flow that are of interest in acro- 
dynamics, the pioneers in our field had to develop an array of different simplified theoretical models applicable 
to different idealized flow situations, generally based on phenomenological knowledge of the flow structure, 
‘Though the levels of physical fidelity of these models varied greatly, even well into the second half of the twen- 
tieth century they provided the only practical means for obtaining quantitative predictions. The simplified mod- 
els not only brought computational tractability and accessible predictions but also provided valuable ways of 
“thinking about the problem,” powerful mental shortcuts that enable us to make mental predictions of what will 
happen, predictions that are not directly available from the basic physics. They also aid understanding to some 
extent, but not always in terms of direct physical cause and effect. 

So the simplified theoretical models case computation and provide some degree of insight, but they also have 
a downside: They involve varying levels of mathematical abstraction. The problem with mathematical abstrac- 
tion is that, although it can greatly simplify complicated phenomena and make some global relationships cleare 
it can also obscure some of the underlying physics. For example, basic physical cause-and-effect relationships 
are often not clear at all from the abstracted models, and some outright misinterpretations of the mathematics, 
have become widespread, as well see. Thus some diligence is required on our part to avoid misinterpretations 
and to keep the real physics clearly in view, while taking advantage of the insights and shortcuts that the simpli- 
fied models provide, 

We've looked at the roles of formal theories (components 1 and 3) and flow phenomenology (component 2), 
and it is clear that the combination, so far, falls short of providing us with a completely satisfying physical un- 
derstanding. Physical cause-and-effect atthe local level is clear from the basic physics, but at the flowfield level 
itis not. Thus to be sure we really understand the physics at all levels, we should also seek qualitative physical 
explanations that make the cause-and-effect relationships clear at the flowfield level. This is component 4 of 
my proposed framework. 

Qualitative physical explanations, however, pose some surprisingly difficult problems of their own. We've 
already alluded to one of the main reasons such explanations might be difficult, and that is the wide gulf in 
complexity between the relatively simple physical balances that the raw physical laws enforce at the local level 
and the richness of possible flow patterns at the global level. Another is that the basic equations define implicit 
relationships between flow variables, not one-way cause-and-effect relationships. Because of these difficulties, 
misconceptions have often arisen, and many of the physical explanations that have been put forward over the 
‘years have flaws ranging from subtle to fatal. Explanations aimed at the layman are especially prone to this, but 
professionals in the field have also been responsible for errors. Given this history, we must all learn to be on the 
lookout for errors in our physical explanations. If this book helps you to become more vigilant, I'l consider it a 










































This completes our brief tour of the conceptual framework, with emphasis on the major difficulties inherent 
in the subject matter, My intention in this book is to devote more attention to addressing these difficulties than 
do the usual aerodynamics texts. Let's look briefly at some of the ways I have tried to do this. 
The theoretical parts of our framework (components 1 and 3) ultimately rely on mathemati 
of one sort or another, which leads to something that, in my own experience at least, has been a pedagogical 





1 formulations 





problem, It is common in treatments of aerodynamic theory for much of the attention to be given to mathem- 
atical derivations, as was the case in much of the coursework I was exposed to in school. While it is not a bad 
thing to master the mathematical formulation, there is a tendency for the meaning of things to get lost in the 
details. To avoid this pitfall, I have tried to encourage the reader to stand back from the mathematical details 
and understand “What it all means” in relation to the basic physics. As 1 see it, this starts with paying attention 
to the following: 

1. Where a particular bit of theory fits in the overall body of physical theory, that is, what physical laws 

and/or ad hoc flow model it depends on; and 

2. How it was derived from the physical laws, that is, the simplifying assumptions that were made; 

3. The resulting limitations on the range of applicability and the physical fidelity of the results; and 








4. The implications of the results, that is, what the results tell us about the behavior of aerodynamic flows 
in more general terms 

‘The brief tour of the physical underpinnings of fluid mechanics in Chapters 2 and 3 is an attempt to set the stage 

for this kind of thinking, 

How computational fluid dynamics (CFD) fits into this picture is an interesting issue. CFD merely provides 
tools for solving the equations of fluid motion; it does not change the conceptual landscape in any fundamental 
‘way. Still, itis so powerful that it has become indispensable to the practice of aeronautical engineering. As im- 
portant and ubiquitous as CFD has become, however, itis not on a par with the older simplified theories in one 
significant respect: CFD is not really a conceptual model at the same level; and a CFD solution is rightly viewed 
as just a simulation of a particular real flow, at some level of fidelity that depends on the equations used and the 
‘numerical details, As such, a CFD solution has some of the same limits to its usefulness as does an example of 
the real flow: In both cases, you can examine the flowfield and see what happened, and, of course, a detailed 
examination of a flowfield is much easier to carry out in CFD than in the real world, But in both CFD and real- 
world flowfields, it is difficult to tell much about why something happened or what there is about it that might 
be applicable to other situations. 

Before we proceed further, a bit of perspective is in order: While correct understanding is vitally important, 
‘we mustn't overestimate what we can accomplish by applying it. As we'll see, the physical phenomena we deal 
with in aerodynamics are surprisingly complicated and difficult to pin down as precisely as We would like, and 
it is wise to approach our task with some humility. We should expect that we will not be able to predict or even 
‘measure many things to a level of accuracy that would give us complete confidence. The best well be able to 
do in most cases is to try to minimize our unease by applying the best understanding and the best methods we 
can bring to bear on the problem. And we can take some comfort in the fact that the aeronautical community, 
historically speaking, has been able to design and build some very successful aeronautical machinery in spite of 
the limitations on our ability to quantify everything to our satisfaction 




















Chapter 2 


From Elementary Particles to Aerodynamic 
Flows 


Step back for a moment to consider the really big picture and ponder how aerodynamics fits into the whole body 
of modem physical theory. The tour I'm about to take you on will be superficial, but 1 hope it will help to put 
some of the later discussions in perspective. 

First, consider some of the qualitative features of the phenomena we commonly deal with in aerodynamics. 
Even in flows around the simplest body shapes, there is a richness of possible global flow patterns that can be 
daunting to anyone trying to understand them, and most flows have local features that are staggeringly complex. 
‘There are complicated patterns in how the flow attaches itself to the surface of the body and separates from it 

Figure 2.14, 2.1b), and these patterns can be different depending on whether you look at the actual time-depend- 
ent flow or the “mean” flow with the time variations averaged out. Even in flows that are otherwise steady, the 
shear layers that form next to the surface and in the wake are often unsteady (turbulent). This shear-layer turbu- 
lence contains flow structures that occur randomly in space and time but also display a surprising degree of or- 
ganization over a wide range of length and time scales. Examples include vortex streets in wakes and the various 
instability “waves.” “spots,” “eddies,” “bursts,” and “streaks” in boundary layers. Examples are shown in Figure 
2.1¢-f, and many others can be found in Van Dyke (1982). Such features usually display extreme sensitivity to 
initial conditions and boundary conditions, so that their apparent randomness is real, for all practical purposes. 
The “butterfly effect” we've all read about doesn't just apply to the weather; the details of a small eddy in the 
turbulent boundary layer on the wing of a 747 are just as unpredictable. 























Figure 2.1 Examples of complexity in fluid flows, from Van Dyke (1982). (a) Horseshoe vortices in a laminar 
boundary layer ahead of a cylinder. Photo by 8. Taneda, © SCIPRESS. Used with permission. (b) Rankine 

ogive at angle of attack, Photo by Werle (1962), courtesy of ONERA. (c) Tollmien-Seblichting waves and spit 
al vortices on a spinning axisymmetric body, visualized by smoke. From Mueller, ef al. (1981). Used with per 


mission. (d) Emmons turbulent spot in a boundary layer transitioning from laminar to turbulent. From Cant 
well, et al (1978), Used with permission of Journal af Fluid Mechanics. (c) Eddies of a turbulent boundary 
layer, as affected by pressure gradients. Top: Eddies stretched in a favorable pressure gradient. Bottom: 
Boundary layer thickens and separates in adverse pressure gradient. Photos by R. Falco from Head and Bandy 
opadhyay (1981). Used with permission of Journal of Fluid Mechanics. ({) Streaks in sublayer o! 

boundary layer. From Kline, et al (1967). Used with permission of Journal of Fluid Mechanics 
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How does all this marvelous richness and complexity arise? It is natural to expect that complexity in the flow 
requires complexity in the basic physics and that complex behavior in the flow must therefore have its origin at 
“low level,” in the stati 
that make up the mole 
the aggregate behavior of the fluid represented by the continuum equations. In fact, the essential features of 
everything we observe in ordinary aerodynamic flows could be predicted from the equations for the continuum 
viscous flow of a perfe 
cient detail, 





ical behavior of the molecules that make up the gas or in the behavior of the particles 
les. But this natural expectation is wrong. Instead, the complexity we see arises from 











gas, that is, the Navier-Stokes (NS) equations, provided we could solve them in suffi 


But there are two caveats that must accompany this sweeping claim, ‘The first is that although the NS equa- 
tions are a high-fidelity representation of the real physies, they are not exact, Imagine comparing a real turbulent 
flow with the corresponding exact solution to the NS equations, starting at an initial instant in which the theor- 
tical flowfield is exactly the same as the real one in every detail. We would find that the NS solution matches 
the detailed time history of the real flow only for a short time and then gradually diverges from it, Detailed time 
histories of flows, however, are rarely of much interest in aerodynamics, where a statistical description of the 








flow nearly always suffices. In a statistical sense, we expect that a real flow and the corresponding NS solution 
would be practically indistinguishable. The second caveat is that even this less ambitious claim of statistical 
equivalence is nearly impossible to evaluate quantitatively. For one thing, exact solutions to the NS equations 
are not practically available for anything but the simplest of flows, and agreement for these simple cases doesn't 
prove much. For all other flows, especially turbulent flows, we must settle for numerical solutions. Numerical 
calculations that fully resolve the turbulence down to the last detail have been carried out only for simple flow 
geometries and relatively low Reynolds numbers. Comparisons of such calculations with the real world, at the 
level of detailed time histories, would be extremely difficult, if not impossible, and have not yet been attempted. 
Comparisons of statistical quantities have been encouraging, but for some of the most interesting and revealing 
quantities, Reynolds stresses, for example, the uncertainties in the experimental measurements are large. Still, 











in spite of these reservations, I'm confident that the NS equations could in principle predict any phenomenon of 
interest in practical aerodynamics to an accuracy sufficient for any reasonable engineering purpose. This doesn't 





‘mean that they can do so practically, as welll discuss later in connection with the computational work involved 
in generating solutions. 

‘The NS equations are, of course, part of a larger system of theory applicable to a hierarchy of physical do- 
‘mains, Figure 2.2 illustrates this by listing the levels of physical phenomena and the corresponding levels of 
physical theory that deal with them, Here and in the following discussion I use the word “level” both in a con- 
ceptual sense, as in levels of physical detail, and in a physical sense, as in levels of physical and temporal scale, 
from small to large. As already mentioned, the NS equations are an aggregate-level theory applicable to a phys- 
ical domain separated by several levels from that of the elementary particles that make up the molecules of the 





fluid. Starting at the lowest level shown and moving upward, each domain or level represents a narrowing of 





focus, a specialization to a particular situation or class of conditions. We can follow the same logical sequei 
in deriving the theoretical models, starting with the known properties of elementary particles and eventually 
reaching the NS equations. The historic development of the theories didn't follow this orderly progression, but 
the required steps have now been filled in, and the required assumptions and approximations are now under- 
stood. 














Figure 2.2 Hierarchy of domains of physical theory leading to computational and theoretical aerodynamics 
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Gas molecules 
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T've already made the claim that the potential for complexity in aerodynamic flows arises at the level of 
continuum gas flows in Figure 2.2. Is this potential for complexity really independent of what goes on at the 





lower levels? How can this be? In all of the levels below that of the continuum gas, there is considerable local 
complexity, and this is reflected in the difficulty of the corresponding mathematical theories. However, adjacent 
levels are separated by huge gaps in physical scale and very little of the complexity at one level is felt at the 
next level up. These gaps in scale act a bit like low-pass filters that allow only certain “integrated” effects of the 
structure at lower levels to be felt at higher levels. For example, the structure of a nitrogen molecule is affected 
very little by the detailed internal structure of electrons and atomic nuclei, Then, although the electron cloud of 
a molecule has a complex structure, the details of that internal structure have very little effect on the statistical 
mechanics of a dilute gas made up of large numbers of molecules. Finally, the continuum properties of gases 
that really matter to us in aerodynamics are highly insensitive to the details of the molecular motions. For ex- 
ample, the viscous behavior of the fluid under shearing deformation that we assume in the NS equations does 
not even depend on the fact that the fluid is a gas; it is the same for liquids such as water. As we move up the 
line toward the NS equations, instead of increasing complexity, we encounter a series of natural simplifications, 
and surprisingly, these simplifications cost us litle loss of physical fidelity for flows that interest us 

So the interesting behavior we see in aerodynamic flows is not inherent in any of the lower levels of the 
physies. Instead, it emerges in the behavior of the fluid at the continuum level and can be captured in solutions 
to the NS equations. This is a bit surprising at first, because the physical balances represented by the equations 
at the local level aren't all that complicated. However, in recent years, studies in the field of complexity science 
have identified a broad class of seemingly simple systems that can exhibit complex behavior. The NS equations 
are one example of this kind of system, and solutions (fluid flows) commonly exhibit emergent behavior in 
‘which great complexity arises from many simple local interactions. The NS equations are, after all, a set of non- 
linear partial-differential field equations in space and time, with multiple, interacting dependent variables, and 
the space of possible solutions is huge. This, combined with the fact that the possible interactions between flow 
variables at different points in space are sufficiently rich, makes the emergence of complexity in the solutions a 
natural outcome. 





























There is also a much more mundane way in which fluid flows must be considered complex, and that is that 
even some of the simplest flows are not easy to understand or “explain” even qualitatively in a satisfying way 
without appealing to mathematics. Why is it so difficult? Remember that we are dealing with multiple, inter- 
acting flow quantities (dependent variables) and that if we are to understand a flow properly, the behavior of 
these quantities must be known over some extended spatial domain. Understanding simultaneous behavior over 
an extended spatial domain is inherently difficult, and the problem of local physics versus global flow behavior 
contributes to the difficulty, The basic physical laws impose relationships between flow quantities locally, while 
global behavior is constrained by the requirement that these laws be satisfied everywhere simultaneously. A 
flowfield is a global phenomenon in which what happens at one point depends to some extent on what happens 
everywhere else 

Another major difficulty has to do with assigning cause and effect. Here 'm not referring to the general 
philosophical difficulties of linking causes and their effects. The NS equations are based on Newtonian mech- 
anics and classical thermodynamics, in which clear physical cause-and-effect relationships are assumed. The 
problem is that when these physical laws are combined in the NS equations, they define relationships between 
different flow quantities, but they don't define one-way trains of causation. For example, consider Bernoulli 
equation, which relates the pressure to the velocity under certain conditions. In trying to explain a flowfield, do 
‘we consider the behavior of the velocity to be known and then use Bernoulli’ principle to deduce the behavior 
of the pressure? Or viee versa? In most situations, the right answer is “neither.” Cause-and-effect relationships 
in fluid mechanics tend to be circular, or reciprocal, in the sense that A and B cause each other and are caused by 
cach other at the same time, and often at the same point in space. The upshot of this is that linear explanations 
assigning one-way cause and effect (A causes B, which in turn causes C) are nearly always wrong. Instead, we 
‘must seek explanations of the type that begin with a hypothesis and eventually come back around to consistency 





























with the hypothesis, (If A, then B, then C, which is consistent with A.) We will consider the issue of cause and 
effect in greater detail with regard to basic fluid mechanics in Section 3.5. Later, we will see examples, such 
as nonmathematical explanations of the lift on a wing or airfoil in Chapter 7, where trying to force one-way 
causation has led to errors. 





So far, we have considered some of the generic characteristics of continuum flows governed by the NS equa- 
tions. We've seen how the emergence of complexity in the structure of the flows themselves is a natural outeome 
of the physics, and we've identified some of the reasons why understanding and explaining flows can be dif- 
ficult. We've looked at how the NS equations fit into the overall body of physical theory, and we've seen that 
they represent an aggregate-level theory that involves some simplifying approximations, I've also asserted that 
within their range of validity the NS equations are a highly accurate representation of reality and that they can 
in principle predict anything of interest in practical aerodynamic: 

Given this essentially complete predictive capability of the NS equations, we could say that they represent 
all of the “hard science” we should need in aerodynamics. But, of course, the NS equations by themselves are 
not enough, and there is much more to aerodynamics as a science than what we've seen so far on this brief tour. 
For the foreseeable future, we won't be calculating an NS solution every time we want to predict or understand 
‘what will happen in an aerodynamic flow, and until recently in the history of our discipline, we couldn't have 
done so anyway. The pioneers in the field had to devise other ways of getting answers: higher level theories 
that provided both intuitive insight and computational tractability. Such theories are usually derivable at least 
in part from the NS equations using additional simplifying assumptions, but often also depend on conceptual 
models of the flows therefore tend to be specialized to particular situations and to 
have more restricted ranges of applicability than the basic equations. The strategies are several and varied, and 
‘we'll consider them in some detail in later chapters. In any case, aerodynamic theory carries a considerable su- 
perstructure of higher level theoretical models in addition to the basic NS equatio1 

Considering this body of aerodynamic theory as its status as science? Like everything else 
on the conceptual or theoretical side of science, itis “just a theory.” This is something the proponents of ere 
ationism like to say of Danvinian evolution, implying that it is merely a tentative hypothesis. But of course 
evolution is much more than a tentative hypothesis, and so is aerodynamic theory. Both have been tested again 
and again against empirical observations, and have so far always passed the test 

In principle, of course, any theory could be contradicted tomorrow by new evidence and end up needing to 
be replaced. The NS equations, however, are about as secure as a scientific theory can ever be. In the context 
of science as a whole, the NS equations purport to be valid only for a narrow range of phenomena, and within 
this range the NS equations are unlikely ever to be significantly contradicted. The higher level extensions of 
aerodynamic theory are also not likely ever to be completely overthrown. They, however, typically have even 
‘more limited ranges of applicability than the NS equations and are known to be seriously contradicted in com- 
‘mon situations that are outside their ranges but still within the realm of aerodynamics. In using the higher level 
conceptual models of aerodynamics, we must always keep their limitations in mind. 

So aerodynamics is on solid ground as a science. But what can we say of its general character? Where does 
it stand on the deductiverinductive spectrum? In this regard, it has a distinctly split personality. On one hand, 
‘we have an all-encompassing theory, the NS equations with a no-slip condition, which is solidly tied to the rest 
of modern physical theory and from which we can in principle deduce anything of interest in the field. On the 
other hand, the computational intractability of the equations has greatly limited what we can deduce from first 
principles in most situations, and much of what we know comes from empirical observations, that is, the induct- 
ive approach. This is something we've already discussed in connection with the vital role that phenomenological 
knowledge plays in our conceptual framework. 

‘The actual physics embodied in our theoret 
thermodynamics, combined with a mathematic 
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cal framework consists of Newtonian mechanics and classical 
i formalism that enables us to bookkeep material properties, 






forces, and fluxes in a continuous material, Thus when we apply the framework correctly, we are adhering to 
‘what I call a Newtonian worldview, in which all effects must have causes that are consistent with Newtonian (or 
post-Newtonian) scientific principles. As we'll see, some of the errors that can arise in aerodynamic reasoning 
can be traced to regressions to pre-Newtonian ways of thinking, 





Chapter 3 


Continuum Fluid Mechanics and the Navier- 
Stokes Equations 





‘The Navier-Stokes (NS) equations provide us with a nearly all-encompassing, highly accurate physical theory 
that can predict practically all phenomena of interest in aerodynamics, including “aerodynamic” flows of liquids 
such as water, In Section 3.1, we briefly consider the general way in which these equations represent the physics, 
the assumptions that had to be made to arrive at them, and their range of validity. Then in the sections after that, 
‘we delve into the specifics of the equations and what they mean. 








3.1 The Continuum Formulation and Its 
Range of Validity 


In the NS formulation, the fluid is treated as a continuous material, or continuum, with local physical properties, 
that can be represented by continuous functions of space and time. These continuum properties, of course, depend 
on the properties of the molecules that make up the gas or liquid and on the lower level physics of their motions 
and interactions. However, the continuum properties represent only the integrated effects of the lower level phys- 











ies, not the details. As I noted in Chapter 2, this provides a representation that is not merely adequate, but highly 
accurate over a wide range of conditions. 

‘The early historic development of the NS formulation followed an ad hoc approach, assuming continuum be- 
havior a priori and developing a model for the effects of viscosity based on experiments in very simple flows. 
Much of the hard work involved in this development was devoted to the development of the mathematical form- 
alism that was required to generalize from simple flows to more general ones. We'll touch again on mathematical 
formalism issues in Section 3.2. 

The NS formulation can also be derived formally from the lower level physics, with simplifying assumptions 
to get rid of the dependence on the details. For gases, the appropriate next lower level to start from is a statistical 





description of the motion of the molecules and the conservation laws that apply to them, as embodied in the 
Boltzmann equations. With reference to this kind of derivation, the statement that continuum properties represent 
only “integrated effe 
‘molecular motions to define the continuum properties of the flow at ev 








takes on a literal meaning. We use time-and-space averaging, that is, integration, over 
y point in space and time: the de 





and temperature of the fluid, and its average velocity. For the definitions of these basic flow quantities, we dor 


have to make 
ciently “dense” for the averages to “converge.” Thit 
below. 


simplifying assumptions beyond the averaging process itself and that the fluid must be suffi- 
problem is one we'll consider in more detail 








Although the averaging process gives us rigorous definitions of our basic continuum flow quantities, it 
doesn’t get us all the way to the NS formulation. When we apply the averaging process to the basie conserva- 
tion laws for mass, momentum, and energy, we get two different types of terms that represent separat 
phenomena and end up requiring different assumptions: 
1. Terms in which only the simple averages defining the continuum density, temperature, and velocity 
appear explicitly. No further assumptions are needed because these are already the basic variables of the 
NS formulation. Terms of this type represent the local rime rate of change of a conserved quantity or the 
convection of a conserved quantity by the local continuum velocity of the flow. 
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2. Terms that involve averages of products of molecular velocities or products of a velocity component 
and the kinetic energy. Such terms represent cransport of a conserved quantity relative to the local con- 
tinuum motion of the flow. The transport of thermal energy is just the heat flux due to molecular con- 
duction. The transport of momentum has the same effect as if @ continuum material were under an in- 
ternal stress and is thus the source of both the local continuum hydrostatic pressure and the additional 
continuum “stresses” due to viscous effects. The averaging process alone leaves these terms in a form 
that stil depends on statistical details of the molecular motions, and further simplifying assumptions are 
required to get them into forms that can be expressed as functions of our basic continuum flow variables. 








In the NS equations, the terms representing the above transport phenomena have very simple functional de- 
pendences on local continuum properties. The hydrostatic pressure is given by an equilibrium thermodynamic 
relation (an equation of state). The heat flux and the viscous “stresses” are given by gradient-diffusion expres- 
sions in which the flux of a conserved quantity is proportional to a gradient of the conserved quantity. Fluids 
exhibiting the simple behavior of the viscous stresses described in the NS equations are often referred to as 
Newtonian. To get to these simple forms from the general ones that we get from the averaging process requires 
some simplifying assumptions about the physics. For gases, we must assume the fluid is everywhere locally 
near thermodynamic equilibrium. This means that the probability distribution functions for molecular velocity 
that appear in the full transport expressions must be near their equilibrium forms, which in turn requires that sig 
nificant changes can take place only over length and time scales that are long compared with the mean-free path 
and time. When these conditions are satisfied, that is, when the local deviations from equilibrium are small, the 
transport-related terms can be represented very accurately by the simple relationships we use in the NS equa- 
tions. 




















The main relationships comprising the NS equations are the basic conservation laws for mass, momentum, 
and energy. To have a complete equation set we also need an equation of state relating temperature, pressure, 
and density, and formulas defining the other required gas properties. For aerodynamics applications it is usually 
good approximation to assume the ideal gas law, along with a constant ratio of specific heats (y) and viscosity 
and thermal conductivity coefficients (jt and k) that depend on temperature only. It seems counterintuitive that 
the transport coeficients jt and k are well represented as being independent of density at constant temperature, 
but there is a simple way to understand why this is. As density increases, one might think that the transport coef- 
ficients should increase as well because there is more mass per unit volume to transport momentum and thermal 
energy. However, as density increases, the molecular mean free path decreases, which hinders molecular trans 
port. At the ideal-gas level of approximation, the effects of increasing mass per unit volume and decreasing 
‘mean free path exactly offset each other. Thus, practically speaking, the effectiveness of molecular transport de- 
pends only on the average speed of the molecules, or the temperature, In some forms of the equations, the local 
speed of sound (“a”) appears, which for an ideal gas also depends only on temperature. 

The NS equations, like any field equations, need boundary conditions (BCs). At flow boundaries, where the 
flow simply enters or leaves the domain, the NS equations themselves determine what combinations of BCs ean 
be imposed and what combinations are required to “determine” the solution in various ways. For boundaries 
that are interfaces with other materials, for example, gas-solid or gas-liquid interfaces, the NS equations them- 














selves don't fully define the situation, and we need to introduce additional physics. According to theoretical 
‘models and experimental evidence, the interaction between most of the liquid and solid surfaces encountered in 
engineering practice and air at most ordinary conditions is such that the continuum velocity and temperature of 
the air accommodate almost perfectly to the velocity and temperature of the surface. Thus assuming no slip and 
1no temperature jump at the “wall,” and imposing BCs accordingly, is an extremely good approximation. 

A correct physical interpretation of the no-slip BC requires care. In some popular descriptions, the fluid is, 
said to “stick” or “adhere” to the surface. This description is not completely inappropriate, but it is misleading, 
especially in the case of gasses. Saying that something “adheres” conjures up an image of a bond that ean with- 
stand tension as well as shear. Of course a gas cannot be put in tension at all, let alone form a tension-resisting 
bond with anything else. But the no-slip condition does assume no sliding between the fluid and the solid, so 
that with regard to shear, the fluid does behave as ifit were adhering to the surface 

The no-slip condition applies to both liquids and gasses. How it comes about is easier to explain in the case 
ofa gas. While an occasional gas molecule may adhere temporarily to a solid surface (or react chemically with it 
and remain more permanently), an overwhelming fraction of the molecules that impinge on the surface bounce 
off. The no-slip condition arises from the nature of these bounces. First, imagine the gas molecules as smooth 
spheres bouncing specularly off a smooth surface and not losing any tangential momentum in the process. In 
this case, there would be no shear force exchanged between the surface and the gas, the gas would slip easily 
along the surface, and there would be no no-slip condition. But on the scale of the molecules, no real surfac 
acts as a smooth surface. All real surfaces consist of atoms similar in size to the gas molecules, and thus even 
the smoothest is rough on the scale of a gas molecule. And most real surfaces have considerable roughness 
oon larger scales as well. The upshot is that gas molecules impinging on real surfaces bounce off in effectively 
random directions, which forces the average tangential velocity of molecules near the surface to be very small 
Kinetic theory can be used to estimate the effective stip velocity (see White, 1991, Section 1-4.2), showing that 
in practical situations itis practically zero. And this must be true even for surfaces that feel slick to the touch, 
for which our intuition wrongly imagines air being able to slide freely 

Thus our complete physical model consists of the NS equations combined with the no-slip and no- 
temperature-jump BCs. The range of applicability of this formulation is very broad, and there are only a few 
applications of practical “aerodynamics” interest where it doesn't apply. Some examples of such exceptions are 
gas flows at very low densities (for example, very high altitude) and the detailed internal structure of shock 
waves. Even flows in which ionization, dissociation, or chemical reactions take place are not generally excep- 
tions, because such effects can be incorporated into our continuum formulation by the inclusion of appropriate 
species-concentration variables, reaction-rate equations, and equations of state. Fortunately for us in aerody- 
names, we don't have to deal with the complexities of non-Newtonian liquids, which are important in biological 
systems and many industrial processes. 

So what is it that causes our NS formulation not to apply in the exceptional situations? Is it that very low 
densities in very high altitude flight, or very small length scales as in the shock-wave problem, cause our ay- 
eraging process not to converge, a possibility I alluded to earlier? This can happen, but in many cases it is not 
the cause of “failure.” Of course, at a single instant in time, the convergence of a spatial average would require 
integrating over a large enough volume to include a large number of molecules. Such instantaneous spatial av- 
rages might not resolve the internal structure of a shock wave very well, for example, but many flows are close 
enough to being steady that we can get around this problem and define averages in small spatial volumes by 
averaging over a sufficiently long period of time. I would think that most of the interesting cases of flight at 
extreme altitudes or of detailed shock-wave physics can be resolved in this way. In these eases, then, the “fail- 
ure” of our continuum formulation comes not from the failure of our averaging process to converge, but from 
the failure of the local-thermodynamic-equilibrium assumption behind our modeling of the “transport” effects 
‘when flow gradients become significant on the scale of a mean-free path, Another thing that tends to happen 






























































under such conditions is that the errors inherent in the no-slip and no-temperature-jump BC, negligibly small 
under “ordinary” conditions, become much bigger fractions of the differences in flow quantities in the rest of 
the field, and these approximations break down as well. 


3.2 Mathematical Formalism 


Now let's consider some of the issues that arise in casting our formulation of the physics in mathematical terms, 
Our final formulation will take the form of a set of partial-differential field equations (PDEs), along with some 
algebraic auxiliary relations. The variables we use, as well as which variables are independent and which are 
dependent, depend on how we choose to describe the flow. We can choose to describe it in terms of what hap- 
pens as seen at “fixed” points in space and time, the so-called Eulerian description, or we can choose to define 
the trajectories of “fixed” parcels of fluid as they evolve in time, the Lagrangian formulation. In the Eulerian 
description, time and the coordinates in some spatial reference frame, which may or may not be inertial, are 
the independent variables, and the velocity, pressure, and other state variables of the fluid are dependent. In the 
Lagrangian description, the independent variables identify the fluid parcels, for example, in terms of their spa- 
tial coordinates at an initial instant, and the dependent variables include the spatial coordinates of the parcels 
al succeeding instants, These two modes of description are in principle equivalent in the sense that they can be 
used to model exactly the same physics, but they do it in such different ways that they are not practically inter- 
changeable 

For most purposes, the Eulerian framework is more convenient and is therefore the basis for nearly all quant- 
itative work in theoretical aerodynamics and computational fluid dynamics (CED). A major reason for this is 
that the Eulerian description provides a much more natural framework for treating steady flows, which are the 
predominant focus of aerodynamics. All of the higher level conceptual modeling well encounter involves the 
Eulerian description, but we'll sill find it helpful to invoke the Lagrangian description in some of our discussion 
of the basic physical laws. 

The time rate of change of any physical quantity (¢.g., velocity and temperature) associated with a Lagrangi- 
an fluid parcel is called the Lagrangian derivative and is usually denoted by the upper case D/Dt. This Lagrangi- 
an rate of change is made up of contributions from either or both of two effects, as seen in the Eulerian frame. 
First, the quantity may be changing with time at the points in space through which the parcel is moving, as 
reflected in the unsteady-flow term d/ét, or the Eulerian rate of change. Second, if the parcel is moving with 
velocity V through a nonuniform field, it must experience a rate of change V @ Vin addition to the unsteady- 
flow term, In general, then, the Lagrangian derivative is related to derivatives in the Eulerian frame by 

D a 

3.21 Dt at 

This transformation has interesting consequences when we apply it to the fluid velocity, to determine the 
Lagrangian acceleration. For example, for the simplest case of a 1D steady flow, Equation 3.2.1 applied to the 
velocity reduces to 

Du ou 
— =u 
3.2.2 Dt Ox 
From this we see that a given material acceleration Du/Dt requires a large spatial gradient Qwiéx when w 


is small, but only a small éu/éx when u is large. This is a consequence of a Lagrangian fluid parcel’s motion 
through the velocity field. In Section 3.4.6, we'll look at how the convective acceleration appears in the con- 






































‘eetive terms in the momentum equation, and in Sections 4.1.2 and 4.2.1 we'll consider it again in the context 
of boundary-layer flows, 

A factor that complicates the mathematics is that some of the quantities we must deal with are vectors and 
tensors. The velocity is a vector, and the equation for conservation of momentum is a vector equation, In 3D, 
this results in three variables and three of our equations, which is a pretty straightforward thing to grasp intuit- 
ively. 

‘What is less intuitive is the problem of representing the transmission of forces by “contact” between adjacent 
fluid parcels. Physically speaking, of course, these forces are a result of momentum transfer by molecular mo- 
tions, but in the continuum formulation the integrated effects of the motions of many molecules are represented 
as apparent internal stresses in the fluid, or forces per unit area of the boundary of a parcel, We'll encounter this, 
idea again in our discussion of the momentum equation in Section 3.4.2. The mathematical problem we face 
is the general problem of representing the state of stress in a continuous material. First, we have to get used to 
the idea of imaginary boundaries separating adjacent parcels of material. Then we must visualize how any two 
adjacent parcels exert equal-and-opposite stresses on each other across their common bounding surface, Our 
description must be able to define the state of stress at any point in the fluid in such a way that it gets the right 
value for the opposing forces for any orientation of the imaginary boundary. The stress is a force per unit area (a 
vector) that depends on the orientation of an imaginary dividing surface, which can be defined by the direction 
of the normal to the surface (another vector). 

The stress is thus a tensor. An entire field of mathematics, tensor analysis, was developed just to provide 
rigorous means for mathematical manipulation of such quantities, not just in continuum mechanies, but in other 
branches of physics as well, and along with it came powerful shorthand notations for expressing the manipu- 
lations. Tensor notation provides the least error-prone way to deal with the stress terms and convection terms 
in our equations, especially when it comes to deriving the many terms that arise when the equations are trans 
formed to different coordinate systems. Such manipulations can be done without tensor notation, but avoiding 
errors becomes much more difficult. With or without tensor notation, however, such manipulations quickly be- 
come exercises in manipulating symbols, and it can be difficult to maintain any grasp of the physical meaning, 
Weill try to reach a physical understanding of the most important aspects of the viscous stresses by using very 
simple flow situations as examples in Section 3.6, 

So far, we have talked about the NS equations only in theit local or differential form, which is the form that 
will relate most directly to most of our succeeding discussions. However, in some applications, a more glob- 
al view of the flow suffices and can be easier to deal with. For thes 
form of the equations, in which the equations hav 
Volume, The control-volume equations are “exact” in the sense that there is no loss of accuracy relative to the 
differential equations, but they are “simplified” in the sense that they can tell us only what happens to integrated 
quantities and nothing about how the local quantities are distributed over the volume and bounding surfaces, 
We'll use the control-volume approach to calculate viscous drag in Section 6.1.4 and lift-induced drag in Section 
8.3.2, and we'll consider the general approach further in Chapter 9 

In ordinary solutions to the NS equations, all flow quantities are continuous and differentiable, even through 
shocks (see more about shocks in Section 3.11.2). This brings some powerful mathematical facts to our aid, 
‘without our having to introduce any “physics” at all, which brings us to the topic of the next section, 






































situations, we have the control-volume 
been integrated over a volume and the surfaces bounding the 














3.3 Kinematics: Streamlines, Streaklines, 
Timelines, and Vorticity 


Kinematic descriptions are basic to all our attempts to understand flowtields. Obviously, we must understand 
the kinematic structure of a flow before we can understand the underlying dynamics, The kinematic structure of 
a flowfield is constrained to have certain cl because the velocity field is a continuous vector field 





3.3.1 Streamlines and Streaklines 


‘Two kinematic concepts we often appeal to are streamlines and streaklines. Streamlines are simply 3D space 
curves, defined as being everywhere parallel to the velocity vector. A streakline is also a 3D space curve, but is 
defined by the locations of a string of Lagrangian fluid parcels that all passed through a given “point of origin” 
somewhere upstream in the flowfield. (We introduced the Lagrangian description of the flowfield in Section 
3.2, and we'll define what a Lagrangian fluid parcel means more precisely in Section 3.4.) The point of origin 
for a streakline is usually taken to be a fixed point in space, but it needn't be; it can be allowed to move with 
time, A streamline is obviously a mathematical construct that can be defined only by “solving” a mathematical 
problem, that is, “construct a curve everywhere parallel to a given vector field.” A streakline, on the other hand, 
can by 








lized,” at least approximately, in real flows that are marked by a passive contaminant such as dye in 
liquids or smoke in air 
Ifthe flow is steady, streamlines and streaklines from fixed points of origin will coincide and will be the same 








as individual particle paths, that is, the paths of individual Lagrangian parcels. Even in steady flows, howe\ 
interesting issues can arise in the interpretation of flow patterns. Figure 3.3.1, for example, compares a stream- 
line pattern constructed from a steady-flow CFD solution with the corresponding nominally steady streakline 
pattern marked by dye in a water tunnel. The two patterns should of course be the same, and on close inspection 
they agree about as well as a CFD calculation and an experiment can be expected to. But at a glance, the two 
images give very different impressions. In the CFD solution, the separation at about 60% chord and the form- 
ation of a closed separation bubble stand out clearly, while in the water-tunnel photo the separation is evident 
only if you look very carefully. Part of the problem is that the field of view of the photo doesn't show the whole 
length of the separation bubble. I must admit that I didn't realize that this flow separates ahead of the trailing 
edge until I saw the CFD streamlines. And I'm in good company: Van Dyke (1982) published this same photo 
with the comment that the flow “appears to be unseparated.” 
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If the flow is unsteady, the situation is much more complicated, and streamlines, streaklines, and particle 
paths will generally all be different. Looking at the pattern formed by any one of them gives an incomplete and 
usually misleading picture of the flow. Figure 3.3.2 shows how different the unsteady flow in the wake of a cit 
cular cylinder looks in terms of streaklines (a) and streamlines (b). Timelines (c), which well define in Section 
3.33, also present a very different picture. 


Unsteady wake (von Karman vortex street) of a circular cylinder at Reynolds numbers in the 






range 136-140, Photos by S. Taneda, © SCIPRESS. Used with permission, (a) Streaklines marked by dye in 
troduced at the eylinder surface. (b) Streamlines approximated by short time exposure of suspended particle 
Used with permission. Photos by S, Taneda, © SCIPRESS. Used with permission, (c) Timelines marked by 
hydrogen bubbles from a pulsed wire upstream, Photos by S. Taneda, © SCIPRESS. Used with permission 
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3.3.2 Streamtubes, Stream Surfaces, and the Stream 
Function 


‘The concept of a streamtube is one that is usually applied only to steady flows. The definition of a streamtube 
starts with a closed curve in the flowfield, as illustrated in Figure 3.3.32. Steady streamlines or streaklines 
passing through all points on the curve define a surface that forms the boundary of a curvilinear tube. Because 
the bounding surface is parallel to the velocity v 
flow, according to the principle of continuity 





tor, no continuum fluid parcel passes through it. In a steady 
which we'll discuss in the next section, the mass flux in a 
streamtube is the same at any cross section along its length. In a 2D flowfield, we could still define a streamtube 
the same way we did in 3D, using a closed curve to define the boundary, but a more useful definition is to allow 
the closed curve defining the streamtube to degenerate into two points, so that the streamtube becomes a 2D 
layer of flow defined by one streamtine through each point, as illustrated in Figure 3.3.36, 








Figure 3:33 Illustrations of streamtubes (a) Asa compact streamtube defined by a closed contour in a 3D 
ow, (b) As & sheet of flow defined by two points in a 2D flow 
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The bounding surface ofa streamtube is a special ease of the more yeneral concept ofa stream surface, which 
also is usually applied only to steady flows. The space curve from which a stream surface originates needn't be a 
closed curve, and a stream surface needn't form a closed tube. A general stream surface is also a surface through 
‘which no continuum fluid parcel passes. In 3D flows, stream surfaces that start out relatively flat can be 
highly contorted as the flow progresses downstream. 








The stream function is a concept that applies only to 2D flows. Considering any two points A and B in a 2D 
flow, the mass flux across any curve joining the two points depends only on the locations of the points and on 
time, provided the flow is either incompressible or steady. (For example, for the two points in Figure 3.3.3b, the 
‘mass flux across any contour joining the points is the mass flux in the shaded streamtube.) Thus if we fix point 
‘A, the mass flux defined in this way for all other points B defines a single-valued function we call a stream 





function, It follows then that the stream function is constant along streamlines and that the difference in its value 
between two streamlines is the mass flux in the streamtube bounded by them. The stream function was used 
‘more frequently in the past than it is now. It was often used in earlier theoretical discussions of incompressible 
flows (see Section 3.10) and was sometimes used in numerical methods for solving the NS equations in 2D. 


3.3.3 Timelines 


Another useful kinematic concept is that of timelines, which are usually considered most useful in 2D flows, 
though they can be defined in any flow, steady, or unsteady. The definition starts with the marking of a string 
of Lagrangian fluid parcels arrayed across the flow at some initial instant. A timeline is then the space curve 
defined by that same string of parcels at some future instant. Timelines are most useful when defined in sets of 
‘multiple lines whose initial instants are separated by equal time intervals. In real flows, timelines can be realized 
approximately by passive-contaminant markers, usually emanating from a fine wire stretched across the flow. 

Inair, the wire is coated with oil, and a pulsed electric current in the wire produces brief puffs of smoke, mark- 
ing cross-stream lines that convect downstream, In water, electric pulses can produce lines of tiny hydrogen or 
oxygen bubbles that mark the flow. In Figure 3.3.2c, we saw timelines in the flow past a circular eylinder. 














Figure 3.3.4 shows an example of timelines in a turbulent boundary layer, illustrating a key aspect of 
timelines in turbulent flows. In a fully turbulent boundary layer, the turbulent velocity fluctuations are not large 
fractions of the mean velocity, and as a result, the younger timelines near the left edge of the photo remain 
ordered and build up distortions slowly, looking as if they were in a smoother flow than that in the rest of the 
photo. As the flow progresses from left to right, the distortions accumulate until, in the right half of the photo, 
the timelines that are entirely inside the boundary layer appear as a chaotic jumble. In this fully turbulent flow, 
the timeline picture gives the misleading impression that the intensity of the turbulent motions is increasing 
from left to right. In steady flows, timeline pattems tend to be simpler and less prone to misinterpretation, as 
‘we'll see later in the case of a circular cylinder in ideal potential flow in Figure 5.1 3c. 

















Figure 3.3.4 Timelines in a turbulent boundary layer in w: ked by hydrogen bubbles from a pull 
Wire at the left edge of the photo. 





3.3.4 The Divergence of the Velocity and Green's Theorem 


The f 
‘vector analysis apply. Some constrain the physics in ways that can simpli 


ct that the velocity is a continuous and differentiable vector field also means that the usual theorems of 
our task considerably, 





Green's theorem relates the divergence of the velocity to a surface integral: 


wall Vevir= [[Venis, 


‘where the triple integral is over any volume occupied by the fluid, and the double integral is over the surface 
that encloses the volume. This is a key ingredient in derivations of the control-volume forms of the equations. 


3.3.5 Vorticity and Circulation 


Relationships involving the vorticity are extremely useful for purposes both of conceptualizing and doing quant- 
itative calculations. In this section, welll concentrate on the kinematics of vorticity and its relationship to the 
velocity field, We'll encounter the Biot-Savart law, which leads naturally to the idea of vortex induction, and 
‘we'll take pains to come to a correct understanding that induction is not a dynamic phenomenon, as implied by 
the way people often talk about it, but is instead a strictly kinematic concept. The real dynamical aspects of 
Vorticity are yet to come, in Sections 3.6 and 3.8 and in the discussion of lit in Chapters 7 and & 

‘The vorticity is just the curl of the velocity: 


432¥= VV, 


from which it follows by a basic vector-calculus identity that the vorticity is divergence free: 

333 Vew=0. 

If we know the vorticity at @ point in a flowfield, we know something about how the velocity varies in the 
neighborhood of that point, but we don't know everything, In a constant-density flow, the deviations in velocity 
in the neighborhood of a point ean be expressed as the sum of two parts: a deformation velocity field and 
solid-body rotation with angular velocity «2, a result known as Helmholiz's frst theorem (see Milne-Thomson, 
1966, Section 3.22), Examples of how these two components of motion look in isolation and in combination in 
2D flow are illustrated in Figure 3.3.5, In each sketch, a square fluid pareel and perpendicular lines bisecting 
it at an initial instant are shown as solid lines, and the same lines anchored in the fluid are indicated at a later 
instant by dashed lines. Because we're interested in velocity deviations, we anchor our reference frame to the 
fluid at the center of the square and show the center as not moving. In Figure 3.3.5a we have a pure solid-body 
rotation in which the two bisecting lines have rotated in the same direction by the same amount. In Figure 3,3.5b 
‘we have a pure deformation in which the vorticity, and therefore the average angular velocity of the fluid, are 
zero. This is reflected in the fact thatthe bisecting lines have rotated by equal-and-opposite amounts. In Figure 
3.3.Se we have added components Figure 3.3.5a,b together. The result is a simple shearing motion in which the 
hhorizontal bisecting line hasn't rotated at all, and the vertical bisecting line has rotated twice as far as in ether 
Figure 3.3.5a or b. The average angular velocity, and thus the vorticity, ae the same as in Figure 3.3.5a. These 
examples are 2D, but they are indicative of what these effects would look like in 3D in planes perpendicular to 
the vorticity vector. 
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Figure 3.3.5 Illustrations of the effects of solid-body rotation and deformation on initially square fl 
in 2D flow. The square and perpendicular lines bisecting it at an initial instant are shown as solid lines, and the 
dicated at a later instant by dashed lines. (a) A pure solid-body rotation 
3. (b) A pure irrotational 
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‘The deviation velocity components comprising the sotid-body rotation part of the motion are in a plane per- 
pendicular to the vorticity vector, but there is no such constraint on the deformation part. Note that the vorticity 
does not determine the deformation part of the field, but that the vorticity and the solid-body-rotation part of 
the field are proportionally related. Thus at any point where the local velocity field has a solid-body-rotation 
component to it, the vorticity must be nonzero. Likewise, if the vorticity is zero, there is no solid-body rotation 
component, and because of this, flows with zero vorticity are often called irrotational. 

Much of our theorizing in subsequent sections will make use of the interplay between vorticity and the cir 
culation, which is defined as the line integral of the velocity around a closed contour. The crucial relationship is, 
ziven by Stokes's theorem: 


r= fvetat= [fonds 
334 s 


‘where the double integral is over any continuous surface that is bounded by the contour and is piecewise smooth 
over its entire area, as shown in Figure 3.3.6, For Equation 3.3.4 to hold, the integrands need merely to be in- 
tegrable; they needn't be continuous. Thus creases in the surface are allowed, because they occupy zero area, or 
a subset of zero measure, as the mathematicians would say. Likewise, kinks in the closed contour are allowed, 








Figure 3.3.6 Illustration of a closed contour and bounded surface to which Stokes's theorem applies 


‘What Stokes's theorem says, in words, is that the circulation around a closed contour is equal to the flux of 
vorticity through the contour, When we discuss dynamics in Section 3.8, we'll find this relation useful for draw- 


ing conclusions about the persistence of the circulation, or lack of circulation, and often we'll be able to do so 
without any actual calculation. 


3.3.6 The Velocity Potential in Irrotational Flow 


If the flow is irrotational (zero vorticity everywhere), we can derive a further useful result from Equation 3.3.4, 
‘which now states that the circulation around any closed contour must be zero. We start by noting that for any 
two points A and B in the field, we can define many different closed paths from A to B and back to A. Because 
the line integral of the velocity around any of these paths must be zero, the line integral along one path segment 
from A to B must be the negative of the line integral along the other path segment from B to A, and because this 
‘must be true for any choice of the two path segments, both line integrals must be independent of the path taken, 
Now if we fix point A, the line integral from A to any other point B is a single-valued scalar function of the 
location of point B, and it is easy to show that the velocity veetor must be equal to the gradient of that function. 
‘Thus whenever the velocity field is irrotational, it can be expressed as the gradient of a scalar function we call 
a velocity potential &: 


335 V = Vo. 


The existence of a velocity potential can greatly simplify the analysis of inviscid flows by way of potential- 
flow theory, which well discuss further in Section 3.10. In the above discussion, we assumed the simplest situ- 
ation, in which the vorticity is zero everywhere. However, many of the situations in which potential-flow theory 
is applied are not so simple. Many practical flows are effectively irrotational everywhere except for isolated 
concentrations of vorticity. Potential-flow theory can still be applied in the irrotational parts of these flows, but 
special treatments are required to account for the presence of the isolated vorticity. Examples include the jumps, 
in velocity potential that must be allowed across vortex sheets, as discussed in Section 3.3.7, and the special 
treatment required in the potential-flow theory for 2D airfoils, for which the region of irrotational flow is not 
simply connected, as well discuss further in Section 7.1 




















3.3.7 Concepts that Arise in Describing the Vorticity Field 


We have a variety of concepts that are useful for thinking about how vorticity is distributed in the flowfield. The 
first ones welll consider are applicable to the usual realistic situation in which vorticity is continuously distrib- 
uted 

Anywhere that the vorticity is nonzero, we can define a vortex line as a curve in space that is parallel to the 
vorticity vector, just as a streamline is parallel to the velocity vector. So a vortex line in the vorticity field is 
analogous to a sireamline in the velocity field, and just as we extended the concept of a streamline to define a 
streamtube, we can extend the concept of a vortex line to define a vortex tube. By definition, the flux of vorticity 
across the bounding surface of a vortex tube is zero. This, combined with Equation 3.3.3, means that the flux 
across any cross-section of the tube, anywhere along its length, is the same. 

‘The fact that the vorticity flux in a vortex tube is constant dictates the changes in vorticity magnitude that 
‘must accompany vortex stretching. If the cross-sectional area of a vortex tube decreases, either in time or along 
the length of the tube, the strength of the vorticity (the magnitude of the vorticity vector) must increase. For a 
section of vortex tube containing a given amount of fluid, a reduction in cross-sectional area usually requires an 
increase in length, or a stretching, (It definitely requires it if the fluid density is constant, for reasons we'll dis- 
cuss in Section 3.4.1 in connection with the conservation of mass.) Thus the stretching of a vortex tube usually 
increases the local vorticity magnitude. 




















A vorter filament is a vortex tube whose cross section has a maximum dimension that is infinitesimally 
small. The cross-sectional area of a vortex filament is thus also infinitesimally small, but itis still assumed to 
vary along the length of the filament, so that the filament can still satisfy the definition of a vortex tube. For 
a vortex filament, the flux of vorticity across a cross-section reduces to the product of the vorticity magnitude 
and the cross-sectional area, which is called the intensity of the filament, Note that this definition of the intens- 
ity as the flux of vorticity through an infinitesimal area is different from other concepts of intensity you may 
be familiar with, for example, the intensity of a light beam, which is defined as the energy flux per unit area, 
‘The result that the intensity of a vortex filament is constant along its length is Helmholt='s second theorem (see 
Milne-Thomson, 1966, Section 3.22). This conservation of intensity means that a vortex filament cannot end 
anywhere inside the fluid domain and must either form a closed loop (vortex loop) or end on the boundary of 
the domain. 

Depending on the nature of the boundary, there will be constraints on how vortex filaments or vortex lines, 
can end there. First, consider the special case of an isolated vortex filament that is surrounded by irrotational 
flow. If the flow is steady, and the boundary is an interface across which the fluid cannot flow, such a vortex 
filament can intersect the boundary only in the normal direction. This is so because there must be an essentially 
circular flow pattern in the neighborhood of the filament, in planes perpendicular to the filament, as we'll see in 
Section 3.3.8. This would violate the no-through-flow condition at the boundary ifthe filament were not normal 
to the boundary. Further, if the boundary is a stationary solid surface at which the no-slip condition applies, the 
velocity components in planes perpendicular to the filament must vanish at the wall, and the vorticity magnitude 
‘must go to zero, Thus an isolated vortex filament cannot end at all at a solid surface with a no-slip condition 

In the more general case of distributed vorticity, vortex lines may intersect a no-through-flow boundary at 
‘which there is slip, and the intersection need not be in the normal direction. On the usual kind of stationary sur- 
face with no stip, the situation is much more constrained, Because the tangential velocity is zero on the surface, 
the component of vorticity normal to the surface must be zero everywhere on the surface, Then if the magnitude 
of the vorticity is nonzero, the vortex lines must be tangent to the surface. In the viscous flow about a station- 
ary body, this applies practically everywhere on the surface. The only exceptions are isolated singular points of 
separation or attachment, which we'll discuss further in Section 5.2.2 and which are places where the magnitude 
of the vorticity on the surface is zero. At such a point, a vortex line may intersect the surface in the normal 
direction, but it does so with a “whimper,” because the normal component of the vorticity must still go to zero 
‘where the line intersects. Thus vortex lines can intersect a no-stip surface only at isolated singular points. It is 
sometimes erroneously stated that vortex lines cannot intersect a no-slip surface at all, without acknowledgment 
of the above exception (as pointed out by Saffman, 1992; Section 1 4). 

So we see that when vortices approach a solid no-stip surface anywhere other than at an isolated singular 
point, the vortex lines must turn to avoid intersecting the surface, and in doing so they often become part of the 
vorticity in a viscous boundary layer on the surface. Figure 3.3.7 illustrates one such situation, the “inlet vortex” 
that often forms when an engine inlet is near the ground, in this case made visible by water droplets. Lines were 
added to the photo to illustrate how the vortex lines must spread out in all directions along the ground in this, 
situation. (There is often a spiral component to the vortex lines’ alignment, which is omitted here for clarity.) 
‘Though this vortex is not a single thin filament, itis fairly concentrated and is surrounded by mostly irrotational 
flow. Just outside the boundary layer on the ground, the vortex is close to perpendicular to the ground, roughly 
in keeping with our conclusion above that an isolated vortex filament must approach a no-throughflow bound- 
ary in the normal direction, 






























































7 An inlet vortex marked by water droplets. Because all but one of the vortex lines cannot end on a 


solid surface with a no-slip condition, the vortex lines must spread out in the boundary layer on the ground as 
illustrated. The possible spiral component to the vortex lines’ alignment is omitted here for clarity. Modified 
from original photo by Alastair Bor 


Now let's consider concepts that were developed for ideatized models of flows with highly concentrated vor- 
ticity. Concentrations of vorticity in limited regions are important features in some flows well study later. For 
example, as we'll see in Chapter 8, the vorticity in the wake behind a lifting wing starts out concentrated in a 
relatively thin shear layer and ends up concentrated in two isolated, more or less axisymmetric vortices, all sur- 
rounded by practically irrotational flow. In conceptual models of such flows, these vortical structures are often 
idealized as mathematically thin concentrations, with the shear layers idealized as vortex sheets, and the vortices 
as line vortices, These idealized entities carry vorticity fluxes that are finite even though the vorticity is concen- 
trated in a region with zero cross-sectional area, The vorticity distribution must therefore be singular, or infinite, 
at the location of the sheet or line. For a vortex sheet, we must generally integrate over a cut through a finite 
‘width of sheet to find a finite flux of vorticity, though the area we have integrated over is still zero, because the 
sheet is infinitely thin, For a line vortex, we need only integrate over a single cut through the line (a point) to 
find a finite flux. There is a formal mathematical theory that makes all of this rigorous, but we won't go into it 
here because the concepts can be understood well enough without it. 

A line vortex looks superficially similar to the vortex filament we defined earlier, but there are crucial differ- 
ences. The cross-sectional area of a line vortex is zero, while that of a filament is infinitesimal, and the vorticity 
flux of a line vortex is finite, while that of a filament is infinitesimal. We must also take care not to confuse 
a line vortex, which is a singular distribution of vorticity, with a vortex line, which is simply parallel with the 
vorticity vector, usually in fields in which vorticity is continuously distributed. 

A line vortex in a 2D planar flow is often called a point vortex, because it must be a straight line that extends, 
to infinity in both directions perpendicular to the 2D plane and therefore appears as a single point in the 2D 
plane. The line vortex is one of the elementary singularities that can be used as a building block to construct 
solutions in potential-flow theory, as well discuss further in Section 3.10. In more general flows, a line vor- 
tex would usually be curved, a situation that raises a special problem. At any point on a line vortex where the 
curvature of the vortex is nonzero, the fluid velocity at that point on the vortex, in a direction perpendicular to 
the vortex, must be infinite. This makes it impossible to determine a realistic velocity at which such a vortex 








line will be convected by the flow. (Convection of vorticity is discussed in Sections 3,6 and 3.8.) In real flows, 
the vorticity is spread out continuously and has finite magnitude, and such infinite velocities do not occur. 


3.3.8 Velocity Fields Associated with Concentrations of 
Vorticity 


We've just scen that highly concentrated vorticity is often idealized as a vortex sheet or a line vortex. With 
Stokes's theorem in hand, we are in a position to determine the nearfield velocity distributions that must accom- 
pany these idealized distributions of vorticity, as illustrated in Figure 3.3.8, 








Figure 3.3.8 Velocity distributions in the neighborhood of common concentrations of vorticity. (a) An ideal- 
ized vortex sheet in 2D. (b) A physical shear layer in 2D with a finite thickness. (c) Plan view ofa vortex sheet 
jtude, only direction, The velocity jump AV is per- 
pendicular to the vorticity «, which is parallel to the mean velocity Vig (d) An idealized line vortex. (e) A 








in 3D in the common situation of no jump in velocity m 





physical vortex with a core of finite radius. (f) The Rankine vortex: an idealization of a physical vortex in 
which the vorticity is constant in a circular core and zero outside the core 
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A vortex sheet in 2D flow is shown in Figure 3.3.8a, By applying Stokes's theorem to a small closed contour 
inclosing a short section of the sheet, we sec that there must be a jump in velocity magnitude across the sheet 
equal to the local vorticity strength, or vorticity per unit distance along the sheet in the direction perpendicular 
to the vorticity vector. In this 2D case, the vorticity vector is perpendicular to the plane of the paper, and the 


distance along the sheet is measured in the flow direction. The physical flow corresponding to this idealized 
vortex sheet is a shear layer with the velocity jump spread across a finite thickness, as shown in Figure 3.3.8b, 

Ina 3D flow, the velocity jump across a vortex sheet, ina vector sense, must still be perpendicular to the vor- 
ticity vector. A common situation in aerodynamics, as we'll see in the modeling of wing flows in 3D in Chapter 
8, is to have a sheet with no jump in velocity magnitude, only in direction. In this case, the jump in the velocity 
vector is perpendicular to the vorticity vector, which is parallel to the direction of the mean of the velocity vee- 
tors on the two sides of the sheet, as sketched in Figure 3.3.8c. Itis easy to show that if the vorticity vector were 
not parallel to the mean of the two velocity vectors, there would have to be a jump in velocity magnitude. 

Vortex sheets of the kind sketched in Figure 3.3.8¢ are often modeled in 3D potential-flow theory. It is clear 
from the definition of the velocity potential in Section 3.3.6 that the jump in the velocity vector requires a jump 
im the velocity potential as well. 

If a physical shear layer is effectively thin, that is, if the flow changes across the layer are much faster than 
changes in other directions, the velocity jump will be approximately equal in magnitude and perpendicular to 
the integral of the vorticity across the layer. This is an observation we'll find helpful in some of our thinking 
about boundary layers and wakes in later chapters 

Our next example is the idealized line vortex shown in Figure 3.3.8, For purposes of this discussion, we'll 
assuume the line is locally straight, so that we don't have to deal with the problem of the infinite perpendicular 
velocity of a curved line vortex that we mentioned in Section 3.3.7. The circulation on any circular contour of 
radius r centered on the vortex line must be the same, provided the contour encloses no other vorticity. We con- 
clude that the circumferential velocity must go as 1/r as shown and that the circumferential velocity is singular 
oon the vortex line itself, In the corresponding physical vortex shown in Figure 3.3.8e, the vorticity is spread over 
a vortex core with a radius re and a circumferential velocity distribution that depend on the flow process that 
produced the vortex. Outside of the core, the vorticity is zero, the circulation is constant, and the velocity goes 
as I/, just as it did for the ideal line vortex. An idealization that lies between the line vortex of Figure 3.3.84 
and the physical vortex of Figure 3.3.8c is the Rankine vortex, shown in Figure 3.3.8f, In the Rankine vortex, 
the vorticity is constant throughout a circular core of radius re and zero outside the core. The motion within the 
core is thus a solid-body rotation with velocity proportional to, as shown. The Rankine vortex is an ingredient 
in one of the theories of induced drag we'll consider in Section 8.3 























The point vortex and Rankine vortex are idealized flow structures that can be sustained only in invise 
In the real world, viscosity would diffuse them, forming a physical vortex core as shown in Figure 3.3.8¢. 





3.3.9 The Biot-Savart Law and the “Induction” Fallacy 


Now we come to the more general question of what we can say globally about the velocity when the distribution 
of vorticity is known. Let’ start with the general problem of determining velocity from the vorticity outright, 
in a mathematical sense. It turns out that inverting the definition of vorticity (Equation 3.3.2) does not entirely 
determine the velocity field, but determines it only to within an unknown additive part that must be irrotational 
‘The Biot-Savart law expresses the solution for the part of the velocity field that is determined, It can be ex- 
pressed in three forms: applicable to vorticity distributed continuously through a volume, vorticity concentrated 
in thin sheets, or vorticity concentrated in line vortices. 
For the Biot-Savart law to hold, the following assumptions must be met (see Milne-Thomson, 1966) 
1. The fluid fils all of sp 
2, The fluid is at rest at infinity, with the velocity magnitude at large distances dying off at least as 1/r 














For the ways we typically want to use the Biot-Savart law, these assumptions are not restrictive, If there is a 
solid body in the flowfield, we can assume that itis filled with fluid at rest that is separated from the extemal 
field by a vortex sheet that represents the surface of the body and provides the velocity jump from the interior 
to the exterior. A constant farfield velocity, as we often have in steady-flow aerodynamics, is not a problem be- 
cause the constant velocity can be removed via a Galilean transformation. 

‘The simplified theoretical models for flows around airfoils and wings that we'll discuss in Chapters 7 and 8 
are generally idealized inviscid models in which the vorticity is assumed to be concentrated in thin sheets, and 
we often discretize the sheets into line vortices. Thus the form of Biot-Savart that we use most often is the form 
for vorticity distributed as a line vortex: 
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trated in Figure 3.3.9, and the integration is over all line vortices in the field. 





Figure 3.3.9 Definition 


geometric quantities appearing in the Biot-Sayart law 
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‘The Biot-Savart law is of course useful for quantitative calculations, but just the qualitative idea that knowing, 
the vorticity at one point allows us to infer something about the velocity at another point is valuable in itself 
Itis in fact one of our most powerful conceptual tools for reasoning about flowfields. However, as powerful as 
this idea is, it can be a mixed blessing because it frequently leads to confusion regarding cause and effect. 

The problem arises because the vorticity is the “input” and the velocity is the “output” in Equation 3.3.6, and 
itis common practice to refer to the velocity inferred from the vorticity as the induced velocity. Because of this, 
its just too easy to think of the vorticity as somehow “causing” the part of the velocity that it “determines.” But, 
of course, this kind of thinking is wrong. In the absence of significant gravitational or electromagnetic body 
forces, there is no action at a distance in ordinary fluid flows. Significant forces are transmitted only by direct 
contact between adjacent fluid parcels. So there is no way a vortex at point A can directly “cause” a velocity at 
some remote point B, and terms such as “caused by” and “induced” and even “due to” misrepresent the physics, 
We must be careful to remember that Biot-Savart is just a calculus relation between a vector field and its curl, 
and that in fluid mechanics it doesn't reflect a direct physical cause-and-effect relationship, 

‘This is a crucial point that cannot be overemphasized, and yet it has received surprisingly little emphasis in 
the literature. It is interesting to look at what other authors have had to say about it. Sears (1960) on p. 1.12 
hhas a short paragraph that mentions the lack of a “mechanism” by which a vortex “induces velocities” remotely, 




















but he doesn’t provide further discussion other than to point out that it’s ust kinematics resulting from the as- 
sumption of irrotational flow. Batchelor (1967) on p. 87 states that the Vorticity can be said to “produce” or 
“induce” the “velocity distribution in the surrounding fluid,” but then goes on to say that this does not imply 
a “mechanical cause and effect,” but only that the velocity distribution is the “solenoidal velocity whose curl 
hhas the specified value everywhere and which is therefore associated with the given distribution of vorticity.” 
Milne-Thomson (1966) on p. 167 defines the “induced velocity” as “the velocity field that coexists with a given 
distribution of vorticity and vanishes with it.” But he also makes the unequivocal statement that the vorticity 
and the induced velocity “occur together but neither can properly be said to cause the other” (emphasis his) 
Durand (1967a) introduces the term “induced velocity” on p. 135 and warns the reader that he will continue to 
even though the implied causation isn't real, saying “it would presumably be more correct to say ... that 
the field velocity is consistent with, or correlative to, the existence of the vortex.” 

Just as Equation 3.3.6 seems to imply that the vorticity “causes” the velocity, it also gives the misleading 
impression that individual elements of a vortex filament somehow make their own separate “contributions” to 
the velocity. Milne-Thomson (1966) on p. 171 is unequivocal on this point as well, saying that “This impression 
must be guarded against; otherwise an improper physical picture may be imagined” and pointing out that only 
the velocity given by the complete result of the integration can be “asserted to have physical reality.” This is 
correct, of course. Still, in our discussion of the flow around a 3D wing in Chapter 8, we'll find it instructive to 
think about separate “contributions” to the velocity “associated with” partial portions of the vorticity configur- 
ation. In such discussions, we must always be on our guard against attributing any direct physical causation to 
these associations 


























We aerodynamicists have contributed to our own confusion by using the terms “induced velocity” and “in- 
duction” much too freely. This terminology comes from another field where the Biot-Savart law applies, that 
classical electromagnetics, in which it is said that the magnetic field is “induced” by the electric current, In 
electromagnetics, the terminology is appropriate because there is supposed to be real action at a distance taking 
place, for which the term “induction” is physically appropriate. In fluid mechanics, however, the 
causal Link, We know that vorticity is produced, convected, and diffused in ways we'll discuss in 
we know why the vorticity in our flowfields has to be there: It is there more as a manifestation of the overall 
flow pattern than as a cause of it. 

So, when we want to infer something about a flow pattern without solving the equations of motion, and we 
already know the general arrangement of the associated vortices, it can be very helpful to appeal to the vorticity 
and Biot-Savart. The simplified wing and induced-drag theories we'll discuss in Sections 8.2 and 8.3 make use 
of this approach for quantitative calculations as well. We should make full use of the insights and computational 
shortcuts that Biot-Savart provides, but we should avoid terms such as “caused,” “induced,” “induction,” and 
“due to.” Then when we want to explain why a flow pattern exists, we must appeal to the real physics, that is, to 
the local force balance among fluid parcels. 

This completes our discussion of the aspects of vorticity that can be deduced just from kinematic considera- 
tions. In Section 3.8, well consider vorticity further, looking at aspects that arise from dynamics. 





























3.4 The Equations of Motion and their 
Physical Meaning 


My approach in this section is not to derive the equations but to try to give brief, intuitive explanations of what 
the various terms in the equations mean and to look at some of the general things we can infer from the equa- 


tions themselves about the behavior of flows. 








ur basic equations are expressions of conservation laws for mass, momentum, and energy. These laws 
ibed most directly and understood most easily in the Lagrangian reference frame, in which we describe 
ixed” parcels of fluid as they evolve in time. However, as I argued in 
jan reference frame, in which we describe the flow as it streams past points in a spatial 
ence frame not tied to the fluid, is ultimately the preferred choice for conceptual and quantitative purposes. 
‘The approach I'll follow here is to briefly discuss what the conservation laws mean in the Lagrangian frame and 





















then proceed to a discussion of how they are expressed in the Eulerian frame. 

In both the Lagrangian and Eulerian frames, we will be considering what happens to elemental volumes of 
fluid, just differently defined in the two cases. Deriving our conservation laws in the form of PDEs involves 
a formal procedure of taking the limit as the dimensions of our fluid parcels go to zero. We won't go through 
the details of that procedure in this discussion, but the reader should keep in mind that fluid parcels in either 
reference frame should be thought of as arbitrarily small 

Lamb (1932) defines a fixed Lagrangian parcel of fluid as containing the same fluid particles, and only the 
same fluid particles, for all time, The bounding surface of our parcel must therefore move with the fluid in such 
a way that no fluid particles pass through it. This is, of course, an idealization that makes sense only in our 
imaginary continuum world. In the real world, molecules will always be diffusing across such a boundary in 
both directions, and the best we can do is to make the boundary follow the average motion of the fluid in such 
way that it has no net flux of material across it. In either way of looking at it, our parcel will always have 
the same amount of material in it and have no net flux of material across its bounding surface. Sweeping mass 
diffusion under the rug in this way works fine for single-species fluids or multispecies fluids in situations where 











relative species concentrations remain constant, If relative species concentrations vary significantly, defining 
Lagrangian fluid parcel becomes problematic. For now, we'll ignore this minor limitation on the Lagrangian 
description and continue our discussion, 

As we noted earlier, we have conservation laws for mass, momentum, and energy. Why do we have them for 
these quantities and not for others, such as the pressure or the viscous stresses? It is because mass, momentum, 
and energy are quantities whose conservation is required by elementary physics and thermodynamics, and the 
other quantities are not. Our conserved quantities are also physically tied to the fluid material in such a way 
that they are carried along, or convected, with it. Thus by definition these convected quantities are carried along 
with our Lagrangian fluid parcels, The amount of such a quantity in a parcel can change only if some physic 
al process acting inside the parcel or at its boundaries accounts for the change. Our conservation laws simply 
quantify this accounting, Here is a brief description of what they mean within the Lagrangian framework, 

















3.4.1 Continuity of the Flow and Conservation of Mass 


definition of a fluid parcel in the Lagrangian description, we have implicitly enforced conservation 
the equation that explicitly enforces conservation of mass must do more than 





By our ve 
of mass within a parcel, How 








that. The continuity equation relates the fluid density at all points to the volume occupied, so as to satisfy two 
requirements: 
1. Mass is conserved within each Lagrangian parcel, as required by the definition of the parcel and 
2, There are no voids between Lagrangian parcels, nor do adjacent parcels overlap. The entire volume 
occupied by fluid must be considered to be filled with Lagrangian parcels that conserve mass 
‘The physical interpretation of the continuity equation in the Lagrangian description is very simple: As the 
volume of a parcel of fluid changes, the fluid density must change so as to keep the mass of the parcel constant, 
Although the basis for the continuity equation is physical (requirements 1 and 2 above), the requirements, 
it imposes on the flow are not as direct in a cause-and-effect sense as those imposed by other equations. For 
example, in the conservation of momentum (Section 3.4.2), forces directly cause accelerations; and in the con- 
servation of energy (Section 3.4.3), work done in compressing the fluid directly causes a rise in temperature, 
The continuity equation is different in this regard. It can be tempting to think that a change in streamtube are 
“causes” a change in velocity, as a result of continuity. But of course the more direct cause of a change in velo- 
city is unbalanced forces applied to fluid parcels. So compared with the momentum and energy equations, the 
continuity equation is less directly tied to the dynamics and is more like a kinematic constraint imposed on the 
flowficld. 























3.4.2 Forces on Fluid Parcels and Conservation of 
Momentum 


In the Lagrangian reference frame, conservation of momentum is imposed explicitly in the form of Newton's 
second law, F = ma, Our Lagrangian fluid parcel has fixed mass, and its acceleration is the result of the sum 
of the forces acting on it. As we saw in Section 3.2, this is a vector relation that in the general case requires a 
‘vector equation, or equivalently, three scalar equations, for its expression. 

There can be external body forces (gravitational and electromagnetic) acting on the parcel, but in acrody- 
namics these are usually negligible, and we are concerned only with the forces exerted on the surface of the 
cl by adjacent parcels. These surface forces that adjacent parcels exert on each other must be equal-and-op- 
ie across the shared boundary, according to Newton's third law. They are the same apparent internal fluid 
‘stresses we discussed in Section 3.1 in our consideration of the issues of modeling the flow as a continuum. 
‘There we saw that it is valid to view them as distributed stresses only in the idealized continuum world, and 
that in the real world they are just apparent stresses that are the result of momentum transferred relative to the 
average flow by molecular motion. In any case, from now on we'll think of them as if they were actual stresses, 

In Section 3.2, we discussed representing these stresses as a tensor. Thi 
nipulation, but for purposes of physical understanding, thinking in terms of force vectors is more intuitive. If 
‘we contract the stress tensor with the unit vector normal to the imaginary boundary between parcels, we get a 
vector representing the force per unit area acting across the boundary. Further, we can resolve this vector into 
a component perpendicular to the boundary and a component parallel. In the NS equations, the perpendicular 
component is assumed to be the local hydrostatic pressure (static pressure, for short). The parallel component 
is called the shear stress and is due entirely to the effects of viscosity 

The pressure is one of the most fundamental quantities in continuum fluid mechanics, but understanding it 
intuitively isn’t trivial, At a single point in space, the normal stress on any imaginary boundary containing the 
point is the same regardless of the orientation of the boundary. Thus we have the idea that the pressure at a 
point, a scalar quantity, “acts equally in all directions,” not an easy concept to grasp. The difficulty of expressing 
the concept in easily understood terms has led some commentators to errors, such as Anderson and Eberhardt's, 

























is convenient for mathematical ma- 




















(2001) description of the static pressure as “the pressure measured parallel to the flow.” This contradicts two as- 
peets of pressure as correctly understood: The definition of the pressure is independent of the flow, and pressure 
acts equally in all directions. It is a bit easier to grasp pressure intuitively in terms of its effect on a small but 
finite fluid parcel, which in a field of constant pressure is pushed inwardly by the surrounding fluid equally in 
all directions. Understanding the shear stress intuitively entails similar difficulties, which we'll defer to Section 
3.6, where well discuss in some detail how the shear stress arises and now it is represented in the NS equations, 

For the surface stresses to contribute any acceleration to the parcel, the vector sum of the stresses acting on 
all the parce!'s faces must be nonzero, that is, there must be an unbalanced force left over. Stresses on opposite 
sides of a parcel by definition act in opposite directions, and if their magnitudes are the same, they eancel. The 
normal stresses in a field of constant pressure, for example, would cancel each other out, and there would be 
no unbalanced force. For there to be an unbalanced force, the magnitudes of the stresses on opposite sides of a 
parcel must be different, and for this to happen the pressure or the viscous stress must be nonuniform. Thus the 
unbalanced force depends not on the stress itself but on a gradient of the stress, which in the ease of the pressure 
is simply Vp. This generally requires nonuniform motion of the fluid. We'll look at some examples of how this 
works in the ease of viscous stresses in Section 3.6, In any case, because the forces depend on the motion of the 
cl and the motions of the parcel’s neighbors, the cause-and-effect relationship between the stresses and the 
velocities is circular, which complicates our task and is a topic we'll consider in more detail in Section 3.5. 

Because the momentum equation governs a parcel's acceleration, determining the parcel's velocity requires 
integration of the equation. We'll sce in Section 3.8.4 how an integration of the momentum equation for the 
steady flow of an inviscid fluid leads to Bernoulli’s equation, one of our most useful special-purpose flow rela 
tions 





























3.4.3 Conservation of Energy 


The principle of conservation of energy is just the first law of thermodynamics, which states that the rate of 
change of the energy stored by the material in our Lagrangian fluid parcel is equal to the rate at which energy is 
added to it from outside, in the form of heat added and/or mechanical work done. Only two parts of this would 
be new to a student of elementary thermodynamics. One is that the motion of the parcel is an important part of 
the picture, and thus the bulk kinetic energy of the parcel must be included as one of the forms of stored energy 
to be accounted for. The other is that viscous forces, not just the pressure, provide an avenue by which mechan- 
ical work can add to the energy. 

Heat can be added to or subtracted from the parcel both by electromagnetic radiation absorbed or emitted 
within the parcel or by molecular conduction across the parcel's boundary. Note that radiation to or from the 
interior of a parcel is a volume-proportional or “body” effect, while conduction across the boundary of a par- 
cel is a “surface” effect, and that in aerodynamics it happens that only the surface effect is usually significant, 
‘The mechanical work done on the parcel is done by the same forces we considered in momentum conservation, 
Again, in aerodynamics the external body forces are usually negligible, and we are concerned only with forces 
exerted on the parcel by adjacent parcels. But the effects of these internal fluid stresses on energy conservation 
are more complicated than their effects on momentum. In momentum conservation, we had to consider only 
the net force on the parcel. In energy conservation, the net force is important as well: Acting over the distance 
ed by the center of mass of the parcel, the net force contributes to changes in the bulk kinetic energy of the 
parcel. But there is more. If the parcel deforms, either volumetrically or in shear, parts of the parcel's boundary 
‘move relative to the parcel's center of mass, and significant work can be done on the parcel that way as well. 
ure, acting through compression or expansion, heats, or cools the parcel, and the viscous stresses heat 
|, process called viscous dissipation, which we'll consider further in Sections 3.6 and 6.1.1 


























Turbulence raises interesting issues with regard to conservation of energy. We often think of turbulent flows, 
and model them theoretically in terms of time averages, in which the unsteady turbulence motions have been 
averaged out, an approach we'll discuss in detail in Section 3.7. In the time-averaged flowfield, the kinetic en- 
ergy of the turbulence is a form of energy that must, in principle, be accounted for. However, in many flow 
situations the production and dissipation of turbulence kinetic energy (TKE) are roughly in local equilibrium, 
and TKE can be neglected. We'll discuss this further in Section 3,7 








3.4.4 Constitutive Relations and Boundary Conditions 


‘We've just taken a brief look at what the three basic conservation laws mean in the Lagrangian reference frame, 
Whether we implement these laws in the Lagrangian frame or the Eulerian, they provided us with five equations, 
and we have eight unknowns. Our unknowns are three space coordinates (Lagrangian) or velocity components 
(Eulerian) and five local material and thermodynamic properties: pressure, density, temperature, and thy 
cients of molecular viscosity and thermal conductivity. We therefore need three additional constitutive relations 
to complete the system. For aerodynamics applications, these relations are usually taken to be the ideal-gas 
equation of state relating the pressure, density, and temperature; the Sutherland law defining the vis 
function of temperature only; and Prandt!'s relation for the thermal conductivity 

‘The complete NS system provides all the internal-to-the-fluid physics we need. At the boundaries of our 
flow domain, the BCs we need to apply depend on the type of boundary. At flow boundaries, we need to invoke 
no additional physics, and the NS equations themselves determine what BCs are permissible or required, de- 
pending on the flow situation, At any boundary that is an interface with another material (ofien referred to as a 
“wall”), additional physical considerations are needed to define the BC. We saw in Section 3.1 that under most 
conditions where the continuum equations apply, the no-slip and no-temperature-jump BCs are appropriate. 





























3.4.5 Mathematical Nature of the Equations 


As we've just seen, our system of equattions consists of five field PDEs and three algebraic constitutive relations, 
with eight unknowns in all, The equations are of mixed hyperbolic’ elliptic type in space, so that the solution 
depends on conditions on the entire boundary of the domain. Numerical solutions can be “marched” forward in 
time, but not in space. The equations are nonlinear, so that solutions cannot generally be obtained by superpos- 
ition of other solutions. Even a steady-flow solution cannot be obtained by a single matrix-inversion operation, 














but must be approached by time-marching or some process of iteration, These are issues we'll discuss in greater 
detail in connection with CFD methods in Chapter 10, 

Solutions to the NS equations are sometimes nonunique, for example, when more than one steady-flow solu- 
tion exists for the same body geometry, as we'll sce in the case of some airfoils at high angles of attack in S 
tion 7.4.3, Generally, solutions without turbulence exist mathematically, but in most situations at high Reynolds 
numbers they are dynamically unstable and are not to be found in nature, The instabilities and other mechan- 
isms that can lead to the appearance of turbulenc 

Because of the above general difficulties, analytic solutions to the NS equations are known for only a few 
simple cases with reduced dimensions and constant fluid properties, and even then only in limiting situations 
in which the inertia terms can be neglected. For example, there are effectively 1D solutions for steady, fully 
developed flow in planar 2D or circular-cross-section ducts or pipes and 2D solutions for flow around a cir~ 
cular cylinder or sphere in the limit of low Reynolds number. For some idealized situations at high Reynolds 
numbers, boundary-layer theory provides approximate solutions to the 2D NS equations that require only the 











in solutions to the equations are discussed in Section 4.4. 








solution of an ordinary differential equation (ODE) in 1D, as we'll see in Section 4.1. For more general flows, 
‘numerical solutions are our only option, unless we can make simplifying assumptions. 





3.4.6 The Physics as Viewed in the Eulerian Frame 


In the Eulerian description, we track what happens as fluid flows past points in a given spatial ref 
So now, instead of tracking what happens to fixed parcels of fluid, as we did in the Lagrangian description, 
‘we track what happens in infinitesimal elements of volume imbedded in our spatial coordinate system. These 
Eulerian volume elements have fluid continuously streaming through them and across their bounding surfaces. 
This is, of course, the same streaming motion that was part of the flow when we described it in the Lagrangian 
frame. We are just seeing it now in a different reference frame, and the difference in vantage point requires us 
to treat the convection process differently when we implement our conservation laws. In the Lagrangian for- 


srence frame, 








‘mulation, convection is accounted for implicitly by our definition of a fixed fluid parcel, and our conservation 
equations have no terms representing convection across the boundaries of a fluid parcel, because there is none 
by definition. In the Eulerian formulation, where there is generally a flux of fluid across the boundaries of our 
‘volume elements, the convection process must appear explicitly in the form of additional terms in the equations, 





Mathematically, the additional terms arise when we replace the time derivatives in the Lagrangian equations 
with their Eulerian equivalents, using Equation 3.2.1, In the Eulerian equations that result, convection effects 
are represented by terms that arise from the V - WV term on the right-hand side. To see how this works, 
the x component ofthe momen of agrarian pare of vlome dV, whish given by 








2 (outv) = ay (oud) +VeV(pudV). 





‘The second term on the right-hand side represents the convection of momentum in the Eulerian x-momentum 
equation in its rawest form, There is another form often seen in the literature, in which the density is taken 
outside the derivative, and the relationship to the Lagrangian acceleration Dw/Dt is clearer. To derive this oth- 
er form, we must invoke conservation of mass, which in its Lagrangian form simply states that the mass of a 
Lagrangian parcel doesn't change with time. Applying Equation 3.2.1 to that gives 
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‘Using the product rule to expand the derivative 
tion 3.4, 











on the right-hand side of Equation 3.4.1 and invoking Equa- 
we ES the Lagrangian rate of change of x momentum, per unit volume: 
1 Ou 


Wo 2 (pudv) =P +pVeVu. 











The last term on the right-hand side of Equation 3.4.3 is just the product of density and the convective ac~ 
celeration that we introduced in Section 3.2 and that we looked at for the special case of ID flow in Equation 
32. 





Now let's look at the convection process in more detail. One thing that almost goes without saying is that 
across a shared boundary between two parcels, convection is reciprocal. Its a kind of analog to Newton's third 
law in mechanics, which states that the mutual forces exerted by two bodies in contact with each other must be 
equal and opposite, because there is nothing at the interface that can support an unbalanced force. At a shared 
boundary between two fluid parcels, there is nothing that can add to or subtract from the flux of a conserved 





quantity, so the flux leaving one parcel must be equal to the flux entering the other: In our general NS formu- 
lation, we end up not having to enforce this reciprocity explicitly, because it is guaranteed by the continuity of 
all of our flow variables. There are specialized theories in which we allow surfaces of discontinuity, such as 
‘when we model shocks in solutions to the inviscid versions of the equations. In these cases, we must introduce 
additional equations to explicitly enforce the applicable conservation relationships across the discontinuity. 

‘The physical interpretation of the convection terms in our conservation equations is straightforward. When 
the rate of convection into a volume element is not balanced by the convection out, convection becomes a soures 
of the conserved quantity and must be taken into account in the conservation law. The convection terms thus 
represent the nef rate at which a conserved quantity is being convected into or out of a volume element. In the 
conservation of mass, this net convection is the only contribution to the time rate of change of the total mass 
inside the element. When the flow is steady, this means that the flux of mass into the element must equal the 
flux out. The same thing applies to larger volumes than just a local parcel. For a steady-flow streamtube, as we 
defined it in the previous section, this means that the mass flux through any surface that cuts across the tube 
‘must be the same. Net convection is an important part of the balance in the conservation of momentum and 
energy too, but we must also account for the contributions from forces applied to the fluid (momentum and en- 
ergy) and from heat conduction (energy only). 

Contributions to the momentum and energy balances from external sources such as gravitational or electro- 
‘magnetic forces exerted on the fluid, or heat transmitted to and from the fluid by absorption and emission of 
radiation, can be accounted for ina straightforward manner in our formulation. Likewise for exchanges of force 
or energy between parcels within the fluid that are not in direct contact with each other, which would be internal 
to the flow but nonlocal effects. In aerodynamics, however, such external effects and internal nonlocal effects 
are usually negligible, so that the only effects that remain to be represented in our equations are those that are 
transmitted by direct parcel-to-parcel contact. This leaves us with just the interparcel forces represented by the 
apparent internal stresses, and the heat fluxes due to conduction, that are exchanged between adjacent parcels 
of fluid. These quantities, as we have already seen, are not physically tied to the fluid material and are not con- 
ected with it. They are not affected by changes in the velocity of our reference frame, and they look the same 
in the Eulerian frame as they did in the Lagrangian. 

So in the usual situation that prevails in aerodynamics, the only significant transmission of forces within the 
fluid is between adjacent parcels of fluid. Convection effects in an Eulerian frame are similar in the sense that 
they too act only between adjacent Eulerian parcels, Thus there is no mechanism in our usual aerodynamic flows, 
for any kind of exchange of “force at a distance,” and therefore no remote “induction” or other such effects. Al- 
though the Biot-Savart law seems to imply a kind of remote induction effect, as we saw in Section 3.3.9, itis a 
fallacy to think of the velocity at one point as being “induced” or “caused” by the vorticity at another point. This 
is just one example of the difficulties associated with assigning cause and effect in fluid mechanics. In spite of 
the difficulties, we will try to make some sense of cause and effect in Section 3.5, 













































3.4.7 The Pseudo-Lagrangian Viewpoint 


So far in this section, we've discussed the equations of motion and the physical conservation relationships they 
represent, as viewed in both the Lagrangian and Eulerian reference frames. The two reference frames are yener- 
ally kept distinct, and theoretical models or quantitative calculations generally use either one frame or the other, 
usually the Eulerian. However, in qualitative discussions the distinction is not always so clear cut. This is es- 
pecially so in discussions of steady flows, for which time should enter into the description of the flow only in 
the Lagrangian frame, not the Eulerian. In spite of this, in many discussions in the literature and some in this 
book, you will notice that time-like terminology is used, even though the reference frame used is not explicitly 














Lagrangian in the sense of following individual Lagrangian fluid parcels. For example, a statement such as “As 
the flow approaches the leading edge of the airfoil, itis deflected upward” is distinctly time-like in the image 
it evokes, but it is not strictly Lagrangian, because it refers to the progress of some imprecisely defined mac- 
roscopic body of fluid instead of a small fluid parcel. In a sense, this is sloppy terminology, but the meaning is 
usually clear enough that no harm is done, and more rigorous alternatives are often awkward, 











3.5 Cause and Effect, and the Problem of 
Prediction 


A basic characteristic of mathematical theories, both in fluid mechanics and other branches of physics, is that 
governing equations by themselves are not predictive. Only solutions to the equations can make predictions 
with any“ in space and time. Just knowing this, however, doesn tell us how difficult it will be to predict 
things in fluid mechanics, either computationally or mentally, or how difficult it will be to understand the flow 
phenomena that can be predicted. To try to gain insight into these complicated issues, I'll start by considering 
the nature of cause and effect, which will bring us naturally back to the problem of prediction. 

To understand a fluid flow, or to explain it, we would like to establish cause-and-effect relationships between 
‘what happens at different points in space, between the different flow quantities (for example, velocity and pres- 
sure), and between the flowtield and the forces and heat fluxes that it exchanges with its environment. One of 
the main reasons fluid mechanics is such a difficult discipline is that these cause-and-effect relationships are 
complicated, which can make it difficult to explain things in a satisfying way, as welll see below. And in Section 
3.3.9, we saw an example of another kind of difficulty, where, in connection with the Biot-Savart law and the 
idea of induced velocity, it was easy to assign cause and effect incorrectly. 

Let's start our discussion of this issue by looking at what determines the motion of an individual parcel of 
fluid. According to Newton's second law, the acceleration that a Lagrangian fluid parcel experiences as it moves 
through the field is proportional to the net force exerted on the parcel. As we noted in Section 3.4.7, in aerody- 
namic flows there are usually no significant “body forces” acting over long distances, and the only forces we 
need to consider are those exerted by parcel-to-parcel contact, that is, by the pressure and the viscous stresses, 
So the motion of our Lagrangian parcel is influenced directly only by the resultant of the forces exerted by all 
the adjacent parcels. And the motions of the adjacent parcels are influenced in tur by the forces exerted by the 
parcels adjacent to them, and so on throughout flowfield, If all of these forces were known a priori, predicting 
all of the motions would be trivial, but of course we can't know the interparcel forces a priori because they de- 
pend on the motions of the parcels. And the motions depend on the forces, and around and around it goes. We're 
dealing with the motions of many parcels, all interacting with their neighbors, and as a result, we effectively 
have circular cause-and-effect between the forces and the motions. Regarding Newton's second law, we tend to 
think of the force as the “input” and the motion as the “output,” but that way of thinking is not consistent with 
the situation we face in continuum fluid mechanics, where circular cause and effect is a fact of | 

Because the cause-and-effect relationship between interparcel forces and pat 
tionship between the global flowfield and the integrated forces it exchanges with its environment is circular as 
‘well. We might be tempted to ask whether the lift on a wing is there as a result of the flowfield, or vice versa, 
that the flowfield is there as a result of the force, but the answer is “both.” The interaction between the int. 
rated force and the flowfield is mutual, and the 



























































el motions is circular, the rela- 








All of this circularity of cause and effect is reflected in the governing equations, which define implicit rela- 
tionships between the independent variables, not explicit one-way causation relationships. Tracking even these 
implicit relationships intuitively is made more difficult by the fact that they are mediated simultaneously by 
‘more than one physical principle, which is reflected in the fact that there is more than one equation to deal 
with, The momentum equations relate the velocity components to the interparcel forces, but are not sufficient 
by themselves to determine either of them. To have a fully determined system, we must also include the energy 
and continuity equations and the auxiliary relations. To predict what happens in a flowfield, we must solve the 
‘whole system of equations. 

We've just seen that to predict the interactions between the interparcel forces and parcel motions, we can't 
just look at the equations themselves, we must solve the equations. The same thing applies when we consider 
the interactions between what happens at one point in space and what happens at other points throughout the 
flowfield. Parcel motions are the direct result of interparcel forces, but they are at the same time constrained by 
the principle of continuity, that is, the requirement that Lagrangian fluid parcels do not overlap each other or 
open gaps between them. Lagrangian parcels must therefore move in concert, not with their positions relative 
to each other rigidly fixed, but varying in a coordinated way as the fluid deforms. Thus we can't determine the 
individual motions separately, but must determine them collectively by solving the equations, 

Now we've looked at two major aspects of cause and effect: relationships between forces and motions, and 
relationships between what happens at different points in space. Both have reinforced what we already knew, 
that is, that the governing equations by themselves don't predict what will happen in a flowfield and that pre 
diction requires solving the equations. What has also become clear is that there is a wide gap between our basic 
physical laws as embodied in the equations of motion, and the flow phenomena that the laws govern, The phys- 
ical balances represented by the equations are relatively simple to understand, and the direct interactions repres- 
ented are only local. A flowfield, on the other hand, is a global, collective phenomenon that can be exceedingly 
complex. The problem we face is that of bridging two disparate regimes: equations governing local interactions 
on the one hand, and flowfields embodying complicated collective behavior on the other, with a huge gap in 
potential complexity in between, 

This gulf between local physics and global behavior is at the root of a fundamental difficulty of prediction 
in fluid mechanies. To predict from first principles what will happen in a flowfield, we must determine a flow 
pattern that satisfies the equations everywhere simultaneously, that is, we must solve the equations, The wide 
gulf we must bridge to do this is reflected in the difficulty of the equations we must solve: a set of PDEs in mul- 
tiple spatial dimensions and time, with multiple dependent variables (flow quantities) to be determined. Even in 
situations where a qualitative description of the flow would suffice, we humans are not well equipped mentally 
to do the required “solving” in our heads, and “mental” predictions based solely on the basic physics are usually 
not reliable. In all but the simplest flow situations, there are too many possible flow patterns, and determin 
ing which one will prevail requires a degree of quantitative precision not attainable by mental means. In most 
situations that are complex enough to be of practical interest, a “first principles” prediction requires a detailed 
‘numerical solution to the equations. 

In principle, as I argued in Section 3.1, a numerical solution of the full NS equations should be able to predict 
any flow of interest in aerodynamics. Strictly speaking, this sweeping claim can be true only if we assume our 
idealized solution process can find multiple solutions in cases where they exist, as, for example, in the lift-curve 
hysteresis of some airfoils and wings, which well discuss in Section 7.4.3. In practice, the possible existence of 
‘multiple solutions is only one of our worries, however. In practical calculations, we cannot resolve the effects of 
turbulence directly and must model them, and our inability to model them accurately compromises the accuracy 
of our predictions to varying degrees depending on the situation, an issue we'll consider further in Section 3.7 
and encounter several more times in Chapters 710. 



























































Even with the shortcut of turbulence modeling, solutions to the NS equations are not always readily done, 
and even when a solution is available, the information it provides has limits, A solution can tell us what, for 
example, by determining a flow-separation pattem, or how much, as in determining lift or drag, but it provides 
very little information as to why. Thus we will still often seek qualitative predictions and explanations of flow 
phenomena. For these purposes, we must generally rely to some extent on experience, that is, on our knowledge 
of the phenomenology of general flow pattems in a variety of situations. Where starting from scratch with noth- 
ing but first principles to rely on usually gets us nowhere unless we resort to computation, simply predicting the 
likely flow pattern based on phenomenological knowledge of flows in similar situations at least gives us a start- 
ing point from which to build a more detailed explanation, This is a mental approach that comes so naturally that 
‘we tend to take it for granted and to forget that this is what we are actually doing. Of course, any explanation we 
construct from there must be true to the physics. Its especially important not to force one-way causation where 
it doesnt fit. Explanations should correctly acknowledge circular cause-and-effect relationships and avoid the 
temptation to oversimplify: 

A qualitative “analysis” constructed along these lines would start with a conjecture as to the basic flow pat- 
tern, drawn from our phenomenological experience base, followed by a sketch of the velocity field (qualitative 
velocity magnitudes and directions). If large regions of the flow are expected satisfy the conditions for a steady 
Bernoulli equation to hold (see Section 3.8.4), it should then be possible to sketch out a qualitative pressure 
field based on the velocity magnitudes. Then the qualitative flow curvatures can be assessed for consistency 
with the pressure gradients. Some mental “iteration” may be required to find velocity and pressure pattems that 
are consistent with the physies. OF course, the quantitative resolution of ths kind of “analysis” is very low and 
not generally sufficient to distinguish whether the conjectured flow pattern was correct or not. The approach is, 
really suited only to generating explanations of things we already know actually happen. We' 
arguments of this type in Chapters 7 and 8, as applied to airfoils, wings, and the generation of lift. 

In this fe identified two major characteristics of fluid mechanics that make prediction difficult 
the circular nature of cause and effect and the great gulf between local physical laws and global flow behavior. 
Our task in much of what follows will be to make some headway in the face of the daunting challenge that these 
Aifficulties pose. 
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3.6 The Effects of Viscosity 


Air and water are “simple fluids” in the sense that they cannot resist deformation in the same way a solid can, 
When a solid body is subjected to a steady force that tries to deform it in a way that does not change the volume, 
the solid can resist by assuming a steady deformation, usually small, A simple fluid cannot put up such steady- 
state resistance. Another way of saying this is that the resistance of a simple fluid to such deformation vanishe: 
as the rate of deformation vanishes. The upshot is that when a fluid is at rest, all of the off-diagonal terms in 
the apparent-stress tensor, that is the tangential or shear stresses, must be zero. At rest, only the normal stresses 
represented by the terms on the diagonal can be nonzero, and the three of them must be equal 

The viscous behavior of a fluid is defined by how the apparent internal stresses respond to a deformation 
that changes with time. In general, a nonzero rate of deformation will result in nonzero shear stresses, and the 
normal stresses will no longer be equal. For gases, the description of this response that we use in the NS equa- 
tions can be arrived at through statistical analysis of the motion of the molecules (kinetic theory of gases) and 
an assumption of small deviations from thermodynamic equilibrium. The NS formulation can also be arrived at 
through a strictly continuum approach. We'll not go into the mathematical details of this continuum derivation 
here, but th 

















ssumptions and their consequences are worth enumerating, The assumptions are: 


1. The deviatoric stress tensor (the stress tensor with the pressure subtracted out) is a linear function of 
the rate-of-deformation tensor. At this level of generality, the factor of proportionality (the “viscosity”) is 
a fourth-order tensor. The direct response of the pressure to the rate of deformation (the “bulk viscosity” 
effect) is left as a separate issue and is usually assumed negligible 

2. The fluid behaves isotropically, meaning that the response of the stress in a parcel to a given deforma- 
tion field is independent of the orientation of the pare: 














‘The consequences are 
1. Because of the exclusion of the pressure from consideration and the assumption of isotropic behavior, 
the viscosity of the fluid can be represented by a single material property p. 

2. A simple shearing deformation Gu/éy results in a resisting shear stress wCw/y. We'll look in greater 
detail at what this means a little later. 





3. In the special case of a uniform fluid (constant density and viscosity), the net viscous force on a fluid 
parcel due to the shear stresses on all of its faces is proportional to the cur! of the vorticity. Thus the vis- 
cous shear stresses can affect the motion only if the vorticity is nonuniform (and therefore not everywhere 
zero). Even in more general flows in which density and viscosity vary, there must usually be significant 
vorticity for viscosity to exert a net force on a fluid parcel 

4. A corollary of item 3, again for uniform Muids, is that irrotational flows (flows with zero vorticity) that 
satisfy the inviscid equations also satisfy the NS equations. This is not because the viscous stresses are 
zero, but because the stresses are distributed so as not to exert unbalanced forces on fluid parcels. 











The derivation of these consequences is a nontrivial exercise in tensor analysis, of which a clear account is, 
ziven in Chapters 1 and 3 of Batchelor (1967) 

‘The range of applicability of the resulting NS formulation is wider than we might expect. The linear rela- 
tionship between the stresses and the rate of deformation, which we would expect to be a good approximation 
for small rates, seems to hold quite accurately for rates as large as we commonly encounter in applications. The 
dependence of the stresses on the instantaneous gradient of the velocity requires slow change on the scale of the 
\-frve time, but this restriction is practically never an issue because the mean free time is extremely short. 
‘And with the exception of high-frequency acoustic waves and the internal structure of shock waves, the bulk- 
viscosity effects are negligible, and only the shear stresses are significant. We can usually ignore any deviation 
of the pressure from what is given by the equilibrium equation of state 

Recall from Section 3.1 that the continuum viscous stresses are really just apparent stresses representing 
transport of molecular momentum by random molecular motion relative the mean flow. In the simple linear re 
lationship described in item 2 above, this transport of molecular momentum is represented as diffusion that is 
proportional to a gradient. Likewise, the transport of heat by conduction is represented by a simple linear diffu 
sion relationship. Both of these relationships work in the direction such that they try to reduce the nonuniformity 
that drives the transport, which is the direction we would expect based on the second law of thermodynamics 

First, consider how this works for the viscous stresses. The viscous shear stresses act like ordinary friction 
in that the work done against them is dissipated irreversibly into heat. We can see this by considering a small 
parcel of fluid undergoing a shear deformation, 

Ina reference frame moving with the center of mass of the parcel, we would see a local distribution of relat 
ive velocity as sketched in Figure 3.6.1, which would result in the stresses shown, as imposed on the parcel by 
its surroundings. The forces on the parcel faces are in the same direction as the relative velocities, so that the 
‘work done on the parcel by the surroundings is positive. Because the parcel has no average translational kinetic 
nergy in this frame, and rotational kinetic energy must be negligible if the parcel is small enough, the work 





























done can add only to the internal energy of the parcel, In other words, the work is dissipated irreversibly into 
heat 


Figure 3.6.1 Typical velocities relative to the center of mass of a parcel (short arrows), and resulting viscous 
stresses exerted by the surrounding fluid on the top and bottom of the parcel (long arrows). The stresses and 


the relative velocities are in the sa 





1e direction, so that the work done on the parcel by its surround: 





is pos 
itive and is dissipated into heat 








The linear relationship for the diffusion of heat by conduction guarantees that heat is always conducted in the 
direction from higher temperature to lower temperature, Thus our linear relationships for viscous shear stress 
and thermal conduction are both consistent with the second law of thermodynamics in that they never contribute 
to decreases in the total entropy of the system. 

Now let's take a very elementary look at how the shear stresses typically affect fluid motion. In the simple 
steady-flow situations illustrated in Figure 3.6.2, the effects of viscosity are sufficiently isolated from other 
complicating effects that they can be easily understood. For simplicity, we'll assume the viscosity jis constant, 
Figure 3.6.2a,b show 2D flows confined between parallel walls with velocity distributions as shown, assumed to 
bbe unchanging in the x direction, so-called Couette flows. Figure 3.6.2c shows an “external” flow, bounded on 
only one side by a wall, In all cases, a no-slip condition is enforced at walls. The small square in each diagram 
represents a typical fluid parcel, and the arrows illustrate the balance of horizontal forces: pressure forces on 
vertical faces, and shear forces on horizontal faces. Note that the forces on opposing faces are in opposite dir 
cctions and mostly offset each other. A net force on the parcel requires a change in the magnitude of the fore 
between one opposing face and the other. For a sufficiently small parcel, net forces are proportional to gradients 
of the stresses, that is, the pressure gradient Gp/@x and the shear-stress gradient dv/éy, where t = pGuéy is the 
shear stress 





























Figure 3.6.2 Idcalized flowy situations illustrating how viscous stresses affect fluid motion, (a) Couette flow 
with one moving wall and no pressure gradient, The shear stresses balance and the pressures balance. (b) Cou 
ette flow with stationary walls and a pressure gradient. The difference in shear stresses is balanced by the dif 
ference in pressures. (c) External flow along one wall (boundary-layer flow). The unbalanced shear stresses 
resull in slowing of the fluid parcel and thickening of the boundary layer 
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In Figure 3.6.2a, the lower wall is stationary, and the upper wall moves to the right at a constant velocity. The 
‘motion is a simple shear with a constant velocity gradient Gw/2y from bottom to top. The shear stress t = yu! 
@y is also constant, so that the typical parcel shown has equal and opposite stresses on its top and bottom faces 
that contribute no net force in the x direction. If the pressure is uniform in the x direction, it contributes no net 
force either, and the parcel therefore has no acceleration, which is consistent with our assumption that velocity 
is constant in x 

In Figure 3.6.2b, both walls are stationary, but we assume there is flow from left to right. The simplest ve- 
locity profile we can assume that satisfies the no-slip condition is a parabola with the maximum at midchannel 
Now the stresses imposed on the top and bottom faces of our typical parcel are different in magnitude, and 
the parcel experiences an unbalanced force proportional to the difference, which is in tun proportional to the 
second derivative of the velocity. For the parabolic profile we've assumed, dr/éy is thus constant and negative 
across the channel. A constant negative pressure gradient @p/dx in the x direction can balance these unbalanced 
shear forces and allow an unaccelerated flow consistent with our assumption that velocity is constant in x. This 
flow requires pressure decreasing in the x direction to sustain it and is thus an idealized prototype for flows 
driven by pressure drops in long ducts or pipes. 

Figure 3.6.2c is an idealization of extemal flow past the surface of a solid body. Here we have only one wall 
with flow streaming past it, and the flow is assumed to have uniform velocity except close to the wall. We as- 
sume the pressure is constant in x, but that the velocity close to the wall can vary. Qualitatively the velocity 
profile will be as shown, typical of flow in “wall boundary layers,” which are quite important in aerodynamics 
and which well take up in much greater detail in Chapters 4 and 5. év/éy is negative, as it was in Figure 3.6.2c, 
though it is not constant in this case because the velocity profile is not a simple parabola, As in Figure 3.6.2b, 
the unequal shear stresses on the top and bottom of a typical parcel exert an unbalanced force on the parcel, but 
in this case there is no pressure gradient to balance it, and the parcel slows down as it moves from left to right. 
As this happens to all parcels in the layer as they move downstream, the velocity profile is “stretched” away 
from the wall, and the boundary layer becomes thicker. 

The view we have just taken of these simple viscous-flow examples is based on conservation of momentum 
and on thinking of the viscous stresses as real continuum stresses. It is important to remember, however, that 
the continuum stresses are only apparent and that they really reflect transport of momentum by the motion of 
‘molecules relative to the average (continuum) motion of the fluid. So the view we have just taken is really the 
‘momentum transport view. 
































Itis also instructive to view viscous effects in terms of the transport of vorticity. If we take the curl of the mo- 
‘mentum equation, we get the vorticity equation governing the ereation, convection, stretching, and diffusion of 
vorticity. The vorticity equation for constant-density flow can be found in many books (Batchelor, 1967; White, 
1991, for example). Other specialized forms are discussed in the meteorology literature. The general form is 
hharder to find, but at the time of this writing, Wikipedia had a good description under “Vorticity equation.” 

An examination of the vorticity equation for flows with variable properties shows that there are only two 
‘ways that vorticity can be created or destroyed in the interior of a flow: by the pressure gradient acting in the 
presence of nonuniform density or by an external body force that is nonconservative. As a result, under most 
conditions of importance in aerodynamics, the only creation of vorticity that can take place in the interior of a 
flow is through shocks of nonuniform strength. However, unless a shock is quite strong, the vorticity it gener- 
ates is very weak. Thus for purposes of this discussion, we can assume that only boundaries can serve as sources 
or sinks of vorticity and that transport in the interior involves only convection, stretching, and diffusion. In the 
special case of zero viscosity, there is no diffusion, only convection and stretching, and if there is any vorticity, 
it remains attached to the same fluid parcels and is carried with them as they move through the field. In Section 
3.8, we'll discuss two of Helmboltz’s theorems that deal with this situation. 

A simple boundary-layer flow like that in Figure 3.6.2c raises interesting vorticity- transport issues. In 2D 
flow, the vorticity cannot be changed through vortex stretching, and in constant-property flow, there can be no 
production of vorticity within the volume, only convection and diffusion. We'll look at the resulting vorticity 
“budget” of a 2D constant-property boundary layer in some detail in Section 4.2.4. There welll see that the vor- 
ticity gradient can diffuse vorticity either away from the wall or toward the wall, and that the wall can thus act 
as either a source or sink for vorticity, The vorticity that is convected along within the boundary layer can be 
thought of as having been “created” at the wall upstream, through the action of the no-slip condition and the 






































shear stress at the wall, at locations where the wall was acting as a source. Farther from the wall, the vorticity 
gradient weakens, the rate of diffusion decreases, and eventually the flow becomes effectively irrotational far 
from the wall, 





This is a general pattern that characterizes flows past bodies when the viscosity is small. Near the solid sur- 
face, there is formed a viscous, vortical boundary layer outside of which the flow remains effectively irrota- 
tional, as if it were inviscid. Note that no matter how small the viscosity is, a viscous boundary layer will form 





along the surface as long as the no-slip condition prevails, and there will always be at least this thin layer where 
the effects of viscosity are important, Well consider this general flow structure further, including more details 





of the behavior of boundary layers, in Chapters 4 and 5. Also note that “small viscosity” is usually referred to 
as “high Reynolds number,” where the inverse of the Reynolds number (1/R) is a dimensionless parameter that 
‘multiplies the viscous terms in the nondimensional form of the momentum equations, We discuss the Reynolds 
‘number and what it means in some detail in Section 3.9.2. 





3.7 Turbulence, Reynolds Averaging, and 
Turbulence Modeling 


At the high Reynolds numbers typical of engineering applications, boundary layers usually transition from lam- 
inar to turbulent before reaching the back of the body, and the viscous wakes behind bodies are always turbulent, 








‘Turbulence is a complicated beast that is highly random but at the same time displays a surprising degree of 


welll 





organized structure over ranges of length and time scales that depend on the situation. In Chapters 4 and 
look at some of the details of turbulent structures and their consequences in boundary layers and wakes. In this 





section, our focus will be on the effects that turbulence has on the flow that are important in applications and 
how these effects can be practically handled in the framework of the NS equations. For computational purposes, 
‘our main concern will be to avoid having to solve for the details of the turbulent motions, which is generally 
impractical. This will lead us to the problem of turbulence modeling. For the kinds of effects we generally wish 
to model, we'll find that we're more interested in the local statistical properties of the turbulence than in the or- 
ganized structure, and in fact, that our increasing knowledge of organized structures has not contributed much 
to our quantitative prediction capabilities. 

Turbulence in boundary layers and wakes is of course unsteady, but in most applications the unsteadiness is, 
not of direct engineering interest because the length scales associated with the turbulent motions are typically 
small compared with the dimensions of the body. As a result, the fluctuations in the integrated forces on the 
body are also very small, and in most cases we will be interested only in the time-averaged properties of the 
turbulent flowfield. (Buffeting due to large-scale unsteadiness, usually associated with flow separation, airplane 
cabin noise coming from the surface-pressure fluctuations of the external boundary layer, and “airframe noise, 
mostly from deployed landing gear and flaps, are some exceptions.) 

Defining the time-averaged properties of a flow by averaging out the turbulent motions is very similar to de- 
fining continuum properties by averaging out molecular motions. In both types of averaging, we can still treat 
globally unsteady flows, provided there is sufficient separation between the global time scales we wish to re- 
solve and the random-motion time scales we wish to average out. Because turbulent time scales are typically 
many orders of magnitude longer than molecular-collision time scales, the requirement to keep the time scale: 
separate is potentially more limiting for turbulence averaging than for molecular. In most applications, howe\ 
‘we'll be looking at time-averaged flows that are nominally steady, so that this is not a problem, In any 
the result of the averaging process is an imaginary continuum flow, or mean flow, in which we can identify the 
same kinematic features as in a real flow, such as streamlines, streamtubes, and timelines, and all of the same 
kinematic rules apply. And Lagrangian and Eulerian fluid parcels have the same meaning in the mean flow as 
they would in any other continuum flow. 

The analogy between averaging turbulent motions and averaging molecular motions is a close one, not just 
in terms of the mathematics, but also in terms of the effects of the physical processes that are averaged out, In 
Section 3.1, we saw how molecular motions relative to the average (continuum) motion of the fluid transport 
‘momentum and heat and that averaging over these motions defines the static pressure as well as the apparent 
continuum stresses due to viscosity and the heat flux due to conduction. Turbulent motions relative to the mean 
flow also transport momentum and heat and can do so even more effectively than molecular transport does. 
‘Time averaging the turbulent motions gives rise to apparent steady stresses that we call Reynolds stresses and to 
an average heat flux due to turbulent transport. These apparent stresses and heat fluxes are directly analogous to 
the viscous stresses and molecular heat conduction that we studied in Section 3.1. It is important to remember 
that both the turbulent and molecular versions of these stresses and fluxes are apparent and that in both cases 
they are actually due to transport by random unsteady processes that have been averaged out. 

Reynolds stresses affect the motion in the same ways as the apparent viscous stresses do, that is, in the ways, 
‘we discussed in Section 3.6: 



































1. Gradients in the stresses produce unbalanced forces on mean-flow fluid parcels, contributing to the 
parcels’ accelerations, 

2. The unbalanced forces on fluid parcels result in the diffusion of mean-flow vorticity, usually in the dir- 
ection away from the body surface into the field. 

3. The apparent turbulent stresses result in dissipation into heat just as molecular viscous stresses do. This 
dissipation is not as direct as that due to viscous stresses, but the end result is much the same 














It is helpful to think of the turbulent dissipation process as consisting of two separate processes taking place 
simultaneously: production and dissipation of TKE. First, the work done by the mean deformation against the 
turbulent stresses feeds directly into the kinetic energy of the turbulent motions. This turbulence production is 
nearly always positive, like molecular viscous dissipation, Second, the turbulent motions themselves contain 
local, unsteady velocity gradients that produce molecular viscous stresses that dissipate the TKE directly into 
heat (turbulence dissipation). It happens that practically everywhere in most flows, production and dissipation 
are roughly in local equilibrium, and the end result is as if the work done against the turbulent stresses were dis- 
sipated directly into heat. The fact that the energy dissipated by turbulent stresses goes through the intermediate 
stage of the kinetic energy of turbulence is therefore irrelevant for most practical purposes. For example, for 
purposes of computing the Flowfiel, it has been shown that TKE does not contribute significantly to the energy 
balance that determines the temperature and density distributions and so can be ignored in CFD calculations 
(see and Bradshaw, 1984). 

iven that the basic physical effects of turbulence and molecular viscosity are so similar, in all of the pre 
ing discussion of viscous effects, and in the discussion in the remainder of the book, terms such as “shear 
and “dissipation” can be taken to refer to 

Of course, there are also important differences between turbulent and laminar flows. Outside the sublayer 
in a turbulent boundary layer, or ina wake, the apparent turbulent stresses are much larger than the viscous 
stresses, and the direct contribution of turbulence to viscous drag is therefore typically large. Thus keeping the 
flow laminar over at least part of the body surface can be a powerful means of drag reduction (discussed further 
in Section 6.3.1). In most practical applications, however, turbulent flow over at least part of the surfa 
tually beneficial because of its greater resistance to flow separation, as we'll see in Section 4.1.4, 

‘These are the qualitative physical effects of turbulence on the mean flowfield. How are these effects repres- 
ented in the time-averaged equations? Think back for a moment to how this worked in the case of molecular 
transport. In Section 3.6, we saw that the continuum viscous stresses in the NS equations are represented in 
terms of simple velocity-derivative expressions such as pdw/éy. This simple linear dependence of the stress on 
an instantaneous velocity derivative very accurately represents the effects of the molecular-motion physies that 
‘was “thrown out” in the averaging process that leads to the continuum equations. And not only is the NS model 
for momentum transport very simple, it introduces only one new fluid property, the viscosity coefficient p, and 
it can usually be determined with sufficient accuracy as a function of the local static temperature alone; likewise 
for molecular heat conduction. Unfortunately, the physics thrown out in averaging over the turbulent motions 
cannot be so simply or accurately modeled. However, the practical importance of the effects of turbulence de- 
‘mands that we make the attempt, which leads us to the difficult problem of turbulence modeling. 

It is worth taking a brief look at how the turbulence-modeling problem arises formally. First, we'll look at 
how the raw turbulent stresses arise and are expressed in the equations, and then we'll consider some of the ways, 
they are modeled. We start with the full, unsteady NS equations and apply the process of Reynolds averaging. 
Each dependent variable is decomposed into a time-averaged part and a left-over fluctuating part that contains 
all of the turbulent time dependence. For the velocity component u, for example, we have 









































ther the molecular or turbulent variety. 







































We substitute expressions like this for all the dependent variables in the equations, and then time-average the 
equations. To simplify the result, we make use of identities that apply to the averaging integration, such as 





a=@ 





3a72u =0, 
and appeal to the continuity equation, which applies separately to the mean and fluctuating parts of the flow- 
field, For constant-property flow, the process is relatively simple, and the details can be found in Schlichting 


(1979) or White (1991), For compressible flow, things are more complicated, and further assumptions have to 
be made, the details of which are given in Cebeci and Bradshaw (1984). For purposes of this discussion, we'll 
look at the forms that arise in incompressible flow. In the momentum equation, for example, the convection 
terms involve products of velocity components, which, when decomposed as in Equation 3.7.1 and simplified 
yield components of the Reynolds shear stress that look like 
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and components of the Reynolds normal stress that took like 


374 Tex = —pulu’, 

The resulting time-averaged equations with these terms included are called the Reynolds-averaged Navier- 
‘Stokes (RANS) equations, and the time-averaged flow is what we have been calling the mean flow. The apparent 
turbulent stress terms like those given above are unknowns in these equations, and they represent the turbulent- 
‘motion physics that was thrown out in the averaging process. The addition of the unknown Reynolds stresses 
to our problem requires us to include additional equations embodying what we eall a turbulence model. The 
Reynolds stresses depend on what's happening in the flowfield in complicated ways, and as we observed earlier, 
they cannot be “modeled” nearly as simply or as accurately as the viscous-stress terms are “modeled” in the NS 
equations. 

Remember that our objective is to avoid having to solve the full, unsteady NS equations for the details of 
the turbulent motions in what is called direct numerical simulation (DNS), which generally requires too much 
computational work to be practical. By introducing the RANS equations plus a turbulence model, we accom- 
plish this objective, but not by “simplifying” the equations. As we'll see below, the addition of a turbule 
‘model actually makes the equation set more complicated than the unsteady NS equations. Instead, the way the 
turbulence-modeling approach saves computation is by enabling a lower resolution numerical solution to suf- 
fice. Resolving the turbulent motions in a DNS solution would require very fine spatial grids in all directions in 
the turbulent regions and very small time steps. And a 3D spatial grid would be required even for a nominally 
2D flow, because turbulent motions always require 3D resolution. Spalart (2000) has estimated that a DNS eal; 
culation for a full large-airplane configuration at flight Reynolds number will require 10'° grid points and 10” 
time steps to reach a statistically steady solution, The computing power that would make such a calculation 
practical is not likely to be available until around 2080, On the other hand, for the resolution of just the mean 
flow using the RANS equations with a turbulence model, a much coarser grid suffices, especially in directions 
parallel to the turbulent shear layers, and a full-airplane simulation requires only about 6 * 10” grid points and 
10° iterations or pseudo-time steps to converge to a steady solution, which became practical around 1990. As of 
2008, such a 3D solution could be computed in 40 000 seconds of clock time on a PC cluster using 64 CPUs. A 
RANS solution for a nominally 2D flow requires only a 2D grid, and as of 2008 a solution for the flow around 
an airfoil on a grid with 30 000 points could be obtained in 1400 seconds on a PC using a single CPU 

Before we consider the various strategies for modeling the Reynolds stresses, let's look a little further at the 
nature of the physical problem we're dealing with, We've already pointed out the general similarities between 
‘molecular transport and turbulent transport of momentum. At a more detailed level, however, the two proc: 
are very different, and it is in the differences that we will find the reasons why turbulence modeling is such a 
difficult problem, 

To explore the differences, let's start by reviewing the nature of molecular momentum transport, Consider 
cone of the horizontal faces of a tiny Eulerian fluid parcel immersed in the fluid at a location in the flow where 
the mean velocity is horizontal with a value of 7, as illustrated in Figure 3.7.1a. There is no net flux of mass 
across the face, because the face is parallel to the continuum flow velocity, but there is random motion of mo- 
lecules up and down relative to the mean flow, and therefore through the face from both above and below. These 









































-s carry with them, on average, horizontal velocities slightly different from TZ, reflecting, on average, 
the conditions where they experienced their last collisions, typically very small distances (on the order of the 
‘mean-free-path) above and below the face. The molecular shear stress tey in response to a positive velocity 
gradient Cu/éy is a result of the transport, on average, of a slight excess of momentum from above the face and 
a slight deficit from below the face. The key feature of molecular momentum transport is that itis a result of 
‘molecular interactions over very short ranges and can therefore be represented by a simple, local model, as in 
the NS equations. 











Figure 3.7.1 Transport of momentum across the top face of'a small fluid parcel, (a) By molecular motions. (b) 
and (c) By turbulent motions, seen at different instants in time 
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Now consider the same mean-flow situation as we just did for the molecular shear stress, but assume that 


there is now also a turbulent shear stress tay given by ("Again there is no mean velocity perpendicular to 
the face of our fluid parcel, but at any instant the perpendicular continuum yelocity component v_ will usually 
be nonzero, as illustrated in Figure 3.7.1b, In these illustrations, vis shown as uniform over the parcel face be- 
cause the parcel is assumed small compared to distances over which V varies. Inthe ease of molecular transport, 
‘we had molecules crossing the fa tions at once, arriving from very short distances since their last 
collisions. In the case of turbulent transport, we have macroscopic masses of Muid sloshing across the parcel 
face from one direction and then the other, earrying with them some “memory” of conditions where they came 
fiom, conditions that depend on the complex turbulent structures (e.g., eddies, vortices, bursts, and sweeps) of 
\which the sloshing motion isa part. The nature of the memory that the sloshing fluid masses carry is complic- 
ated because each part of the mass has its motion modified continuously by interaction with the surrounding 
fluid up until the instant that that part crosses the parcel face. The distances over which the sloshing carries 
some influence ean be as large as the thickness of the turbulent shear layer or as small as the dimension of the 
smallest turbulent structure, bt in any case many orders of magnitude longer than a molecular mean-free-path, 

















“Thus although the Reynolds stress 0” is a local statistical property of the turbulent motion, it depends dir- 


cetly on flow structure that is not only complex, but is much less local than the simple velocity gradient Gw/ey 
that determines the viscous stres 





So in the Reynolds-averaging process, we've thrown out some very nonlocal turbulence effects, and our task 
in turbulence modeling is to represent these effects in the context of the RANS equations, a set of local PDEs. 
‘The additional equations that are introduced in implementing various turbulence models tend to be mostly local 
algebraic or differential equations. Some models also include explicit nonlocal information, but generally only 
of a very low-level variety, such as the distance to the nearest solid surface, or some measure of the thickness 
of the turbulent shear layer as reflected in the mean-velocity profile. Otherwise, nonlocal effects are felt only 
through the behavior of turbulence-modeling variables such as “TKE,” “eddy viscosity,” “dissipation rate,” and 
so on, that depend on the flow solution. The local PDEs that govern the nonlocal behavior of such variables can 
represent only a limited repertoire of effects such as “generation,” “convection,” “diffusion,” “dissipation,” and 
“history” that at best are pale reflections of the complicated physics that was thrown out. This might seem like a 
recipe for failure, but so far, for obtaining practical predictions of turbulent flows, there seems to be no realistic 
alternative to this general approach to turbulence modeling. We just have to be realistic in our expectations and 
‘understand that our predictions will often be far from perfect. 

Ideally, we would like a turbulence model to possess the following: 

1. Universality, or the ability to reasonably represent any turbulent flow without requiring different em- 
pirical content for each category of flow; 




















2, Invariance, by which the model gives equivalent results regardless of the reference frame in which a 
problem is posed; and 
3. Accuracy, sufficient for all reasonable engin 





ering purposes. 

With regard to universality, currently available models tend to do well only on relatively narrow classes of 
flows. Models developed to do well on boundary layers and wakes do less well on highly 3D or highly curved 
flows, and so forth. Some models, but not all, meet the invariance requirement. With regard to accuracy, many 
models do very well on simple flows such as free shear layers and flat-plate boundary layers, for which much 





of the models’ empirical content was derived, but do much less well on flows with strong pressure gradients or 
flow curvature. The effects of flow separation and of three-dimensionality in boundary layers are particularly 
difficult to model accurately, as well see in Sections 4.4.2 and 8.6.2. In RANS solutions for practical flow situ- 
ations, the turbulence modeling nearly always constitutes the most serious limitation on the physical fidelity of 





the simulation. 
There are two main distinctions to be made between the various modeling strategies 
1. Whether the Reynolds stress is defined explicitly by the model (“Reynolds-stress models”), or indirec~ 
tly in the form of an eddy-viscosity or mixing-length relationship (“eddy-viscosity models” and “mixi 
length models”) and 
2. The number and type of additional equations that constitute the model, over and above the mean-flow 
equations. In “algebraic” models, the additional equations are not differential (ODE or PDE). “One-equa- 
tion” or “n-equation” generally refers to the number of additional PDEs in a model. 
Eddy-viscosity modeling is based on an assumption proposed by Boussinesq in 1877 (sce White, 1991), that 
the turbulent shear stress can be expressed in a manner analogous to the molecular shear stress in the NS equa- 
tions, that is, 
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‘where iis the “turbulent” or “eddy” viscosity. When applied to an actual flow, Equation 3.7.5 simply defines 


hu as a function of the local statistics of the turbulent motions, that is, the U’U” correlation. When used for 
‘making flow predictions, as part of a turbulence model, Equation 3.7.5 shifts the problem from that of modeling 
‘1 to that of modeling ys. The advantage of this is that yy can be simpler to model than 1, at least in the simple 
flows on which many models are based. A disadvantage is that there are limited regions in some flows in which 
the real ju is not well-behaved, and eddy-viscosity models will miss some of the details of such flows. Practical 
eddy-viscosity models are usually kept simple. For example, in 3D boundary-layer flows, where shear stresses 
in two directions must be calculated, the eddy viscosity is usually assumed to be isotropic, that is, the same in 
both directions, an assumption that is seriously violated in many flows, as welll discuss further in Section 4.4.2 

‘The mixing-length assumption proposed by Prandtl (1925) is closely related and is usually expressed in terms, 
of the eddy viscosity 
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where / is the mixing length. When applied to a real flow, this equation is simply a definition of the mixing 
length f, just as Equation 3.7.5 was just a definition of yu. As part of a turbulence model, Equation 3.7.6 shifts 
the modeling problem again, from that of modeling ji to that of modeling f. Some of the earliest modeling ideas 
for turbulent boundary layers were more naturally expressed in terms of ( than ju, an issue discussed in White 
(1991, Section 6.7). 

Early mixing-length and eddy-viscosity models were cast in terms of algebraic equations and made use of 
rudimentary nonlocal information such as the distance to the wall and a measure of the thickness of the shear 
layer. In general CFD grids, such nonlocal information is not always easy to define unambiguously and can be 
expensive to compute. Reducing or eliminating the need for nonlocal information in more recent models has 
generally dictated moving from algebraic equations to PDEs. 

A common strategy for generating additional equations for PDE- 
‘momentum equation, that is, to take one or more of the components of the full unsteady momentum equation 
and to multiply each component of the equation by one of the velocity components, and to Reynolds-average 
the result, Depending on what combination of equations and velocity components is used, this can yield a ci 
servation equation for TKE or a transport equation for Reynolds shear stress. The new equation is eff 
an equation for the unknown second-order turbulence correlation, that is, the TKE or the Reynolds stress, but it 
contains new unknowns in the form of third-order correlations such as pressure-velocity correlations and triple 
velocity correlations. Such new equations shift the modeling problem from that of modeling the Reynolds stress 
to that of modeling the third-order correlations. The process can be repeated to shift the modeling to higher or- 
ders, but there seems to be little to gain. The appearance of adding more “physics” to a model simply by adding 
‘more equations using this type of operation is an illusion. There is only one physical (vector) equation involved, 
and generating higher moments of it does not add physics; itis just algebraic manipulation, The only way this, 
approach could lead to models with higher accuracy would be if the behavior of the higher-order correlations 
turned out to be less dependent on the particular flow situation, thus giving the model greater “universality,” but 
there is little evidence so far that this is the case. 





-d models is to take “moments” of the 

















Another approach that has been surprisingly successful is to invent a totally ad hoc “transport” equation for 
a quantity such as eddy viscosity or mixing length that is not actually govemed by a physical conservation law. 
‘The model by Spalart and Allmaras (1994, the “SA model”) that is used in many RANS codes is an example 
of such a model, and for many types of flow, its performance is comparable to that of many more complicated 
models. 








Viscous flows in most practical applications involve turbulence, and quantitative prediction thus requires tur- 
bulence modeling. Turbulence models and flow predictions using turbulence models will be discussed several 
‘more times in the course of the book. In Section 6.2.2, well look at incorporating surface-roughness effects into 
turbulence models; in Section 7.4, we'll use calculations made using turbulence models to illuminate several as 
pects of airfoil flows; and in Section 8.6.2, we'll discuss the turbulence-modeling issues related to swept wings, 

















3.8 Important Dynamical Relationships 


In Section 3.3, we discussed the many things that can be deduced about the nature of flowfields based just on 
and on the fact that the velocity is a continuous vector field with only isolated discontinuities and 
s allowed in idealized models of the flow. In this section, we delve into the general relationships that 
can be deduced based on dynamics, with and without viscosity. 








3.8.1 Galilean Invariance, or Independence of Reference 
Frame 


Something we all take for granted as part of our Newtonian worldview is that the phenomena of fluid mechanics 
are physically the same, regardless of what reference frame we choose to view them in, Any fluid flow may be 
described with equal validity whether the reference frame is inertial (not accelerating or rotating) or is ac 
ating and/or rotating. Of course, this idea applies to classical mechanics in general, and a formal justification 
of it requires knowledge of Newton's laws. But there was some intuitive realization of it before Newton, as for 
example in the writings of Galileo and Leonardo da Vinei (see Anderson, 1997, p. 24), 

For most work in fluid mechanics we use an inertial reference frame, How the idea of independence of ref- 
erence frame is reflected in the mathematics in this case is worth at least a cursory look. First, the NS equations 
and the general statements of the BCs used with them are invariant under Galilean transformation, which means 
that the forms of the equations and BCs are unchanged by a transformation from one inertial frame to another, 
However, the phenomena the equations represent are not invariant in the same sense. They don't look the same 
in different reference frames; they are just physically equivalent when the effects of the different viewpoints 
have been accounted for. What we mean by “accounted for” is that things have been appropriately transformed 
in going from one frame to another. The descriptions of the same flow in two different reference frames are 
transformed versions of each other. So while the equations are invariant, the flowfields they govern, which are 
solutions to the equations, are merely éransformable. 



































In some applications such as propellers or other turbomachines, the flow may be steady and simpler to de- 
seribe in the reference frame of the rotating object. Then the effects of the rotating reference frame must be 
accounted for in the equations by inclusion of appropriate rotation terms. The equations are not invariant with 
respect to the rotational motion of the reference frame, but they can be transformed to account to the rotational 
‘motion 

‘The fact that we can look at aerodynamic phenomena in different referen 
fectively the same comes in handy in many ways. For example, it is basic to the similarity between wind-tunnel 
testing and flight. We'll look at other aspects of dynamic similarity in Section 3.9. And in developing physical 
understanding, it is often helpful to look at different aspects of a phenomenon in different reference frames, 











¢ frames and know that they are ef- 


3.8.2 Circulation Preservation and the Persistence of 
Irrotationality 


In Section 3.3.5, we defined the circulation as the line integral of the velocity around a closed contour and saw 
that itis equal to the total vorticity piercing any capping surface bounded by the contour, by virtue of Stokes's 
theorem. The circulation can reflect the dynamics in ways that make it a useful quantity in numerous situations; 
for example, as we'll sce in Section 7.2, it is related to lift through the Kutta-Joukowski theorem, 

It is often useful to be able to make general s roulation is preserved or not. Consid- 
cring the circulation around a closed material contour that moves with the flow, under what conditions can we 
expect that itis preserved, that is, that it remains constant in time? In other words, under what conditions is the 
Lagrangian rate of change of the circulation equal to zero? This can be written as, 


ara fVeta=o. 
Dt Dt 
Note that we can reverse the order of differentiation and integration in Equation 3.8.1, so that it becomes 

the statement that the line integral of DV/Dt around a closed contour is zero, which is true only if DV/Dt is, 
the gradient of a scalar function, called an acceleration potential. (See the analogous argument in Section 3.3.6 
regarding the velocity potential in irrotational flow.) By invoking the momentum equation, we can show that 
this requires: 

1. No net viscous force on any fluid parcel on the contour. This requires either that the viscosity is zero, 

or that the fluid is uniform and the flow is irrotational. But the second of these options is of little interest, 

because requiring irrotationality means that Equation 3.8.1 is satisfied trivially. 












falements about whether: 




















2. Any extemal body force is the gradient of a potential, such as gravity, 
3. The fluid is barotropic, that is, the density is a function of pressure only. This is commonly satisfied 
only if the fluid is homocompositional and entropy is constant in the flowfield, conditions that in aerody- 
namics often apply to inviscid flow in the absence of shocks. But zero viscosity is not strictly required for 
this condition to be met. A uniform fluid meets this requirement by definition, even if itis viscous, 

This result is sometimes referred to as Kelvin's circulation theorem. In some references (for example, Milne 
‘Thomson, 1966), condition 3 is not mentioned explicitly, but itis still implicitly assumed. 

Circulation preservation of this kind supports the persistence of irrotationality in many situations. This is, 
easy to see if we think of a flow that starts out irrotational, say upstream of its approach to a body or other 
source of disturbance. In this initially irrotational state, the circulation must be zero around any reducible closed 
contour. Then if the flow is circulation preserving, any circulation must remain zero as the flow progresses, 
‘The vorticity must also remain zero, since if any nonzero vorticity appeared, there would be nonzero circulation 
around some closed contour, which would violate our assumption of circulation preservation. So circulation 
preservation means that a flow that starts out irrotational will remain irrotational downstream. 

Preservation of itrotationality is especially simple in the special case of a uniform fluid (constant density 
and viscosity). A uniform fluid satisfies condition 3 above by definition, and an irrotational flow of a uniform 
fluid produces no net forces on fluid parcels even if the viscosity is nonzero (see Section 3.6), so that it also 
satisfies condition 1. For the kinds of compressible flows we are likely to encounter in practice, variations in 
fluid properties tend to be slow enough that condition 1 is effectively, though not exactly, satisfied in regions of 
irrotational flow, and condition 3 is satisfied in regions where the flow is isentropic. 

In Section 3.6, we discussed the general flow pattern that characterizes external flow past bodies at high 
Reynolds numbers (small viscosity), in which a vortical boundary layer develops close to the body surface, sur- 














rounded by essentially irrotational flow that behaves as if it were inviscid, What we have seen here regarding 
the persistence of irrotationality is consistent with that picture. Ordinarily, you should expect that when the flow 
approaching a body from upstream is irrotational, significant vorticity will appear in the flowfield only where it 
has diffused and convected from the body surface or where it has been produced by a strong, curved shock (se 








Crocco's theorem, Section 3.8.5 and the discussion of shocks in Section 3.11). 


3.8.3 Behavior of Vortex Tubes in Inviscid and Viscous 
Flows 


In Section 3.3.7, we introduced the concepts of vortex tubes and vortex filaments, and we saw that the intensity 
of a vortex filament is constant along its length (Helmholtz’s second theorem). By noting that we can consider a 








vortex tube as a bundle of vortex 
ities of the filaments within the tube. (For a vortex tube of finite cross s 





laments, we can define the intensity of a vortex tube as the sum of the intens 

jon, this “sum” is actually an integral, 

because vortex filaments are of infinitesimal size.) Now we assume that the flow is circulation preserving in 

the sense defined in Section 3.8.2, that is, that the conditions for Kelvin's circulation theorem are met. In this, 

instance, we are by definition concemed with flows with nonzero vorticity, so the only option that satisfies con- 

dition 1 for circulation preservation is for the fluid to be inviscid. Then two dynamics-based theorems apply: 
Helmholtz's third theorem: As a vortex tube evolves in time, fluid parcels camnot cross the bounding 
surfaces of the tube, and as a result the tube is always made up of the same fluid parcels 











Helmholtz's fourth theorem: The intensity of a vortex tube is constant regardless of how the tube moves 
around. 

A proof that makes use of Stokes's theorem is given by Milne-Thomson (1966). In a rigorous sense, it might 
seem that these two theorems are not very informative or useful, because they deal with vorticity in inviscid 
flows, while in most cases of interest in aerodynamics the only way for vorticity to be there is through the ef 
fects of viscosity. But if we view the inviscid case to which they apply as being the limiting case for flows with 
small viscosity, we can get some useful insight from them. Basically, what Helmholtz’s third theorem tells us is 
that for small viscosity, the natural tendency of a vortex tube is to remain anchored to the same material tube, 
and that vorticity migrates into or out of that material tube only through viscous diffusion. In Section 3.6, we 
discussed the vorticity equation and the transport of vorticity by convection and diffusion. Helmholtz’s third 
theorem provides further insight into what it means for vorticity to be transported mainly by convection, Helm- 
holtz's fourth theorem tells us something that’s a bit harder to visualize: that vorticity migrates into or out of a 
vortex tube only by viscous diffusion. 

The assumption of small viscosity is not always as limiting 
aerodynamic flows is generated at solid surfaces, and in the thin viscous or turbulent boundary layers on those 
surfaces, the effects of viscosity are not small. So in these parts of the flow, the insights provided by these theor- 
cms are not very applicable. But when the vorticity is convected into the wake away from the body, the viscous 
and turbulent stresses are rapidly reduced, and the above insights become more useful, as, for example, in Sec~ 
tion 8.1, when we consider the vortex wake behind a 3D wing. 














might seem, Nearly all of the vorticity in 





3.8.4 Bernoulli Equations and Stagnation Conditions 


ve scen that effectively frictionless flow conditions are frequently encountered in practice, particularly out- 
side the viscous boundary layer that develops near the surface in flows around bodies. Under these conditions, 
with a couple of additional restrictions, Bernoulli's principle defines a simple relationship between the pressure 





and the velocity magnitude, This is analogous to the many situations in classical particle mechanies in which 
the total foree exerted on a particle can be expressed as the gradient of a potential that is a function of position 
only, a condition that often applies in the absence of friction effects. In these situations, the sum of the “potential 
energy” and kinetic energy is constant, which leads to a simple relation between the potential function value 
and the particle's velocity magnitude. 

To determine the requirements for the analogous situation to exist with regard to the net force on a fluid par- 
cel, we can either look directly at the energy equation or take a line integral of the momentum equation. Either 
way, we find that if: 

1. There is no net viscous for 
2. extemal body forces are negligible; 











3. there is no heat conduction; and 
4. the flow is steady, 
then the total enthalpy 


v? Pp 








is constant along streamlines, where ¢ is the thermodynamic internal energy per unit mass. Note that under these 
conditions p/p acts like a form of potential energy. Note also that conditions (1) and (3) amount to specitying the 
absence of entropy-generating processes (assuming bulk-viscosity effects are also negligible), so that entropy 
‘must also be constant along streamlines, 

Now we introduce the concept of stagnation conditions, which can be defined for general flows that don't 
necessarily satisfy the assumptions for Equation 3.8.2. From any point in a general flow, we can imagine bring- 
ing the fluid parcel passing that point to rest (stagnation, or zero velocity) by an imaginary steady-flow process 
in which the viscous forces and heat conduction that may be active in the general flow are “tured off” and for 
‘which Equation 3.8.2 therefore applies. Because the imaginary stagnation process is isentropic, the stagnation 











values of T, p, and p are uniquely defined, and we'll designate them by the subscript ¢ for “total.” In general 
flows, these stagnation conditions need not be constant, either along or across streamlines. It is important to 
keep in mind that the stagnation temperature, pressure, or density is not generally a real temperature, pressure, 
or density, but is only an imaginary construct defined by an imaginary process. The exception is a real stagna- 
tion point in a steady flow, where the stagnation condition can actually be realized, 

Returning our attention to flows that satisfy Equation 3.8.2 and introducing stagnation quantities, Equation 
3.8.2 becomes 


+2 = 64+ = constant 

? pm 
along streamlines, where all of the subscript quantities are constant along streamlines as well. Now if we as- 
sume a perfect gas and impose the constant-entropy condition, we have 
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so that Equation 3.8.3 becomes (see National Advisory Committee for Aeronautics (NACA) Report 1135, Ames 
Research Staff, 1953) 





along a streamline, where the subscript t quantities are constants for that streamline. We'll call this the steady 
compressible Bernoulli equation for frictionless, nonconducting flow of a perfect gas. Ifthe density is constant, 
that is ifthe flow can be assumed effectively incompressible, in that the density change in response to any pres- 
sure change in the flowficld is a sufficiently small percentage (see Section 3.10), this reduces to 
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along a streamline. 

To recap, the Bemoulli principle can be simply stated: For steady, frictionless flow with no body forces 
and no heat conduction, the total enthalpy is constant along streamlines. Because such flows are also generally 
isentropic along streamlines, the total pressure and temperature are also constant along streamlines. How the 
“Bemoulli constant” and the stagnation conditions vary from streamline to streamline, however, depends on 
how the flow was established, which brings us to our next topic. 








3.8.5 Crocco's Theorem 


‘Assume that a flow satisfies the conditions given above for the Bernoulli principle to apply, so that Equation 
3.8.2 holds along streamlines. If we assume further that the fluid is homocompositional, that is, that it consists 
everywhere of the “same stuff,” as would be the case if the relative species concentrations in a mixture of gasses 
‘were constant, then a standard thermodynamic relationship between T, S, ¢, p, and p (one of the familiar “TS” 
or “tedious” equations, see Liepmann and Roshko, 1957) applies throughout the flowfield. Combining this with 
the momentum equation (remember that the flow is assumed steady and frictionless), we get 


aay VH =TVS+V x0, 


which is known as Crocco's theorem. 

















We saw earlier that it is common in external flows around bodies for the flow to be “established,” that is, to 
come from upstream, in an irrotational state. If it continues to satisfy the requirements for Crocco's theorem to 
apply in the part of the flowfield outside the viscous boundary layers near the body surface, the flow will remain 
irrotational, in which case we can see that constant H implies constant $ and vice versa. Thus in the effectively 
inviseid parts of many external flows, the total enthalpy, our “Bernoulli constant,” will usually be constant from 
streamline to streamline, as well as along streamlines. If such a flow passes through a curved shock (see Section 
3.11.2), however, the situation downstream of the shock will be more complicated. The portions of the shock 
through which different streamlines pass will have different obliqueness, and S will therefore vary from stream- 
line to streamline, though H will still be constant. In Equation 3.8.8, the RHS will be zero, and the varying S 
will require nonzero vorticity, Thus a curved shock inevitably produces some vorticity downstream, though itis 
typically very weak unless the shock is very strong. 

Fora more detailed discussion of circulation preservation, Bernoulli's principle, and Crocco's theorem, read- 
ers would do well to consult Chapter 3 of Batchelor (1967). 1 hope those who do will accuse me at worst of 
oversimplifying and not of plagiarizing, 




















3.9 Dynamic Similarity 


Using flows around subscale models to simulate what would happen at full scale has been a major tool in acro- 
dynamic development since the Wright brothers built their first wind tunnel. Subscale model testing has made 
it practical to explore many more design options and a wider range of flight conditions than could be explored 
by flight testing alone, and the savings in time, money, and test pilots' lives have been incalculable, Advances 
in CFD in recent years have made it possible for CFD to replace some subscale model simulation, but it will be 
a long time before computation replaces all of it 

In practice, the similarity between a subscale flow simulation and the real thing is rarely even close to perfect, 
However, defining the theoretical requirements for a perfect simulation will tell us what factors are important 
and provide at k ulations are likely to be. 

A perfect simulation requires that the model geometry and the model flow be geometrically scaled versions, 
of the real things, with all of the detailed forces and accelerations and other internal processes reproduced in 
a properly scaled fashion. Presumably if we knew everything we needed to know to be able to set up such a 
simulation correctly, we would also know the scaling factors for converting quantities such as pressures and 
integrated forces from model scale to full scale. The early pioneers were able to deduce some of the important 
sealing factors from a combination of intuition and experience, such as the scaling of forces with surface or 
cross-sectional area times the square of the velocity, but they were not always aware of the more subtle require 
‘ments for similarity. With our advanced understanding of the governing equations, we are in a position to derive 
these requirements with some rigor. 

‘The basic idea is that if we “nondimensionalize” the governing NS equations and BCs appropriately for both 
situations (model and full scale), the two flows will be similar if they represent the same solution to the dimen- 
sionless equations. OF course, this can be expected to happen only if the dimensionless equations themselves, 
and the dimensionless BCs, are the same for both situations. This sounds simple enough, but there are subtle 
involved, as we'll see below. 
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is for anticipating how accurate our actual 























To derive the dimensionless equations, we start by replacing each dimensional quantity in the equations with 
a product of a dimensional reference constant and a dimensionless version of the original variable, The refer 
ence constants are simply quantities appropriate to the flow situation, such as freestream flow properties (e.g, 





velocity and density) and a reference length that characterizes the body, and we naturally have to use equivalent 
definitions for these constants for both flow situations. We make these substitutions likewise for all of the inde- 
pendent spatial coordinates and all of the dependent flow variables. Then for each equation, we choose a group 
of the reference constants having the right combined dimensions so that when we divide the entire equation by 
that group, the equation becomes dimensionless. There is no unique right choice of the group of constants to use 
for this nondimensionalizing step, but the resulting equations are of course equivalent, no matter what group is 
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The conventional choice is based on the observation that inviscid flows have no inherent scale dependence, 
and that it is therefore convenient to choose the nondimensionalizing group so that the nonviscous terms in the 
dimensionless equations end up looking just as they do in the original equations, with no scale-dependent cocf- 
ficients multiplying them. For the momentum equations, this means dividing by pref ure/Lref, and for the en- 
ergy equation in total-enthalpy form by ue Pret/Lref. In our final set of dimensionless equations, the nonviscous 











convective terms look the same as they did in the dimensional equations, while the pressure gradient, viscous- 
transport, and heat-conduction terms have dimensionless “scaling” or “similarity” parameters multiplying them, 

Now we see that for the dimensionless equations to be the same for both the simulation and for full scale, the 
similarity parameters multiplying the pressure and transport terms must have the same values in both cases 





Now let's look specifically at the dimensionless parameters that arise. We form dimensionless versions of all 
the basic variables in the equations, designating them by putting “hats” over them. We nondimensionalize the 
basic variables as shown in Table 3.9.1 





‘Table 3.9.1 Basic variables 














Type of quantity Example 
spatial coordinates t=a/L 
Relciis i= wi 





Local fuid state variables p, pT, = P/Pow 
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[Total enthalpy 





We invert these definitions (e.g., 2 = &L) and substitute them into the form of the equations valid for a 
perfect gas with constant specific heats. We also make use of the specific heat relationship ep = /RM(y ~ 1), 
where 7 isthe ratio of specific heats and R is the gas constant, and of the fact that the speed of sound is given by 
a= (yp/p)". In the resulting dimensionless equations, the continuity equation and the convective terms in the 
‘momentum equation and in the energy equation in total-enthalpy form look exactly as they did in the original 
dimensional equations. Terms in which dimensionless similarity parameters appear are as shown in Table 3.9.2, 
where Mar = tr/ite is the freestream Mach number, Ry = ptizL/ptx is the Reynolds number, and Pr = pep/k is 
the Prandtl number. 





























‘Table 3.9.2 Terms appearing in dimensionless equations 
Equation | Type of term [Example 
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Based on this, we might expect perfect similarity if we match y M-.”, RL. and Pr. But things aren't quite so 


simple with regard toy and M.. One of our primary variables inthe energy equation is which is defined in 


terms of other dimensionless variables as, 





A=— 2 
3.9.1 y-1 
So the internal energy (first term) and kinetic energy (second term) in the total enthalpy depend on y in dif- 

ferent ways, and true similarity requires that we match 7 and Mz. separately. 
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To summari, 





, similarity parameters that must be matched for perfect similarity are: 
Ratio of specific heats 
Mach number 
Reynolds number [Ru = pulps 
Prandtl number 


























Pr= wey 





Note that some of these are fluid properties (y and Pr) and some (Mzo and RL) depend in addition on the 
reference flow conditions, in this case the far field. Now let's consider the major scaling and similarity issues 
in detail: compressibility effects, the effects of viscosity, scaling of pressure forces, and the consequences of 
failing to match the similarity requirements. 











3.9.1 Compressibility Effects and the Mach Number 


‘Throughout the flowfield the interaction between the pressure and density for compressible flows is governed 
by implicit relationships built into multiple equations, and y and M.» correspondingly appear in several places, 
We saw above that similarity requires us to match y and Mar separately. 

Of the flow-dependent parameters, Mach number has the most straightforward physical interpretation. It de- 
termines how large the pressure changes in the flowfield will be, relative to the absolute pressure, and thus how 
important pressure-induced density changes will be, a topic well consider further in Sections 3.10 and 3.11, The 
Prandtl number is important with regard to thermal effects in boundary layers, and we'll consider it further in 
Section 4.6.2 











3.9.2 Viscous Effects and the Reynolds Number 


‘The Reynolds number is also widely familiar, but 
sometimes described as measuring the “ratio of inertial forces to viscous forces,” which is incorrect or the“ 
ative importance of inertial forces and viscous forces” in the flow, which is not as bad, but not quite right either. 
Actually, the term 1/R multiplies the viscous terms in the momentum and energy equations, but it does not dir- 
cctly reflect the relative magnitudes of the forces locally. In any external flow with a Reynolds number above 
about 10°, there will be part of the flow outside the boundary layer where the ratio of inertial forces to viscous 
forces will be practically infinite and part of the flow deep in the boundary layer where it will be practically 


s proper interpretation is more subtle. Reynolds number is, 











zero. Thus the ratio of local forces is obviously not what the Reynolds number directly determines. 
relative to the flow velocity, momentum will be 
diffused in the cross-stream direction by viscosity or turbulence and thus how thick the boundary layer will 
grow relative to the dimensions of the body. As Reynolds number increases, the diffusion of momentum be- 
comes relatively slower, and the boundary layer will be thinner. This increases the velocity gradient inside the 
boundary layer, which offsets the reduction in the 1/R multiplier in front of the viscous terms. The result is that 
the variation across the boundary layer in the relative importance of viscous forces stays essentially the same, 
regardless of the Reynolds number: At the “bottom” of the boundary layer, viscous and pressure forces domin- 


What the Reynolds number does determine is how “fast, 

















ate, while at the “edge” 
ate, Thus the idea that the Reynolds number measures “relative importance” makes 


of the boundary layer viscous forces are small, and inertial and pressure forces domin- 
sense only if we apply it to 
global viscous “effects” as opposed to local viscous “forces.” As the Reynolds number increases, the boundary 
layer becomes thinner and has less effect on the rest of the flow, Its only in this indirect sense that the Reynolds 
‘umber measures the relative importance of viscous 














ve just used a simple physical argument to explain why the effects measured by the Reynolds number 
are subtle. The corresponding mathematical argument is less intuitive and starts with the observation that the 
viscous terms involve the highest order derivatives of the velocity and therefore play a unique role in the equa- 
tions. If we set I/R to zero, the viscous terms vanish, and we have the inviscid equations. We might expect, then, 
that for small values of 1/R, a viscous solution could be obtained as a small perturbation to a corresponding 
inviscid solution. This expectation is wrong, however, because when the 1/R terms are dropped to obtain the 
inviscid equations, the order of the equations is reduced, and with it the number of allowable BCs. The BC we 
‘must give up to allow nontrivial inviscid solutions is the no-slip condition. To obtain a viscous solution from 
the corresponding inviscid solution, the no-stip condition must be reinstated, and there will always be a region 
close to the wall (the boundary layer) where the perturbation imposed on the inviscid solution by viscosity is 
not small. In mathematical terms, this is an example of a singular perturbation, and the kind of behavior we've 
been discussing is characteristic of singular-perturbation problems. In Section 4.2.1, we'll discuss how the im- 
plementation of the singular-perturbation idea leads to a rigorous derivation of boundary-layer theory. 

So far, we've seen that the way the characteristics of @ flow depend on the Reynolds number is complicated 
by the fact that a change in the 1/R multiplier in front of the viscous terms tends to be offset by a change in 
boundary-layer thickness. This complication is compounded by additional subtleties. The location on the body 
where the boundary layer transitions from laminar to turbulent usually depends on Reynolds number, and this, 
can strongly affect the development of the boundary layer and thus the rest of the flow. Though the variation 
of boundary-layer thickness with Reynolds number in laminar and turbulent boundary layers is similar qualitat- 
ively, it is significantly different quantitatively. The location of laminar-to-turbulent transition strongly affects 
both the profile drag in the attached-flow regime and the resistance of the boundary layer to separation down- 
stream, Such effects can be very important in airfoil flows, as we'll see in Section 7.4, and in blufl-body drag, 
which we'll discuss in Section 6.1.6, 


























3.9.3 Scaling of Pressure Forces: the Dynamic Pressure 
When we divide the momentum equations by Pref “ref/Lrer, the resulting dimensionless convection terms look 
just as they did in their original dimensional form. For example, the original dimensional term 





Ou 
392 Oe 
becomes 
fd 
303 OE 
= pl res vit = U/tines,@ = 2/Lres 


When we nondimensionalized the equations to derive the similarity parameters, we nondimensionalized p by 
Pe. But this nondimensionalization of the pressure isn't very convenient for dealing with low-speed flows. If, 


4 = 1/2Pret Utne 
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instead, we take our reference pressure equal to what is called the dynamic pressure 
original dimensional pressure-gradient term: 
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becomes 





where B = 2/4, we introduced the factor of 1/2 in the definition of our reference pressure because it arises 
when we integrate the momentum equation to obtain Bemoulli’s equation, as we saw in Section 3.8.4, and q 
defined in this way is equal to the difference between local static pressure and total pressure in the incompr 
ible, or low-Mach-number case, as in Equation 3.8.7. (A discussion of what “incompressible” means is coming 
up in Section 3.10.) 

Normalizing pressure differences by q is very convenient because it removes the dependence on density and 
velocity in incompressible flows, and it has therefore become second nature to aerodynamicists, And q is used 
as a reference for compressible flows as well, though outside of the low-Mach regime, it no longer removes all 
of the dependence on velocity, or Mach number. 











3.9.4 Consequences of Failing to Match All of the 
Requirements for Similarity 


In most subscale flow simulations we must tolerate a substantial mismatch in one or more of the similarity para- 
meters. How does the accuracy of a simulation suffer as a result? In this regard, the first thing to note is that the 
parameters are not all of equal importance and that their relative importance depends on the situation. 

In flows with sufficiently low Mach number throughout the field, matching Mach number is not important, 
while in flows where local Mach numbers approach or exceed one, matching Mach number is crucial, For- 
tunately, Mach number is formally scale independent and therefore relatively easy to match regardless of scale, 
In cases where Mach number is important, we can usually avoid having to tolerate a serious mismatch 

Unfortunately, we can't say the same of the Reynolds number, which varies directly with scale. For a given 
flow condition, a reduction in scale (our main reason for doing subscale simulation) entails a reduction in Reyn- 
olds number. Testing at elevated pressures can alleviate the problem but can't generally eliminate it, At high 
subsonic speeds, testing at total pressures above about 5 atm is impractical because air loads on a typical air- 
plane model become too high, even for a model constructed of solid steel. The only way the full-scale Reynolds 
‘number of a large airplane can be matched on a small-scale model in a wind tunnel is through a combination of 
clevated pressure (up to 5 atm) and very low temperature (to ~ 250 °C), called cryogenic pressure testing. 
ich testing is very expensive and accounts for only a miniscule fraction of all wind-tunnel flow simulation, 
Most other subscale testing is done at Reynolds numbers roughly an order of magnitude below full scale. As 
‘we saw previously, the dependence of a flow on the Reynolds number is complicated, with contributions from 
a number of physical factors. The sacrifice in simulation accuracy due to a mismatch in the Reynolds number 
varies greatly depending on the situation, but itis usually serious. A great deal of work has been devoted to the 
problem of understanding, minimizing, and accounting or correcting for the “Reynolds-number effects” associ 
ated with testing at sub-full-scale Reynolds numbers, with mixed success (see Bushnell, 2006, fora review) 

{In our derivation of the terms in which similarity parameters appear (Table 3.9.2), we assumed a perfect 
The idea of a perfect dynamic similarity is problematic if we consider the more complicated behavior of 
gases over wide ranges of conditions. In the general case, the pressure and temperature, as well as the compos 
ition of the gas, would have to be matched, in which case there could be no difference in density, and no differ- 
ence in scale would be allowed. Fortunately, air under conditions of interest to us in aerodynamics behaves very 
much like a perfect gas, with practically constant y and Prandtl number, so that mismatches in parameters other 
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than the Mach and Reynolds numbers tend to have very minor effects (see White, 1991). For example, because 
of the nonlinear form of the Sutherland law for the dependence of viscosity on temperature, perfect similarity 
‘would require matching temperature. However, because the temperature variation within a given flow is usually 
not large on an absolute scale, the effect of even a large mismatch in temperature at a given Reynolds number is 
very small 





3.10 “Incompressible” Flow and Potential 
Flow 


In carly theoretical work in fluid mechanics, the fluid was generally assumed to have constant density regardless 
of the pressure, and thus to be “incompressible,” an idealization that greatly simplifies the mathematics and is, 
actually justified at sufficiently low Mach numbers. The term “incompressible,” however, is a potential sourc 
of confusion. Literally speaking, saying that something is “incompressible” means that it cannot be compressed, 
In this sense, the term is only approximately applicable to liquids and not at all applicable to gases. Yet even 
with reference to gas y about “incompressible flow.” This is sloppy terminology. We don't 
‘mean what the term literally says (ic., that the flow cannot be compressed). What we really mean is that the 
flow happens not to be getting compressed significantly in this particular situation and that it therefore behaves 
as ifit were incompressible. 

In gases at low Mach numbers, a flow can act as if it were incompressible, in that we can make very accurate 
predictions using equations in which we have assumed that the density is constant. But how can constant density 
be a reasonable assumption for gases, which are by definition highly compressible? Even in flows at low Mach 
numbers, where velocity differences, pressure differences, and density differences are all small, the density dif- 
forences are of the same order as the pressure differences, How can the pressure changes be important and the 
density changes not be? The answer lies in the different roles that pressure and density play in affecting the 
‘motion. In the application of Newton's second law to a fluid parcel, only a pressure difference can apply an un- 
balanced force, while the density itself provides the resisting inertia. In the momentum equation, this is reflected 
im the fact that the pressure appears inside a derivative (gradient operator), and the density does not. While the 
the small density differ- 





























small velocity and pressure differences are crucial players in the momentum balan 
ences have a comparatively much smaller effect on the flow. 

Note that to justify treating the flow as incompressible we do not have to assume small disturbances in the 
sense of small velocity changes relative to the freestream velocity. The changes in velocity can be large relative 
to freestream, as long as the velocity itself remains small relative to the speed of sound, 

So the equations of motion for an “incompressible” fluid are valid for flows of highly compressible gases, in 
the limit of low Mach number. If we also assume that the flow is steady and inviscid, and that the onset flow is, 
irrotational, we have met the conditions for classical potential flow oF ideal flow theory. As we saw in Section 
3.8.2, a constant-density inviscid flow is circulation preserving, so that irrotational onset flow means the flow 
will be irrotational everywhere, Then, as we saw in Section 3.3.6, the velocity field can be represented as the 
gradient of a scalar potential function: 


3.101 V = Vo, 


and the continuity equation is Laplace's equation for 6 

















Assuming the pressure is related to the velocity by the “incompressible” Bernoulli equation (Equation 3.8.7) 
with a constant total pressure, any flow that satisfies Equation 3.10.2 satisfies both the continuity and mo- 
‘mentum equations. Under these conditions, the energy equation is not needed, and Equation 3.10.2 with appro- 
priate BCs represents the complete system describing the inviscid, irrotational flow of a constant-density uid, 
‘The problem has been reduced to a single linear equation with a single scalar as the dependent variable, 

Because the incompressible potential-flow equation is linear, solutions can be constructed by superposition 
of more than one known solution. The velocity potentials for elementary building-block flows around simple 
singularities are often used for this purpose. Some examples are illustrated in Figure 3.10.1. A vortex Figure 
3.10.14 can be used to produce circulation, and sources or sinks Figure 3.10,1b can be used to simulate the 
thickness effect of a body. The combination of a source and sink of equal strength results in flow pattern Figure 
3.10.1c. In the limit as the separation distance between them goes to zero, keeping the product of the source! 
Sink strength and the separation distance constant, we have a doublet Figure 3.10.1d, Combining a doublet with 
a uniform flow produces a pattern Figure 3,10.le in which the outer partis the potential flow around a circular 
cylinder. And many other combinations are possible. 








Figure 3.10.1 Examples of streamline pattems associated with simple potential-flow singularities that ean be 
used in constructing other potential-flow solutions by superposition. (a) Vortex. (b) Sour 
bination of sour 





c or sink. (c) Com= 
sand sink of equal strength. From Durand, (1932). Used with permission of Dover Publica- 
tions, Ine. (d) Doublet, From Durand, (1932). Used with permission of Dover Publications, Inc. (e) Combina- 


tion ofa doublet and a uniform flow yielding a circular eylinder. From Durand, (1932), Used with permission 
of Dover Publications, Inc. 
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For 2D flows, conformal mapping provides solutions for flows over convex and concave comers. Knowing 
the character of these solutions is useful just for thinking about the local effects of comers in general, and in 
Section 4.3.2 we'll see that they provide the outer-flow BCs for a family of special solutions to the boundary- 
layer equations. The basic idea is that a simple analytic mapping can transform the x axis into a line that is bent 
at the origin through an angle x/2. The uniform flow in the upper half plane, illustrated in Figure 3,10.2a, is 
then transformed into corner flows like those illustrated in Figure 3.10.2b-d. The velocity distribution along the 
surface is given by u~ x", where m =~ fs(B ~ 2) 

Figure 3.10.2 Illustrations of potential flows over concave and convex comers that can be produced by con 


formal mapping of the uniform flow in the upper half plane. (a) Uniform flow. (b) A convex comer B 
0. (c) A concave corner: << 1. (d) A 90-de; 
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Velocity distributions that go with the different types of comers are illustrated in Figure 3.10.2. In Figure 
Wwe See that a convex comer produces infinite velocity at the comer and decelerating flow away from it. 
In Figure 3.10.2c, a concave corner produces zero velocity (a stagnation point) at the comer. Combine this flow 
With its reflection about the x axis, and we have the flow off of a wedge-shaped trailing edge. This demonstrates 
that in potential flow, an airfoil with a nonzero trailing edge angle must have a trailing-edge stagnation point. In 
Figure 3.10.2d, we have the special case of = 1, a 90° comer with a stagnation point and linear acceleration 
Of the flow away from the corner. Combine this flow with its reflection about the y axis, and we have the pro- 
totype for flow attaching itself to a smooth wall at a stagnation point. Conformal mapping can also be used to 
transform solutions for very simple shapes such as circles into solutions for more-complicated shapes. With the 
conformal-mapping approach, analytic solutions are possible for a wide variety of shapes, 




















We can obtain numerical solutions for 2D flows either by discretizing the conformal-mapping problem or 
by the “pane! method,” that is solving for a distribution of unknown singularity strength along a set of discrete 
panels representing the body surface. When the panel method is extended to 3D flows, not only the surface of 
the body must be “paneled,” but also any vortex wakes that exist in the field, which, as we saw in Section 3.3.8, 
can be idealized as surfaces of discontinuity in the velocity field, 

tions 3.6 and 3.8.2, external flows around bodies at high Reynolds numbers remain ef- 
fectively irrotational outside of a thin viscous boundary layer that develops near the surface. Potential flow is 
therefore not a bad approximation for many of these flows and can often provide very reasonable predictions 
of pressure distributions and integrated forces at low Mach numbers. The pioneers of theoretical aerodynamics 
took full advantage of this, and before large-scale computation of nonlinear flow problems became practical, 
much of our quantitative prediction capability depended on incompressible potential-flow theory, most often 
implemented in the form of panel methods. It remains a powerful tool both for conceptualizing and for quantit- 
ative calculations 








AS we saw in 











3.11 Compressible Flow and Shocks 


‘ompressibility” deals with changes in fluid density in response to changes in pressure. In the previous section, 
we discussed how these changes are insignificant at low Mach numbers. As Mach number increases, however, 
‘we can no longer ignore the density changes, and when the local Mach number exceeds one, their effects on 
the flowfield become so strong that the character of the flow changes drastically, as reflected for example in the 
response of the flow to changes in cross-sectional arca, which is essentially reversed between the subsonic and 
supersonic regimes. 

There are small-disturbance flow regimes, both subsonic and supersonic, in which the effects of compress- 
ibility are treated approximately, in the context of linear equations. These theories have such narrow ranges of 
applicability, however, that they are usually not very useful, and they have been marginalized in recent years by 
the availability of higher-fidelity computational methods. We'll touch on the linear theories again in Chapter 9 
‘when we survey broad classes of theoretical approximations. In this section, we explore what happens when we 
attack the problem of compressibility head on, without assuming that disturbances are small. 

In compressible flows, the changes in density bring with them changes in local temperature and in all of 
the fluid properties that are affected by temperature, These changes have significant local effects on the flow, 
and accurate flow prediction requires solving for the altered local fluid properties in detail. As we discussed 
in Section 3.1, the viscosity, thermal conductivity, and local speed of sound are usually assumed to depend on 
temperature only. 

A general feature of most transonic and supersonic flows is the appearance of compression shocks, regions 
in which significant amounts of deceleration and compression (pressure increase) take place over very short 
distances, on the order of the mean free path of the gas molecules. The extremely lange gradients inside a shock 
are beyond the strict range of validity of the NS equations. As we've already noted in Section 3.1, the NS equa- 
tions don't predict the intemal structure of a shock accurately, but because the equations also enforce the integ- 
rated conservation laws, they do capture the “jump” conditions across shocks correctly. Shocks tend to form in 
‘most transonic and supersonic flows because sustained deceleration and compression in supersonic regions is 
usually not possible, especially when the deceleration goes all the way from supersonic to subsonic. There are 
exceptional situations in which sustained gradual deceleration can occur, but they are not common in practical 
situations. In most ordinary situations, infinitesimal compression waves in a supersonic region tend to pile 



































on each other and to coalesce into a shock. Details on this process can be found in Shapiro (1953) or Liepmann. 
and Roshko (1957). 

Shocks in steady flows can be locally perpendicular (normal) or oblique to the flow. Figure 3.11.1 illustrates, 
several examples of steady flowfields with shocks. In Figure 3.11.1 we have a transonic airfoil flow, with a 
“bubble” of supersonic flow over the upper surface, terminated by a weak shock that is generally curved and 
slightly oblique. This global flow pattern is typical of jet airliner wings in high-speed subsonic cruise (The sim- 
plified sketch omits the details of the interaction between the shock and the boundary layer, which we'll discuss 
in Section 7.4.8). In Figure 3.11.1b we have flow over a sharp wedge or cone at a sufficiently high superson- 
ic freestream Mach number to produce an attached oblique shock propagating from the nose. In this case, the 
flow downstream of the shock is still supersonic. In Figure 3.11.le we have supersonic freestream flow past a 
blunt-nosed body with a detached, curved bow shock standing off the nose. In this case, there is a “bubble” of 
subsonic flow downstream of the part of the shock that is close to normal, and supersonic flow downstream of 
the more oblique parts of the shock. Of course, more complicated patterns are possible, especially in 3D, with 
shocks from different parts of a body intersecting, or with shocks being affected by expansion waves from other 
parts of the body. In Section 3.11.2, we'll discuss the local relationships the flow through a shock must obey. 














Figure 3.11.1 Examples of flowfields with compression shocks. (a) A transonic airfoil flow with a bubble of 

supersonic flow over the upper surface, terminated by a shock. (b) Supersonic flow over a sharp wedge or 

cone, with an attached oblique shock. (c) Supersonic flow over a blunt-nosed body with a detached bow shock 
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With or without shocks, compressible flow is inherently more complicated than incompressible flow. The full 
system of equations for compressible flow, even if assumed inviscid, is nonlinear and entails all the difficulties 
‘we discussed in Section 3.5. Except for a very few simple cases, analytic solutions for flows in more than one 
dimension are not possible, and the prediction of a multidimensional flowfield generally requires large- 
computation. 

But all is not lost. There is still a great deal that can be leamed about steady multidimensional compr 
flows without resorting to computation, based on the combination of continuous 1D flow theory and the re- 
lations governing normal and oblique shock waves. Most real flows are not close to being ID, and the 1D 
flow theory/shock relations are therefore not globally predictive, but they are still powerful tools because they 
provide simple ways to calculate useful relationships between the various flow quantities, applicable along 
streamlines of steady multidimensional flows. Their general usefulness is thus analogous to that of Bernoulli's 
equation for incompressible flow. 














3.11.1 Steady 1D Isentropic Flow Theory 


If the flow is steady, the flow in any given slender streamtube in a flowfield is effectively 1D. If we assume that 
the flow is inviscid and isentropic, as it usually would be outside the boundary layer near solid surfaces, and 
that the fluid is a perfect gas, then the ID equations of motion can be integrated analytically. Note that these 
assumptions satisfy the requirements for the compressible Bernoulli equation (Equation 3.8.6) to hold, so that 
stagnation conditions are constant along our streamtube. Remember also that if we further assume that the fluid 
is homocompositional, such that Crocco’s theorem (Equation 3.8.8) holds, and that the onset flow is irrotation- 
al, then the stagnation conditions will be the same in all of the streamtubes in the field, at least upstream of all 
shocks. Downstream of any shock, the stagnation pressure is reduc 

The result of the steady 1D flow theory for a perfect gas isa set of relationships defining dimensionless ratios, 








| as welll see next, 





of flow variables. This set of relationships can be expressed in a variety of ways. An exhaustive compilation 
is given in NACA Report 1135 (Ames Research Staff, 1953). Derivations can be found in Shapiro (1953) and 
Liepmann and Roshko (1957). 
Ina commonly used form of these relations, the local temperature, pressure, and density are related to their 
stagnation values, the streamtube area and flow velocity are related to conditions that would apply at Mach one, 
in terms of local Mach number: 
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where A is the streamtube area, a is the speed of sound, and the star refers to conditions that would apply at 

Mach 1. These relations are plotted in Figure 3.11.2, and they highlight several very useful facts regarding 

steady inviscid flow of a perfect gas: 
1, Streamtube area is at a minimum, and therefore mass flux per unit area is maximum, at a local Mach 
number of one. Thus for a flow to pass from a subsonic condition to supersonic, it must pass through 
Mach one at a local minimum in streamtube area. If geometric constraints force the flow area to go 
through a minimum at some location, as is the case in flows in confined passages or “ducts,” a maximum- 
mass-fux flow condition at Mach one at that location is often referred to as “choked.” To produce a 
steady supersonic flow in a duct, as in a rocket exhaust or a supersonic wind tunnel, a choked nozzle 
somewhere upstream is generally required. 





2. A change in streamtube area has opposite effects in subsonic and supersonic flows. An area increase 
slows a subsonic flow down and increases the pressure and temperature but does the opposite to a super- 
sonic flow. 





3. Dimensionless ratios of flow quantities depend only on Mach number and y. Changing the level of 
pressure or temperature has no effect on dimensionless ratios if Mach number is kept the same. 


Figure 3.11.2 1 D isentropie-flow relations 


20 ‘ 
18 












wR 


wm 
oa 


a a 
- op 
oa 

Pip,” 


02 























00, 
00 05 1.0 18 20 


Steady, 1D flow analysis can be extended to include effects of bulk-averaged heating or cooling, or viscous 
friction. Treating such effects in a 1D, bulk-averaged sense can be a reasonable approximation for flows in 
ducts that are sufficiently slender relative to their length. The inclusion of these effects means that entropy and 
total pressure will no longer be constant. A flow with simple viscous friction and no heat transfer will still have 
constant total temperature, but a flow with heat transfer will not. Analytic solutions such as those leading to 
Equations 3.11.1-3.1L5 are possible for constant streamtube area and simple friction or simple heat transfer. 


‘Numerical solution is generally required in cases with variable streamtube area and/or combined effects, Equa- 
tions applicable to these situations are derived in Shapiro (1953, Chapters 6-8) 





3.11.2 Relations for Normal and Oblique Shock Waves 


In solutions to the NS equations, compression shocks appear as continuous compressions in which all flow 
quantities vary smoothly. The predicted shock thickness of a bit over one mean free path is roughly correct, but 
the detailed distributions of flow quantities are not, because the NS equations don't model the molecular trans- 
port terms accurately when changes take place over such short distances. The “jumps” in flow quantities across 
a shock are accurately predicted because they don't depend on the internal structure of the shock, and the NS 
equations enforce all the relevant physical conservation laws that must be obeyed in the total jump across the 
shock, 

Note that most practical numerical solutions to the NS equations are done on grids that are far too coarse to 
resolve the correct thickness of a shock. Numerical dissipation smears shocks over a distance of at least several 
grid intervals, which is typically several orders of magnitude larger than the actual thickness of a shock, and 
the degree of smearing increases when the shock front is oblique to the grid. Still, except to the extent that the 
smearing encroaches on flow gradients upstream and downstream, jumps across the shock can be predicted ac~ 
curately in spite of the smearing, 

The “shock relations” are a set of analytic formulas describing the effects of shocks in terms of the jumps 
in flow quantities from upstream to downstream. In this discussion, we will consider only steady flows, but the 
results of the steady theory can in principle be transformed to apply to unsteady flow because the flow in the 
neighborhood of a shock can be rendered locally steady by a Galilean transformation that cancels the motion of 
the shock normal to itself. The shock relations are “ID” in that they describe what happens only to an individual 
streamtube as it goes through the shock, and in this sense they are similar to the 1D isentropic flow relations 
we described in Section 3.11.1. The only multidimensional consideration that comes into play is turning of the 
streamtube through the shock, which must be accounted for when the shock is oblique to the local flow direc 
tion. Because jump conditions through a shock do not depend on the detailed internal structure of the shock, the 
shock relations can be derived in an essentially inviscid framework 
























To derive the shock relations, we enforce conservation of mass, momentum, and energy across the shock 
discontinuity. Conservation of the component of momentum tangential to the shock requires that the jump in 
tangential velocity is zero. Because the tangential velocity is the same upstream and downstream, it can be re 
‘moved by a Galilean transformation, and any shock can be viewed as a normal shock. The derivation is there: 
fore carried out in two stages. First we derive the jump conditions for a normal shock, and then we derive the 
jump conditions for an oblique shock by transforming the normal-shock relations (i.e., by reversing the Galilean 
transformation that removed the tangential velocity). 

For a normal shock, once we enforce conservation of mass, momentum, and energy; assume a perfect gas; 
and stipulate that entropy cannot decrease, the relationships between downstream and upstream flow quantities, 
are uniquely defined. The resulting relations are plotted in the form of dimensionless ratios in Figure 3.11.3. A 
shock obeying these relations is often referred to a Rankine-Hugoniot shock (see Liepmann and Roshko, 1957), 
‘The following general characteristics of normal shocks are noteworthy: 

1. The Mach number jump is always from supersonic to subsonic, with accompanying increases in pres- 
sure, temperature, and density, and a decrease in velocity. 

2, Total temperature and total enthalpy are unchanged, but because passage through a shock is a dissip- 
ative process, there is a loss in total pressure and an increase in entropy. A jump from subsonic to su- 











personic (an “expansion shock”) would require a decrease in entropy and thus violate the second law of 
thermodynamics. 

3. The “strength” of a shock, as indicated by the loss in total pressure, increases rapidly with upstream 
Mach number. In applications where low drag is important, really strong shocks are to be avoided by 
ddesign, and the strength of relatively weak shocks becomes an important issue. An important fct to re= 
‘member in that regard is that for upstream Mach numbers near 1,0 (the weak shock limit, the total-pres- 
sure loss goes as (M—1)°, 

4. Because of the loss of total pressure, the minimum area, A*, through which the flow can be forced, is 
increased by passage through the shock. 





5, Dimensionless ratios between downstream and upstream are unique functions of either upstream or 
downstream Mach number and y. 


Figure 3.11.3 Normal-shock relation 
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Of course, the normal-shock relations apply to oblique shocks as well, provided we resolve the velocity and 
Mach number in the direction normal to the shock. So the basic physies of an oblique shock is no more com- 
plicated than that of a normal shock. With oblique shocks, however, there is a surprising degree of apparent 
additional complexity, introduced by what amounts to only one additional free parameter in the problem (the 
tangential velocity). Across an oblique shock, the normal velocity is reduced, and the tangential velocity is un- 
changed, so that the flow is turned, or deflected, through some angle as it passes through the shock. For a given 
upstream Mach number, which must be supersonic, there is a maximum deflection angle. For any deflection 
angle less than the maximum, there are two possible shock inclination angles and two different possible down- 
stream flow conditions, For deflection angles close to the maximum, both of the possible downstream condi- 
tions are subsonic, as would be the case with a normal shock, but for deflection angles less than the maximum. 
by more than a fraction of a degree, one of the possible downstream conditions is supersonic. These complex- 








ities are best understood through study of the various oblique-shock charts in Shapiro (1953) or NACA Report 
1135 (Ames Research Staff, 1953). 

The normal and oblique shock relations we've just discussed are essentially 1D, but they apply in multidi- 
mensional flows. When supersonic flow is present in steady-flow solutions of the multidimensional inviscid 
equations (the Euler equations), shocks are usually also present and appear as surfaces imbedded in the field, 
across which flow quantities are discontinuous, Flow quantities can also be discontinuous across imbedded vor- 
tex sheets, or singularities can exist at discontinuities in the slope or curvature of bounding surfaces, but every- 
‘where else in the field flow quantities are continuous and differentiable, and the inviscid equations of motion are 
satisfied. The locations and shapes of imbedded shock surfaces are not known or specified a priori all that can 
be specified is that ifa shock arises as part of the solution, the jump across it must satisfy the shock relations, In 
‘mathematical jargon, solutions with such imbedded surfaces of discontinuity are called “weak” solutions. Note 
that the Euler equations, which are satisfied in the regions of continuous flow, are not sufficient to determine the 
solution if any shock discontinuity is present and that the shock relations must be imposed explicitly across the 
discontinuity. In numerical solutions, shock discontinuities can either be represented explicitly (shock fitting) 
or approximated automatically in a somewhat smeared-out way in the numerical grid (shock capturing). We'll 
discuss these options further in Section 10.4.1 











Chapter 4 


Boundary Layers 


In Section 3.6, we saw that the basic eff and that when that 
with a no-stip condition at a solid surface, it leads to vorticity that originates at the surface, is convected down 
stream, and diffuses outward. (In Section 4.2.4, well look at this in detail and see that some parts of a surface act 
as sources of vorticity, and others act as sinks, but that the net result is that there is always some vorticity con- 
‘ected along next to a solid wall.) In Section 3.8.2, we saw that irrotational flow tends to remain irrotational until 
viscosity has had a chance to work on it. The upshot is that flows around bodies at high Reynolds numbers ac- 
quire a natural global structure: an inner vortical region where viscosity is important, consisting of the boundary 
Jayer next to the surface and the wake downstream, surrounded by an outer flow that is effectively irrotational and 
that behaves as if it were inviscid. This basic pattern was not generally understood until Prandtl (1904) explained 
it and proposed his approximate theory for the flow in the boundary layer. 

In this chapter, we'll take a detailed look at the physics of the flow in the boundary layer, in preparation for a 
more global discussion of the whole flowfield in Chapter S. This ordering of the discussion is convenient because 
it tums out that the boundary layer and the outer flow interact only through a relatively simple set of boundary 
conditions at their interface, and everything of interest in the physics of the boundary layer can be discussed in 
general terms without our having to know much about the outer flow. On the other hand, our later discussion 
of the global flow will refer often to what goes on in the boundary layer. Boundary-layer specialists like to joke 
(only half joke, actually) that the boundary layer is the most important part of the flow because it’s the only part 
that touches the body. 

When the Reynolds number is sufficiently high, the boundary layer remains relatively thin, unless it separates 
from the body “prematurely,” that is, ahead of the tail of a body or the trailing edge of a wing. Within the thin at- 
tached boundary layer, Prandt's simplified versions of the Navier-Stokes (NS) equations often apply, along with 
special boundary conditions through which the boundary layer and the outer inviscid flow interact. These equa- 
tions and the many methods for solving them constitute the subdiscipline of fluid mechanics called boundary 
layer theory. The terminology can be confusing, for example, when it is sometimes implied that the viscous flow 
near the surface ceases to be a “boundary-layer flow” when it fails to satisfy the assumptions of boundary-layer 
theory. We won't take that narrow view here, Most of the physical boundary-layer phenomena we'll discuss in this 
chapter don't depend on the validity of boundary-layer theory. However, the theory does provide helpful insights 
into why boundary layers behave as they do, and it is sufficiently accurate, enough of the time, that it is useful 
for quantitative analysis as well. And, of course, the theory played a huge role in the history of our understanding, 
of viscous effects at high Reynolds numbers, 

In this chapter, we'll limit our attention to steady boundary-layer flows. Well get to the specifics of the theory 
in Section 4.2, after discussing the general physical aspects of 2D and 3D boundary-layer flows in Section 4.1 
In much of the literature, 2D boundary layers and 3D boundary layers are treated as separate universes. To em- 
phasize the common ground these two universes share, we'll take a different tack here, and in the discussion in 
Sections 4.1 and 4.2, welll keep 2D and 3D integrated. Topic by topic, we'll introduce ideas in 2D and then dis- 
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1 of viscosity is to exert shear stre 






















































cuss what has to be added to go to 3D. Then, in the remaining sections, welll deal with transition and turbulence, 
control of flow separation, heat transfer, compressibility, and surface roughness. 


4.1 Physical Aspects of Boundary-Layer 
Flows 


cer is a thin sheet of flow close to the surf 





‘The boundary k 0 i's natural to imagine following its progress 
along the surface and using time-like terminology to describe its development even when the flow is actually 
steady. And we'll use this kind of time-like terminology to refer to the boundary layer as a whole, even though 
fluid parcels flowing along at different distances from the surface move at different speeds and thus experience 
different transit times. This is an example of the “pseudo-Lagrangian viewpoint” we discussed in Section 3.4.7. 
Imagining a steady flow in this way is especially appropriate in the case of a boundary layer, because, as well 
see in Section 4.2, a boundary layer flow has the character of an initial-value problem. You'll note that many 
discussions of boundary-layer flows, including those in this chapter, use time-like terminology freely 











4.1.1 The Basic Sequence: Attachment, Transition, 
Separation 


Let's look first at the major milestones that mark the development of a 2D boundary layer as it flows along 
the surface of a body. The development starts where the flow first attaches at or near the front of the body and 
ends where the boundary layer finally leaves the body and becomes part of the viscous wake. In between, the 
boundary layer will usually undergo transition from laminar to turbulent, except in special cases at low Reyn- 
olds number, and it may also undergo intermediate separation and reattachment. 

The least complicated type of 2D attachment occurs at a stagnation point, at or near a blunt leading edge, as 
shown in Figure 4.1_1a. The velocity ue just outside the boundary layer initially increases linearly in both direc 
tions from such a stagnation point, and the boundary layer in the neighborhood is always laminar. In the region 
yer development is described by one of the special similarity solutions 
of the boundary layer remains constant until ue 











deviates from its initial linear distribution, 


Figure 4.1.1 Types of initial boundary-layer attachment in 2D. (a) At or near a blunt LE (b) Directly on a 
sharp LE. (e) Near a sharp LE 
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edge is sharp, the situation is not always simple. For supersonic flow or for one particular angle 
of attack in subsonic flow, the flow can attach directly to the sharp leading edge, as shown in Figure 4,1, 1b, 
At other angles of attack in subsonic flow, the attachment will be either above or below the leading edge, as 





in Figure 4,1.1¢, with local behavior around the attachment point like that of Figure 4,1.La, and there will be a 
separation at the leading edge with at least a short bubble of recirculating flow downstream. 

The final separation of the boundary layer from a 2D body can take place either from a sharp trailing edge, 
as in Figure 4.1.2a, or from a smooth part of the surface, as in Figure 4.1.2, Separation from a smooth surface 
raises interesting physical issues that welll discuss further in Section 4.1.4, Between the initial attachment and 
the final separation, a boundary layer usually undergoes transition from laminar to turbulent, a process we'll 
discuss in some detail in Section 4.4.1 














Figure 4.1.2 Types of final 2D bound: 
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eparation with subsequent reattachment can take place from a sharp leading edge, as in Figure 4.1 le; from 
a smooth surface, as in Figure 4.1.3a.b; or from a sharp comer at the edge of a “cove,” as in Figure 4,1,3c. Ina 
smooth-wall separation bubble like that in Figure 4.1.3a, the reattachment is usually precipitated by transition to 
turbulent flow, with its associated rapid increase in shear stress. For reattachment to happen without transition, 
the separation bubble would generally need to occupy a dip in surface, as in Figure 4.1.3b, because reattach- 








‘ment of a laminar boundary layer requires a favorable pressure gradient, as would occur as the flow exits the 
dip. Pressure gradients also play an important role in smooth-wall separation, as we'll see below. 









Figure 4.1.3 Types of boundary-layer separation with subsequent reattachment in 2D. (a) 
from a smooth surface with reattachment triggered by transition to turbulent flow, (b) Laminar se 
laminar reattachment in a dip in the surface, (c) Separation at the sharp edge of a “cove 
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Note that the word separation connotes two different aspects of a flow's topological structure. First, separa- 
tion in general involves some flow leaving the surface and forming a shear layer that is at least somewhat “sep- 
arated” from the surface, Second, a line of separation on the surface divides the surface into “separate” regions, 
from which the flow along the surface converges from different directions (By “flow” we are referring either to 
flow a short distance off the surface or, loosely, to the surface shear stress). This is an idea welll return to in our 
discussion of 3D separation in Section 4.1.4, 

3D boundary-layer flows run the gamut from nearly 2D at one extreme to very different from 2D at the other. 
In some situations, we can view a 3D flow in cross sections and see the same patterns of attachment and sep- 
aration that we saw in 2D flows in Figures 4,1.1-4.1.3. But the additional dimension in 3D makes many other 
patterns of attachment and separation possible as well. 

Note that in 2D flows the attachment and separation points are actually lines that extend to plus and minus 
infinity in the “spanwise” direction. In 3D flows, we can have singular points of attachment and separation, and 








these are often accompanied by what we commonly call attachment lines and separation lines that can form 


complicated patterns on the surface of the body. These terms are very useful for discussions of flow patterns, 
but we should note that they aren't mathematically precise. In real flows around finite bodies, the flow struc 
tures that we commonly call attachment lines and separation lines are not uniquely defined lines or curves in the 
‘mathematical sense. They are actually bands of finite width, loosely defined by either strong flow converger 
toward the body (attachment) or strong diverge away from it (Separation), but for practical purposes, they are 
often sufficiently narrow that it isn't grossly inaccurate to refer to them as “lines.” 

This issue will become clearer when we discuss what the boundary-layer velocity field looks like in more de- 
tail locally in the neighborhood of separation in Section 4.1.4. Then we'll discuss the global topology of points 
and “lines” of attachment and separation on the body surface in some detail in Section 5.2.3. 

















4.1.2 General Development of the Boundary-Layer 
Flowfield 


Now let's look at the general features of the boundary-layer velocity field, time-averaged if the flow is turbulent, 
‘The velocity in the boundary layer is nearly parallel to the surface. It varies relatively slowly along the surface, 
but much more rapidly in the direction normal to the surface, in a distribution called the velocity profile. 

‘Typical velocity profiles for 2D laminar and turbulent flow are shown in Figure 4.1.4. In both cases, the ve~ 
locity starts at zero at the surface, in keeping with the no-slip condition, and gradually approaches a distribution 
consistent with an inviscid outer flow. In the first-order theory that we'll discuss in Section 4.2.1, and therefore 
in this discussion, we'll ignore the slope of the inviscid velocity distribution in the outer flow and assume that 
the slope of the boundary-layer profile goes to zero. The boundary between the viscous boundary layer and the 
effectively inviscid outer flow is ofien referred to as the boundary-layer “edge,” though in fact itis indistinct, 
Any definition of the boundary-layer edge is thus arbitrary. The usual choice is the point at which the velo- 
city reaches 99% of its outer-flow value, and the term boundary-layer thickness usually refers to the distanc 
from the surface to this 99% point. Because the slope of the velocity profile is small there, the determination 
of boundary-layer thickness in this way is sensitive to small errors in the determination of the velocity profile, 
especially in the turbulent case, and the difficulty is compounded if the distribution of velocity in the outer flow 
has significant slope. 

















Figure 4.1.4 Typical 2D boundary-layer velocity profiles. (a) Laminar, (b) Turbulen 
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Ina laminar constant-property boundary layer the viscosity jis constant, so that the shear stress in 2D is just 
proportional to du/éy. Given the shape of a laminar velocity profile in Figure 4.1.4a, we can see that the shear 
stfess starts at zero at the outer edge of the boundary layer and increases as the wall is approached. The value 
of pdwdy at the wall itself is the shear stress tw transmitted from the flow to the surface and is referred to as 
the skin friction. This terminology is a bit misleading, because it evokes an image of relative motion between 





the fluid and the surface, as in mechanical friction, But remember that with the no-slip condition at the surface, 
there is no relative motion, and that this is “friction” only in the sense that a shear force is exerted on the surface, 

Ina compressible boundary layer or a turbulent boundary layer the relationship between t and Gu/éy is more 
complicated, but tw is still proportional to du/éy at the wall. Though a turbulent boundary layer is typically 
‘much thicker than a laminar one, the turbulent layer has a much larger gradient Qw/éy at the wall and thus much 
higher skin friction. We'll consider turbulent boundary-layer flow in detail in Section 4.4.2 and compressible 
flow in Section 4.6, 

A streamwise pressure gradient Gp/éx causes additional acceleration that affects the shape of the velocity 
profile, Because @p/éx tends to be nearly the same across the thickness of a boundary layer, it contributes nearly 
the same incremental material (Lagrangian) acceleration to fluid parcels regardless of distance from the wall. In 
Equation 3.2.2, we saw that a given Lagrangian acceleration requires larger Gw/éx when u is small than when u 
is large. Thus the bottom of the boundary layer, where u is small, responds to ép/@x with a more rapid spatial 
rate of change of u (larger 2wéx) than does the outer part of the boundary layer. As a result, a positive pressure 
gradient reduces the velocity at the bottom of the profile more than at the top, as shown in Figure 4.1.5a, and 
pushes the flow closer to separation, which we'll discuss in Section 4.1.4. Because of this association with the 
approach to separation, a positive pressure gradient is often called an adverse pressure gradient. A negative, or 
favorable pressure gradient has the opposite effect, as illustrated in Figure 4.1.5b, With these changes in profile 
shape come an inerease in skin friction in a favorable gradient and a decrease in an adverse gradient 


























Figure 4.1.5 Effects of pressure gradient on 2D laminar-boundary-layer velocity profiles. (a) Adverse (posit 
ive) pressure gradient. (b) Favorable (negative) pressure gradient 
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tion 3.6, we discussed the general effects of viscos: 





In and used a notional boundary-layer velocity pro- 
file as an example in Figure 3.6.2c. There we noted that the negative second derivative 7wéy* corresponds 
to a negative shear-stress gradient Gt/dy, which constitutes a net viscous force on fluid parcels tending to slow 
the parcels down, The boundary conditions on éwiey require that every boundary-layer velocity profile have at 
least one region of negative C7w/y~. And in fact, in the usual situation in most boundary-layer flows, negative 
wey” and negative ét/Gy dominate, with the result that fluid parcels in the boundary layer slow down, and the 
boundary layer grows thicker as it flows along. Of course net viscous forces are not the only thing affecting this 
houndary-layer growth; the pressure gradient also plays a role. An adverse pressure gradient tends to slow fluid 
parcels down and hasten the growth the boundary layer, while a favorable pressure gradient tends to slow the 
growth down and can even reverse it. In Section 4.2.2, we'll see how these effects are quanti 
integrated momentum balance. 














ed in terms of the 





‘The tendency toward positive boundary-layer growth is usually quite pronounced, A boundary layer starting 
at a stagnation point as in Figure 4,1.1a starts with nonzero thickness, and it is not uncommon for the thickness 





to grow by a couple orders of magnitude over the length of a body. Streamlined bodies usually have regions of 
adverse pressure gradient over their aft portions that contribute strongly to the overall boundary-layer growth, 

The general tendency of viscous forces to slow fluid parcels down in the boundary layer has an important ex- 
ception, and that is at the bottom of a boundary layer in an adverse pressure gradient. Note that the velocity pro- 
file in the adverse pressure gradient in Figure 4.1 Sa has a positive second derivative u/@y" close to the wall 
and a negative second derivative farther out, with an inflection point in between, When we get to the quantitat- 
ive theory, our discussion in connection with Equation 4.2.7 will explain why this is, but for now the important 
point is that positive ¢>wy” at the bottom of the boundary layer corresponds to a positive shear-stress gradi- 
cnt ér/dy, which constitutes @ net viscous force on fluid parcels pushing them along in the flow direction rather 
than impeding them, This “favorable” viscous force is the main mechanism by which the flow at the bottom of 
the boundary layer resists being slowed in an adverse pressure gradient and thus resists separation, which we'll 
discuss further in Section 4.1.4. 

















A boundary layer flow must obey conservation of momentum, both locally and in an integrated sense, 
something we'll discuss in detail in Section 4.2.2. One result of this is that a boundary layer maintains a 
“memory” of what it was subjected to upstream, and this memory typically persists over some distance down- 
stream. As an example, consider two turbulent boundary-layer flows, A and B, that are subjected to the same 
outer flow and differ only in that flow B is subjected to a short patch of surface roughness near the upstream end, 
that is not present in flow A. For reasons we'll discuss in Section 6.1.8, the roughness in flow B will increase 
the skin friction locally and thicken the boundary layer, relative to flow A. Conservation of momentum requires 
that the additional boundary-layer thickness in flow B persists downstream for some distance, but not forever. 
Downstream of the roughness patch, the skin friction in flow B will be lower than that in flow A because of the 
increased boundary-layer thickness. The boundary layer thickness in flow B will therefore grow more slowly 
and asymptotically settle back toward the thickness in flow A. Thus when a boundary-layer flow is perturbed 
in some way, it “remembers” the perturbation and then gradually “forgets.” We'll see a computational example 
that illustrates this effect in Figure 6.2.4 in connection with a more detailed discussion of surface roughness, 

Note that although the idea of “memory” is applicable in boundary-layer flow, “premonition” is not. In at- 
tached boundary-layer flow, “influence” is heavily skewed in the downstream direction, that is, flow conditions 
at one location along the surface strongly influence what happens downstream but have only very weak influ- 
cence upstream. In Sections 4.2.1 and 4.2.2, we'll see that in the idealized theory for both 2D and 3D flows the 
direct upstream influence is predicted to be zero, 

In 3D boundary layers, the velocity profile takes on an additional dimension, becoming a two-component 
vector function. An instructive way of visualizing a 3D velocity profile is to resolve it into components parallel 
and perpendicular to the outer flow, as shown in Figure 4.1.6, The component in the direction of the outer flow 
at the local boundary-layer edge is called the streannwise profile, and it looks qualitatively like the velocity pro- 
file in a 2D boundary layer, as in Figures 4.1.4 and 4.1.5. The component in the direction perpendicular to the 
local outer flow is called the cross-flow profile and is different from the streamwise profile in several ways. 
First, the cross-flow velocity goes to zero by definition at the boundary-layer edge. Second, cross-flow profiles 
are of different types depending on what “drives” them. If the wall is in motion so as to provide a shearing 
action in the cross-flow direction, as for example, on a propeller spinner, the cross-flow profile appears as in 
Figure 4.1.7a and is said to be shear-driven. If the wall is stationary, the cross-flow velocity must go to zero 
there, and the cross-flow profiles appear as in Figure 4.1.7b,¢. Cross-flow of this type is said to be pressure 
driven, because a pressure gradient in the cross-flow direction is required to set it in motion, And, of course, it 
is possible for cross-flow to be shear driven and pressure driven simultaneously. 






































Figure 4.1.6 Isom 





view ofa 3D velocity profile and its resolution into streamwise and cross-flow com: 









Surlace-normal direction 
Cross-fiow component 


‘Streamwise component 
‘Skewed 3D velocity profile 
Flow direction angle fi, 


Gross-flow direction 


utero direction 

Wall shear-strass direction 

Figure 4.1.7 Profiles of cross-flow velocity ug in a 3D boundary layer. (a) Sh 

by motion of the wall, (b) Pressure-driven cross flow increasing. (c) Pressure-di 
profile of the cross-over type 


says 


(a) ©) ) 


riven cross flow produced 






ven cross-flow profiles revers 








iven the essentially inviscid momentum balance that pertains in the outer flow, a pressure gradient in the 
cross-flow direction requires outer-flow streamline curvature in the cross-flow direction, So pressure-driven 
cross flow is always associated with situations in which there is outer-flow streamline curvature in the cross- 
flow direction. Because the cross-flow direction is parallel to the local body surface, “curvature in the cross- 
flow direction” refers to the curvature of the streamline as viewed in the local tangent plane of the body surface, 
as distinet from the part of the curvature that is due to the curvature of the surface itself, We'll explore what this, 
entails in greater detail when we address the theory in Section 4.2.1, The simple way to think of it is that itis 





the “lateral” component of the outer-flow streamline curvature 
‘with pressure-driven cross flow in a 3D boundary layer. 

The effect of the cross-flow pressure gradient on the flow is similar in some ways to the effect of a stream- 
wise pressure gradient that we discussed above in connection with 2D flow in Figure 4.1.5. Like a streamwise 
pressure gradient, the cross-flow pressure gradient tends to have nearly the same strength regardless of depth in 
the boundary layer, and it has stronger effects on velocity gradients in the low-velocity fluid deep in the bound- 
ary layer than it does in the outer flow. These effects can take the form of rapid changes in flow direction, as, 
for example, when a boundary layer with little cross-flow flows into a region with a strong cross-flow pressure 
gradient. In this situation the cross-flow rapidly increases, as in Figure 4.1,7b, and the streamline curvature deep 
in the boundary layer is much greater than in the outer flow. 

Just as we saw in 2D, these effects of pressure gradient in 3D are resisted by viscosity. As we saw for a 
2D boundary layer, the tendency of an adverse pressure gradient to slow the flow is resisted by viscous forces 
produced by the positive second derivative of the velocity profile close to the wall (see Figure 4.1.Sa). In a 
3D boundary layer with a cross-flow pressure gradient, the tendency of the cross-flow to increase as in Figure 
41.7 ted by viscous forces produced by the negative second derivative of the cross-flow profile typic- 
ally spanning a region starting at the wall and including the peak of the cross-flow profile. The growth of the 
cross-flow profile often stops when these two tendencies come into equilibrium 

Of course, inertia also plays a role in the evolution of the cross-flow profile. Ifthe cross-flow pressure gradi- 
cent disappears, the cross-flow profile lags behind and persists for some distance downstream. If the cross-flow 
pressure gradient reverses sign, the cross-flow profile reverses first at the bottom of the boundary layer and goes 
through an intermediate stage with a profile of the cross-over type illustrated in Figure 4.1,Te, Because it is a 
transient state accompanying a reversal in sign, the cross-flow velocity magnitudes associated with a cross-over 
profile tend to be small 

The distribution of flow direction in the boundary layer can be expressed in terms of a direetion profile, 
‘measured by the flow angle fs relative to the outer-flow direction. The direction profile consistent with a 3D 
velocity profile like that of Figure 4.1.6 is shown in Figure 4.1.8. In the limit as y approaches zero, this flow 
direction is the same as the direction of the shear stress at the wall, Bsw, as indicated in Figure 4.1.6 


Figure 4.1.8 The direc 
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Curves constructed parallel to the wall-shear-stress direction are called skin-friction lines, or limiting stream- 
lines, or even wall streamlines, though this last term is misleading, because the velocity at a stationary wall is, 
zero, and no real streamline can be defined. Figure 4.1.9 shows skin-friction lines and outer-flow streamlines in 
3D turbulent boundary layer on a flat wall of a curved duct of rectangular cross-section, The tuning of the 








outer flow is accompanied by a radial pressure gradient that forces the flow deep in the boundary layer to tum 
inward much more strongly than the outer flow does, as we would expect based on Figure 4.1.6, 


Figure 4.1.9 Skin-friction lines and outer-flow streamlines in a 3D turb 
curved duct of rectangular cross-section, plotted from mea 
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‘The presence of cross flow in a 3D boundary layer often significantly affects the momentum transport and 
thus the development of the flow compared with what it would be in a 2D boundary layer subjected to the same 
streamwise pressure distribution. In a 2D boundary layer, the streamwise momentum deficit is convected in only 
‘one direction: It comes from upstream and is carried downstream. In a 3D boundary layer, convection is in the 
direction of the local flow, which varies through the boundary layer, and cross-flow thus plays a direct role in 
the development of the flow, by transporting momentum “laterally.” Convergence or divergence of the flow in 
the boundary layer also plays an important role. Figure 4.1.10 illustrates what convergence and divergence look 
like in cross-flow profiles at locations that are a short distance apart in the cross-flow direction. Note that con- 
vergence and divergence don't require a change in sign of the cross-flow velocity, just an increase or decrease, 
The cross-flow gradient associated with convergence or divergence affects the velocity component normal to 
the wall through continuity, and thus affects momentum transport indirectly. 
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‘The cross-flow gradient also transports mass, which can alter the displacement effect of the boundary layer, 
as welll see in Section 4.1.3. And the additional degree of freedom in 3D boundary-layer flowfields opens up 
the possibilities regarding how the flow can separate from the surface, as we'll see in Section 4.1.4 

The oil-flow-visualization technique is often used in wind-tunnel testing to visualize the skin-friction lines, 
Oil is applied to the model surface, and the shear stress drags it along, forming streaks in the direction of the 
shear-stress lines. The streaky pattem can be made visible by pigment in the oil or by fluorescent dye illumin- 
ated by ultraviolet light. Figure 4.1.11 is an example of a fluorescent-oil-flow photo of a swept wing in a wind 
tunnel, (We'll discuss the specifics of swept-wing boundary layers in Section 8.6.2.) In general, such photos 
are useful for diagnosing 3D boundary-layer separation patterns, which we'll discuss in detail in Sections 4.1.4, 
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¢ an indication of the kind of cross-flow convergence or divergence we discussed 











Figure 4.1.11 Fluorescent oil-flow photo of a swei ind tunnel 
As useful as it is, however, oil-flow visualization has a downside: The streaks can give the misleading im- 


pression that they represent the general flow direction over the surface. We should always keep in mind when 
looking at oil-flow pictures that the streaks represent only the surface-shear-stress direction and that the flow 
direction can be very different only a very short distance above the surface, as indicated by the direction profile 
Figure 4.1.8, The change in direction above the surface can be especially rapid in a turbulent boundary layer in 
a strong pressure gradient, as, for example, near the trailing edge of the wing in Figure 4,111. The general flow 
over the surface there doesn't tun outboard nearly as strongly as the oil streaks indicate. The exaggerated turn- 
ing of the streaks in oil-flow pictures often leads observers to overestimate the importance of “spanwise flow” 
in swept-wing boundary layers, something we'll discuss further in Section 8.6.2. 

















4.1.3 Boundary-Layer Displacement Effect 


Flow separation like that depicted in Figure 4.1.2b obviously alters the effective shape of the body as seen by 
the outer flow. What is less obvious is that even an attached boundary layer has a displacement effect, though it 
tends to be much more subtle than the effect of separation. 

We've seen how the no-slip condition and viscous diffusion act in combination to slow the flow in the bound- 
ary layer, compared with a corresponding inviscid flow. It follows from the reduced velocity that streamtubes, 
within the boundary layer are thicker than they would have been in the inviscid flow. As a result, the flow out- 
side the boundary layer is displaced outward, away from the body, relative to what would happen in the inviscid 
case. The effect of this attached-flow displacement effect on the outer flow varies widely depending on how 
sensitive the outer flow is to small changes in the effective shape of the body. For example, boundary-layer dis- 
placement can have dramatic effects on airfoil pressure distributions in transonic flow, as welll see in Section 
en when the effect on the surface pressures is subtle, it can make a significant contribution to the 
s drag of a body. Well look at this contribution to pressure drag further in general in Sections 6.1.3 and 
6.1.5, and specifically in the case of airfoils in Section 7.4.2 

Note that we just described the displacement effect as the displacement of the outer flow relative to the ideal 
inviscid flow that would adhere to the contour of the body. In the viscous case, the displaced outer flow acts 


























like @ fictitious inviscid flow around a body whose contour has been displaced outward by some amount. In the 
theory, this fictitious inviscid flow is called the equivalent inviscid flow. Outside the boundary layer and vis- 
cous wake, the equivalent inviscid flow is the same as the actual outer flow, while in the region occupied by the 
boundary layer in the real flow, itis an inviscid extrapolation of the outer flow. 

‘The most widely familiar measure of the displacement effect is the displacement thickness, 6°, which varies 
along the surface, mostly increasing in the flow direction, and reflects how far outward the boundary layer has 
displaced the effective surface as seen by the equivalent inviscid flow. We'll look at using 8” as way to quantify 
the effect in Section 4.2.3. In 2D flow, the slowing of the flow in the boundary layer generally results in positive 
5°, except in cases with strong cooling at the surface, which can produce a sink effect that overrides the slowing 
effect. 

So, if we shift the body contour outward by the distance 3°, we define a new body, the equivalent body seen 
by the equivalent inviscid flow. But what determines how large 8° must be to have the required effect? Firs, 
the equivalent body surface must meet the flow-tangency requirement, that is, it must be a stream surface of 
the equivalent inviscid flow. But this requirement by itself is not sufficient to determine a unique value of & 
because the equivalent inviscid flow has an infinity of stream surfaces where a solid surface could be placed, 
all presumably having the same effect on the remainder of the outer flow. How do we choose which of these 
possible stream surfaces is the “right” one for our purposes? To illustrate the problem, Figure 4.1.12 shows 
schematically the streamlines of the equivalent inviscid flow around a 2D airfoil-like body. It is clear that there 
is only one streamline that splits at a closed “leading edge” and becomes two streamlines that pass the body 
(on opposite sides (shown as heavier lines than the others). If we choose streamlines farther from the body than 
these, the equivalent body must extend upstream to infinity, and if we choose streamlines closer than these, the 
equivalent body must spew mass out of part of its leading edge. These other options would work, in principle, 
but they'd be inconvenient, to say the least 




















Figure 4.1.12 Schematic of streamlines of the equivalent inviscid flow around a 2D airfoil-like body. Only the 
streamline indicated by the heavier curve forms an equivalent body that is closed at the front and is therefore 
the preferred streamline to define the displacement thickness of the boundary layer of the actual viscous flow 


Distances from the body are exaggerated for clarit 








The preferred equivalent-outer-flow streamline forms a blunt nose that mimics the shape of the body. The 
displacement thickness is therefore defined and nonzero at the stagnation point. Well look at how this works in 
‘more detail in Section 4.2.3. 

‘Thus the preferred choice of equivalent-outer-flow streamline to define 6” is the one for which the equivalent 
inviscid flow has no mass-flow missing (because the equivalent body extends upstream to infinity) and has no 
extra mass-flow spewing from its leading edge. With this definition of 6, the equivalent inviscid flow between 
the 6” surface and any point outside the boundary layer has the same mass flux as the actual viscous flow does 
between the wall and the same point, In Section 4.2.3, this will be our basis for defining 8° in 2D as a function 
of the local velocity profile. 





Now note that the equivalent-inviscid-flow streamlines defining &" behind the body “neck down” somewhat, 
but never close off. This reflects the fact that the viscous wake downstream of the body always carries some 
velocity deficit and therefore retains some displacement effect. 

The simple mass-flux argument we made using Figure 4.1.12 to define 8” in 2D flow doesn't apply in general 
in 3D. In 3D flows, cross flow can have a major influence on the displacement effect and can decouple it from 
the local streamwise velocity profile, so that while 2D 8° can be inferred from the local velocity profile, 3D 8° 
cannot. Cross-flow convergence can “pile up” fluid in the boundary layer and increase the displacement thick- 
ness. Likewise, cross-flow divergence carries fluid away laterally and decreases the displacement thickness. The 
general slowing of the flow in the boundary layer still tends to produce mostly positive 8”, in the absence of 
strong cooling. In limited regions of strong cross-flow divergence, however, 8° can be negative. In this situation, 
the boundary-layer fluid that has been carried away laterally by the divergence must be replaced by the outer 
flow, and it then appears to the outer flow as ifthe effective body contour has been locally carved away rather 
than thickened. Of course, the fluid that is carried away from a region of divergence has to, go somewhere, and 
48a result, regions of negative 5” are always flanked by areas of unusually large positive 8 

The general interpretation of the 8° surface as an effective solid-wall boundary for an equivalent inviscid 
flow is a useful mental model, but it is sometimes leads to misunderstanding. The 8” surface represents an ef- 
fective solid wall only for the flow situation that produced the boundary-layer flow with that particular distri- 
bution of 5”. In a different flow situation, say because some part of the body geometry elsewhere changes, the 
entire flow will change, including the 5° surface, and the flow will not respond as if the original 8° surface were 
a solid surface. 




















A misunderstanding in this regard has arisen in connection with wind-tunnel half-model testing, This is the 
testing of a model of half of an airplane mounted on a solid wind-tunnel wall that is supposed to enforce a 
symmetry-plane boundary condition, so that the flow is equivalent to symmetrical flow around a full model 
In the idealized situation, the nominal symmetry plane of the model coincides with a flat wall of the tunnel, 
as illustrated in Figure 4.1_13a, In inviscid flow, this arrangement provides perfect simulation of the full-mod- 
el flow. Ina real viscous flow, however, the symmetry-plane boundary condition is rendered imperfect by the 
boundary layer on the tunnel wall. An idea that is intuitively appealing, and that has frequently been put into 
practice, is that using a “standoff” spacer to move the model off the wall by a distance equal to 8" of the empty- 
tunnel boundary layer, as illustrated in Figure 4.1.13b, is the right thing to do on physical grounds, since the 
8° surface should be the effective location of the solid wall. But this is erroneous physical reasoning. Although 
the empty-tunnel 6” represents an effective solid-wall boundary condition for the empty tunnel, it doesn't do so 
in the presence of flow changes introduced by the model. A computational fluid dynamics (CFD) study (Mil- 
holen, Chokani, and McGhee, 1996) looked at a range of standoff heights and several strategies for controlling 
the tunnel-wall boundary layer. The results indicated that the best simulation of full-model conditions should 
be achieved when no model offset is used, and the wall boundary layer is thinned by tangential jet blowing just 
upstream of the model. (The authors did not calculate the case of zero height, but extrapolation of their results 
indicates that it would be best.) 














Figure 4.1.13 Schematic illustrations of a half model mounted on the wall of a wind tunnel. (a) Nominal sym: 
metry plane of the model coincides with a flat, solid wall of the tunnel, (b) A spacer is used such that the nom 
inal symm 





try plane of the model is spaced away from the wall at the empty-tunnel 8” surface, which is often 








erroneously thought to provide a better reflection plane 
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4.1.4 Separation from a Smooth Wall 


So far, we've seen what 2D separation from a smooth wall looks like topologically in Figure 4.1.2b, Now we'll 
look at the physics of separation, First, what determines whether a boundary layer separates, and if so, where it 
separates? 

Whether the boundary layer separates or stays attached is determined by what happens to the low-velocity 
fluid at the bottom of the boundary layer. In an attached-flow region, all of the fluid is moving in the general 
direction of the outer flow, which, if we take the outer-flow direction to be positive, means that the velocity in 
the entire boundary layer is positive, except at the wall itself, where it must go to zero. This, of course, requires 
the slope of the velocity profile to be positive at the wall. Just downstream of separation, there must be a region 
of reverse flow next to the wall, which requires a negative slope of the velocity profile at the wall. So going 
from attached flow to separated flow requires a decrease in the slope of the velocity profile at the wall from 
positive to negative, and the slope must go through zero at the separation point. This sequence is easiest to see 
and understand in the case of laminar flow, as sketched in Figure 4.1.14 














Figure 4.1.14 Progression of velocity profiles in a 2D boundary layer going through separation, (a) Laminar 
flow, (b) Turbulent flow 
@ ) 


As we saw in Section 4.1.2, an attached boundary layer usually thickens as it flows downstream, as viscosity 
and the no-slip condition act in concert to decelerate the flow. The slope of the velocity profile at the wall thus 


naturally tends to decrease gradually. But viscosity and the no-slip condition are not sufficient to make the slope 
go through zero and become negative as in Figure 4.1.14a. For that, an adverse pressure gradient (rising pres- 
sure) is also required. How do we know that an adverse pressure gradient is needed’ Note that for the negative 
velocity slope at the wall to appear, there must be a region in which the velocity profile is concave “forward” 
(positive @7u/dy*) somewhere within the boundary layer. When such a region appears, it generally appears first 
adjacent to the wall, as it does in the sequence sketched in Figure 4.1,14a. In a laminar boundary layer, or at the 
bottom of a turbulent boundary layer, positive wy” means that the shear stress gradient dt/dy is also positive. 
In our discussion of the theory in connection with Equation 4.2.7, we'll establish that positive Gv/éy at the wall 
requires an adverse pressure gradient. 

So it takes an adverse pressure gradient to cause separation of the boundary layer. But an adverse pressure 
gradient also activates a mechanism by which the boundary layer tends to resist separation, enabling it to remain 
attached at least for some distance into the region of adverse pressure gradient. As we saw above, an adverse 
pressure gradient results in a positive Gv/éy close to the wall. OF course, Gv/y is the net viscous force on a fluid 
parcel (see the discussion in Section 3.6 and the flow examples in Figure 3.6.2), and positive dx/dy thus consti- 
tutes a net viscous force opposing the pressure gradient. In effect, the fluid at the bottom of the boundary layer 
experiences a “favorable” viscous force. One way to think of it is to imagine the higher-velocity fluid farther 
from the surface acting through the viscous stress to drag the lower-velocity fluid along, fighting against the 
pressure gradient that is trying to slow the fluid down, 

Boundary-layer separation thus involves a tug-of-war between the adverse pressure gradient and an opposing 
viscous force. At any given station along a surface subjected to an adverse pressure gradient, the favorable vis 
cous force will generally be overmatched, and you'll see the pressure gradient winning the tug-of war, slowing 
the fluid near the wall, and reducing the velocity slope at the wall. How far the boundary layer will be able to 
persevere into the adverse pressure gradient before it separates depends on the rate at which the pressure gradi- 
cent wins and the velocity slope at the wall decreases. Although the favorable viscous force is generally over- 
‘matched locally, its presence is vital. As we'll see below, if it weren't for the favorable viscous force, a boundary 
layer starting into an adverse pressure gradient would separate immediately. With the favorable viscous force, 
the rate of approach to separation is finite, and the distance from the onset of the adverse gradient to separation 
is nonzero. Until the slope of the velocity profile at the wall is brought to zero, the boundary layer remains at- 
tached, just as the corresponding inviscid flow would under the same conditions. Separation occurs only when 
the adverse pressure gradient has acted over a long enough distance to produce reversal of the velocity profile. 
How long that distance is depends on a number of factors that we'll discuss in Section 7.4.3 in connection with 
the maximum lift of airfoils, 









































‘Thus we've established viscosity as a source of resistance to separation, which seems contradictory because 
‘we also tend to think of viscosity as one of the main causes of separation. Without viscosity and the no-slip 
condition, a flow can remain attached over the entire length of a body, surviving the adverse pressure gradient 
all the way to an aft stagnation point without separating. But with viscosity and the no-slip condition, there must 
be a boundary layer with zero velocity at the surface, which introduces the possibility of separation when the 
flow encounters an adverse pressure gradient. So separation is a possibility only because viscosity and the no- 
slip condition have introduced a viscous velocity profile. On the other hand, once an adverse pressure gradient 
sets in, viscosity is the only source of resistance to separation. If you turned off the viscous stresses at the start 
of the adverse pressure gradient (i.e., switched to Euler equations with the incoming boundary-layer velocity 
profile as the upstream boundary condition), the flow would separate immediately. The flow near the wall, with 
near-zero velocity, has near-zero capacity to proceed into a pressure rise without the favorable viscous effect 
that we discussed above. So viscosity is both an enabler of separation and a source of resistance to separation, 
The key to this seeming contradiction is that the net viscous force is just @v/@y, which is negative in most of the 
boundary-layer flowfield, slowing the fluid parcels down, Then at the start of an adverse pressure gradient, dt/ 











éy switches to positive at the bottom of the boundary layer and helps that part of the flow overcome the pressure 
gradient, at least for a while. This favorable viscous effect acts only in the bottom part of the boundary layer in 
an adverse pressure gradient, while viscosity everywhere else has an adverse effect. 

A laminar boundary layer cannot withstand much of a pressure rise without separating (see White, 1991, 
section 4-2), because the favorable viscous force that resists separation comes only from molecular shear stress, 
‘which tends to be small. The amount of pressure rise that can be withstood by a turbulent boundary layer, on 
the other hand, is much greater, because the favorable net viscous force is much stronger. At first glance it's 
tempting to think that this is simply because the eddy viscosity and the turbulent shear stress are so much larger 
than their molecular counterparts (we discussed turbulent shear stress and the eddy viscosity in Section 3.7), but 
the correct explanation is more complicated, If the eddy viscosity were simply larger, but uniform throughout 
the boundary layer, we would have the equivalent of a laminar boundary layer at a lower Reynolds number, and 
separation resistance would be no greater. The key is that a turbulent boundary layer has a thin sublayer next 
to the wall, in which the eddy viscosity is effectively zero, and that the eddy viscosity increases rapidly with 
distance from the wall outside this sublayer. Well look in some detail at the physics of the sublayer and the role 
it plays in the greater separation resistance of turbulent boundary layers in Section 4.4.2. 

In the regions of pressure rise that frequently occur in practical flows around bodies, a turbulent boundary 
layer is usually required if separation is to be avoided, Streamlined bodies, which we'll discuss in greater detail 
in Sections 5.2 and 6.1.6, must generally have a region of pressure rise at the rear, often referred to as a pres- 
sure recovery, and turbulent flow is generally required to prevent premature separation there. Even so-called 
laminar-flow airfoils (Section 7.4.6) are generally designed to have laminar flow over only part of the airfoil 
chord, with the boundary layer transitioning to turbulent before it tries to proceed too far into the region of the 
pressure recovery. 

Avoiding premature separation is important in many applications. In external flows, there are the pressure 
recoveries on airfoils and other streamlined bodies. In internal flows, ducts that serve to provide pressure recov- 
ery are ofien called diffusers, and they are important in propulsion inlets, wind tunnels, and many other flow 
systems. In such applications, the designer's objective is ofien to maximize the recovery that can be achieved in 
a given length or to minimize the length for a given recovery. In this regard, the performance of a flow device 
with a pressure recovery is strongly dependent on the details of the pressure distribution in the recovery region, 
We'll consider this issue in some detail in connection with the maximum lif of airfoils in Sections 7.4.3 and 
7.44, and in Section 4.5 welll look at general strategies for delaying or preventing separation, 

Now let's look further into what happens as a 2D flow approaches separation. Velocity profiles of flows, 
going through separation are illustrated in Figure 4.1.14, for laminar flow and turbulent flow. We've already 
noted that the basic flowfield topology requires that downstream of separation there be reverse flow close to 
the wall, which requires negative Cu/éy at the wall, and that the boundary between attached flow and separated 
flow is where Gw/éy at the wall goes through zero. The surface shear stress and the skin-friction coefficient are 
therefore zero at the separation point, but we must remember that this applies only in 2D flow. 

Where Gu/dy goes through zero at the separation point is easy to see in plots of laminar velocity profiles, 
Figure 4,1.14a. In plots of mean (time-averaged) velocity profiles in turbulent flow, separation doesn't stand out 
so clearly. A turbulent velocity profile at separation can give the appearance of still having a large positive Cu 
@y at the wall, because éu/éy can drop to zero over a very short distance from the wall, not visible on the scale 
ofa plot like Figure 4.1.14b, This is related to the existence of the thin sublayer we mentioned above, and which 
‘well discuss in detail in Section 4.4.2. And there are other ways in which the turbulent case is complicated, 
‘Turbulent separation is of course unsteady on length and time scales related to the boundary-layer turbulence, 
and often on longer time scales as well. This means that turbulent separation is marked by two thresholds: the 
first appearance of intermittent reverse flow, followed downstream by reversal of the mean flow. The special 
complexities associated with separation in turbulent flow are discussed in detail by Simpson (1989). 

































































Separation in 3D flow is also driven by the pressure gradient, but not just by its streamwise component. We 
can still think of separation as involving the reversal of one component of the velocity close to the wall, but it 
needn't be the outer-flow-streamwise component. And a line along which separation takes place, which we'll 
call a separation line, needn't be perpendicular to the local outer flow, as it would be in 2D. 

In some situations, in fact, a separation line can be closer to parallel to the outer flow than to perpendicular. 
In such cases the separation is sometimes called a “cross-flow separation” (see Hirsch and Cebeci, 1977, for 
example), because it can be accompanied by reversal of the cross-flow profile. This is unfortunate terminology 
because it implies that cross-flow reversal defines the separation. Actually, cross-flow reversal oceurs in many 
situations not even remotely associated with separation, and even in eases of so-called cross-flow separation, 
it isnt the cross-flow reversal that defines the separation location. Cross-flow separations are just situations in 
‘which the cross-flow reversal happens to occur very close to the actual separation location. 

So separation in 3D is not generally defined by a reversal of either the streamwise or the cross-flow velocity 
profile, or by zero Cr in either the streamwise or the cross-flow direction. But then what is it defined by? Se- 
paration in general involves some flow leaving the surface and forming a shear layer that is at least somewhat 
“separated” from the surface, and we'll look at some of the separated-flow structures that arise in 3D in Section 
5.2.2. But separation should also have a telltale signature on the surface. In 2D, that signature is zero Cr. What 
is the corresponding signature in 3D? 

In Section 4.1.1, we noted that a line of separation on the surface divides the surface into regions from which 
the flow just off the surface is converging from different directions, In the limit as we approach the wall, the 
direction of the flow just off the surface defines the direction of the surface shear stress, or the direction of the 
skin friction lines, which we defined in Section 4.1.2. A 3D separation line is thus a skin-friction line flanked by 
other skin-friction lines converging toward it from different directions, as in Figure 4.1.15. Although the mag- 
nitude of Cris not zero, the component of Cr perpendicular to the separation line is zero, just as is was in 2D. But 
zero perpendicular Cr isn't sufficient as a definition of the separation line because it is satisfied on every other 
skin-frietion line as well. And the fact that other skin-friction lines converge toward it doesn't suffice either. So 
‘we must look at other aspects of the direction field on the surface to see what it is that makes the separation line 
different 
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Figure 4.1.15 Local view of a 3D separation line with other skin-friction lines conver 
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Looking at the global pattern on the surface, we see that what distinguishes a 3D separation line is the longer 
term “history” of the skin-friction lines converging toward it: The skin-friction lines converging toward the sep- 
aration line from opposite sides “arrive” from locations on the surface that are far apart. Thus I propose as a 
working definition of a separation line that skin-friction lines converging toward it from opposite sides have 
different regions of origin. 

This isn’t a mathematically rigorous definition, but we can use a math-like argument to elaborate on what it 
means. Consider two points close together on the surface, both of them on the same side of a separation line, 








and consider the skin-friction lines that “arrive” at these points from “upstream,” as illustrated in Figure 4.1,16a, 
The path followed by each of these skin-friction lines can be thought of as being a kind of mathematical func 
tion in which the points on the surface map into the surface streamlines arriving at the points. This function 
can be said to be continuous in the sense that skin-friction lines 1 and 2 can be made arbitrarily close together 
anywhere along their length if we make points | and 2 sufficiently close together. Ina strict mathematical sense, 
this kind of continuity also applies to two points on opposite sides of a separation line, as sketched in Figure 
4.1.16b, but there is a practical difference. Crossing the separation line, the rate of change of the “function” is, 
‘much larger than it is elsewhere, as you can see qualitatively by comparing parts (a) and (b) of Figure 4.1.16, 
Practically speaking, the separation line is a near-discontinuity in the region of origin of the skin-jriction lines, 
‘which is the most precise way of stating my proposed working definition of a separation line in 3D. 

















Figure 4.1.16 Illustrations of the concept of the reg of skin-friction lines, as applied to two typi 
points on the surface, (a) Two points to one side of a separation line, (b) Two points flanking a separation line 
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A swept wing is one major application for which it is important to remember that separation in 3D is not 
generally characterized by zero Cr. We'll look at swept-wing separation patterns and at how the region-of-origin 
definition of separation applies to them in Sections 5.2.3.2 and 8.6.2. 

The region-of-origin way of defining 3D separation leads naturally into a discussion of the distinction 
between the two major types of separation lines illustrated in Figure 4,1,17. The separation line in Figure 4,1,17a 
divides a region where the boundary layer is fed by “clean” outer flow originating upstream of the body, from a 
region within a “closed” separation bubble. This is often referred to as a closed separation. Ifthe bubble's foot- 
print on the surface ends at a sharp traiting edge, as on a wing, the separation line can be an actual discontinuity 
in the region of origin of the skin-friction lines. The other major type is the separation line in Figure 4,1,17b, 
‘which is flanked on both sides by boundary layers fed by “clean” outer flow. This type is often called an open 
separation. Note that although the open separation doesn't divide regions of the surface fed by different kinds 
Of flow, it is still a near-discontinuity in the region of origin of the skin-friction lines. 











Figure 4.1.17 Illustrations of the two major types of 3D separation lines. (a) Closed type (“bubble”), Afler 
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Although Figure 4.1.17 is a good representation of the general distinction between open and closed separ- 
ation, there is one detail that is not quite right. It shows adjacent skin-friction lines joining the separation line 
tangentially but firmly, where skin-friction lines in actual flows do so only asymptotically. This is an issue we'll 
discuss further in Section 4.25. 

‘The idea of pressure recovery that we discussed in connection with 2D separation is also relevant to 3D sep- 
aration, but in 3D it is not just the streamwise component of the pressure gradient that is important. 3D effects 
can either increase or reduce the amount of recovery that can be withstood without premature separation. To 
take one important example, wing sweep generally reduces the amount of pressure recovery that the boundary 
layer can withstand, in absolute terms. We'll look at CFD calculations illustrating this effect in Section 8.6.2. 





4.2 Boundary-Layer Theory 


‘The idea of dividing the flow around a body, for theoretical purposes, into an outer inviscid flow and an inner 
viscous flow, both governed by simplified equations, was introduced by Prandtl (1904) and has been extens 
ively developed in the years since. For decades, this approach provided the only means for making quantitative 
predictions of viscous flows at high Reynolds numbers. Even in the 1970s and 1980s, when CFD predictions of 
transonic inviscid flows became practical, calculations based on boundary-layer theory provided the only eco- 
nomical means for accounting for viscous effects. In Chapter 10, we'll discuss some of the methods by which 
coupled CFD solutions are obtained for inner and outer flow regions. In this section, we'll concentrate on the 
theory and what we can learn from it about the flow in the boundary layer itsel. 

















4.2.1 The Boundary-Layer Equations 


Prandt!'s, 1904 derivation of the equations of motion for the flow in the boundary layer was based on physical 
reasoning and an order-of-magnitude analysis applied to the 2D NS equations. The boundary-layer equations 
can also be derived by a more formal procedure based on the method of matched asymptotic expansions (Van 
Dyke, 1964). In this procedure, the flow is divided into overlapping inner and outer regions, and the NS equa- 
tions are expanded in terms of a small parameter (R-! for laminar flow). The same boundary-layer equations 
arrived at by Prandtl arise as the equations governing the first-order solution for the inner-region flow. The 
equations that arise for the outer-region flow are inviscid, as was also proposed by Prandtl. This is an inter- 
esting example of sound physical intuition being reinforced much later by rigorous mathematical analysis. The 
‘more rigorous later theory has provided a basis for going beyond the original theory, as, for example, in higher 
order elaborations of boundary-layer theory, and asymptotic analyses of flows in regions where the first-order 
boundary-layer approximations break down, for example, at trailing edges of plates and airfoils 

To see how Pranddl's original 2D boundary-layer equations arise and how they relate to the corresponding NS 
equations, consider the boundary-layer flow developing along the surface of a body as shown in Figure 4.2.1 
‘The flow is described in a curvilinear coordinate system with x along the body surface and y perpendicular to it, 
but because of the thinness of the boundary layer, we ignore the curvature of the surface and of the coordinate 
system. The boundary layer (the region in which the effect of viscosity is significant) is assumed to have a small 
thickness (x), and x derivatives of flow quantities are assumed to be much smaller than y derivatives. The 2D 
NS equations for constant-property, steady, laminar flow are given below. The strikethroughs indicate the terms 
that were eliminated by Prandtl’ order-of-magnitude analysis to yield the boundary-layer equations: 
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Figure 4.2.1 2D bou 


boundary-layer equation: 





dary layer developing on the surface of a body, and the coordinate system used in the 2D 








For Reynolds-averaged turbulent flow, we would have to add a Reynolds-stress term to represent turbulent 
transport in the momentum equation, and then to have a complete set of equations, we would have to incorporate 
a turbulence model, as discussed in Section 3.7. For compressible flow (variable properties), we would also 
need to include the thermal energy equation, an equation of state, and an equation defining 1 as a function of 
other fluid properties (usually temperature only). The momentum and continuity equations for incompressible 
flow will suffice for purposes of this discussion. Note that Equation 4.2.3 stipulates that, according to this set 
of first-order boundary-layer assumptions, the pressure p is constant in the y direction and is thus effectively a 
function of x only. The pressure in the x-momentum equation is thus imposed unchanged across the entire thick- 
ness of the boundary layer and is, in effect, an environmental condition imposed on the boundary layer from the 
outside. 

So, what does the above simplification accomplish? Remember from Section 3.2 that the NS equations are 
yperbolic-elliptic in space, which means that the Solution at any one point depends on the solution everywhere 











else. This, combined with the nonlinearity of the equations, effectively precluded the economical computation 
of numerical solutions for most purposes, even in 2D, until the 1980s. The boundary-layer equations, on the oth- 
er hand, are parabolic because all second derivatives with respect to x have been eliminated, which means that 
they in effect represent an initial-value problem in x. Starting with an initial condition (initial velocity profile) 
at an initial x station, we can determine the solution in a one-pass marching sequence from upstream to down- 
stream, and the required computational effort is much less than that required for a corresponding NS solution, 
Economical numerical solutions to the full boundary-layer equations were obtained in the 1960s. 

And further simplifications apply in special cases. There are special situations in incompressible laminar 
flow, which we'll consider in Section 4.3.2, for which the pioneers of boundary-layer theory were able to find 
similarity transformations that reduce the boundary-layer equations from partial-differential field equations 
(PDEs) to an ordinary differential equation (ODE), greatly reducing the effort required to generate numerical 
solutions 











Even in more general situations in which the similarity transformations don't apply, incompressible laminar 
flows can often be simplified in another way. Equations 4.2.1-4.2.4 can be transformed into a dimensionless 
form in which the Reynolds number appears only in the definition of the transformed vertical velocity v and 
not explicitly in the equations themselves (White, 1991, Section 4.2). Thus the dimensionless development of 
an incompressible laminar boundary layer can be independent of Reynolds number, provided it starts with an 








initial condition that is consistent with the Reynolds number. A common situation that meets this requirement 
is when the boundary layer starts at a stagnation point of the 2D outer flow. The 2D stagnation-point boundary 
layer is one of the similarity situations we alluded to above, and it scales in the right way with Reynolds number 
so that the development of the rest of the flow downstream will be independent of Reynolds number even if it 
is nonsimilar. One consequence of ths is that incompressible laminar separation depends only on the pressure 
distribution, not on the Reynolds number, provided the flow starts at a stagnation point. 

In Section 4.1.4, we discussed how separation is determined by a tug-of-war between the viscous shear-stress 
gradient év/dy and the pressure gradient dp/dx. So how can separation in laminar flow be independent of Reyn- 
olds number? Doesn't a change in Reynolds number change the viscous stress? Well, yes, but the change in 
boundary-layer thickness compensates for it so that the balance between the shear-stress gradient and the pres- 
sure gradient remains the same. To see how this works, consider two flows in which the body shape and the flow 
quantities p and ux: are the same, but the viscosity jis different. At comparable locations in the boundary layers 
in the two flows (same station on the body, at the half-way point in the boundary-layer thickness, for example), 
‘we would have t ~ p, if @u/éy were the same. But Gu/éy is not the same. In a laminar boundary layer that dis 
Plays the kind of global Reynolds-number independence we'e talking about, the boundary-layer thickness 8 ~ 
10°, so that Qu/dy ~ pr! péuldy ~ p°-*. Then taking ér/éy introduces another factor of w °°, 
vey is independent ofp. 

The flow around a circular cylinder is a classic example of this kind of behavior in which laminar separation 
takes place at a fixed location in the pressure distribution, independent of Reynolds number. Assuming ideal 
potential flow as the outer-flow input (the effect of the separated wake is not accounted for), an early series 
solution predicted separation at the 108.8° location on the cylinder (see Schlichting, 1979). It has since been 
realized that the series solution converges poorly near separation, and more recent numerical solutions give sep- 
aration at 104.5° (see White, 1991). 

In the world governed by the parabolic boundary-layer equations, “information” is directly transmitted in the 
downstream direction but not the upstream direction, Ifthe pressure distribution p(x) imposed on the boundary 
layer is held fixed, the flow at any one point within the boundary layer depends on, but has no direct influen- 
ce on, the flow at points upstream, while the flow at one point influences the flow everywhere downstream, 
Upstream influence can happen only indirectly through interaction with the outer inviscid flow, which would 
be felt through changes in p(x). There are two important points to note about this. First, the complete asym- 
‘metry between the directions (influence travels downstream but not upstream) reflects the fact that the boundary 
layer is largely a dissipative viscous flow and is therefore irreversible. Second, the absence of direct upstream 
influence is an idealization resulting from the theoretical assumptions: the neglect of the streamwise viscous 
diffusion term in the x-momentum Equation 4.2.1 and the assumption that pressure is an imposed environment- 
al condition that doesnt vary with y. These assumptions don't hold exactly in any real flow. But they are good 
approximations in many situations, and even in many situations in which they are significantly violated locally, 
the effects of the violation tend to be localized. For example, ifa disturbance in the form of a small bump on the 
surface is introduced into a real boundary-layer flow, it will, of course, have some direct influence on the flow 
upstream, primarily through its disturbance pressure field, which will vary in y. But its significant upstream in- 
fluence will be confined to within a few bump lengths or heights of the bump itself, and if the bump is small, 
it's direct upstream influence will be limited to a short distance. Thus the idea that direct upstream influe 
in boundary-layer flows is limited, but that downstream influence can be far reaching, is a useful insight. Of 
course, this applies only to boundary layers that remain thin and attached to the surface. If the boundary layer 
separates from the surface, its upstream influence through the outer flow becomes much strong 

While the boundary-layer equations represent an initial-value problem in x, they also require boundary con- 
ditions, some of which can vary with x. At the inner boundary, the usual solid-wall no-slip boundary condition 
is u=v =O at y= 0, just as it was for the NS equations. For the normal velocity v, this inner condition is all that 
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‘we can impose, because the highest order y derivative is v/dy. The outer boundary conditions on the rest of 
the solution are a little more complicated. We've already observed that the pressure is effectively one boundary 
condition imposed on the boundary layer from the outside, but we still must apply a condition to the tangential 
velocity u. Note that du/éy should tend toward zero for large y, so that the x-momentum Equation 4.2.1 reduces 
to the 1D inviscid momentum (Euler) equation: 











with the pressure independent ofy as stipulated in Equation 4.2.3, Thus for large y, u should tend toward a value 
tue (x) that is independent of y and consistent with Equation 4.2.5. We can either impose p(x) as the “outer” 
boundary condition and let ue (x) “fall out” as an implicit result of Equation 4.2.5, or we can impose te (x) as 
the boundary condition and use Equation 4.2.5 explicitly to determine a consistent p(x) to impose in Equation 
4.2.1. In any case, we will usually use either p(x) o ue (X) as an outer-flow matching condition, that is, we 
Will require it to match the distribution for some outer inviscid flow. Solving the boundary-layer equations with 
either p(x) or ue (x) as an explicit boundary condition is referred to as the direct mode. Solving the equations 
with a boundary-layer flow variable such as the displacement thickness (which we'll define in Section 4.2.3) or 
the skin-friction coefficient Cr imposed and allowing p(x) and ue (x) to “fall out” is referred to as an inverse 
mode. 

The terms in the streamwise momentum Equation 4.2.1 have straightforward physical interpretations easily 
related to our physical discussion of Section 4.1.2. The two convective-acceleration terms represent the steady- 
flow part of the Lagrangian acceleration of fluid parcels as they pass through the flowfield, in the manner we 
discussed in Sections 3.2 and 3.4.6, and the pressure gradient and shear-stress terms represent the internal fluid 
stress gradients that provide the acceleration, 

Some further discussion of the order-of-magnitude argument is called for here. At first, it might seem sur- 
prising that neither of the convective acceleration terms was eliminated in going from the NS equations to the 
boundary-layer equations. After all, the boundary layer is a thin region, and because v in the boundary-layer 
coordinate system must be zero at the wall, v will be small everywhere in the boundary layer. So why can't we 
neglect véw/ey? It tus out that although v is small, véu/@y and uowéx are of the same order, as Prandit's order- 
of-magnitude analysis showed. 

To see how this comes about, consider what determines the magnitude of v in a boundary layer. Although v 
must of course obey a vertical momentum balance, the momentum balance isn’t actually operative in determ- 
ining v, because all of the terms in the y-momentum Equation 4.2.2 are negligible in the boundary-layer ver- 
sion, Equation 4.2.3. Instead, to determine v we must resort to the continuity equation. Integrating the continuity 
Equation 4.2.4 in the y direction, noting that v= 0 at y=0, we get 
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So in boundary-layer theory, the vertical velocity v is of the same order as yéu/éx. Furthermore, itis proper 
to think of vas being primarily a result of the combination of continuity and dwéx, and to think of the small Gp! 





in the vertical momentum balance as adjusting to accommodate the v distribution that continuity imposes, 
Now because v is of the same order as ydwéx, we must keep both convective terms in the x-momentum 
equation. And so even in a boundary-layer flow, uéwéx isn't the only significant contributor to the Lagrangian 
acceleration, Because of the véw/dy term, the actual Lagrangian acceleration of fluid parcels in a boundary layer 
is typically considerably smaller, in an absolute-va than uéw/éx. Even though v is small, it makes an 
important contribution to the boundary-layer’s streamwise momentum balance. 

















At the bottom of the boundary layer, the relative importance of the terms in the momentum balance is differ- 
ent from what it is at the edge. We saw above that according to Equation 4.2.5, the momentum balance at the 
edge of the boundary layer involves only the pressure gradient and the longitudinal acceleration, At the bottom 
of the boundary layer, the situation is very different, and the gradients of the shear stress and the pressure dom- 
inate. In the limit as the wall is approached, the convective terms in the x ~ momentum Equation 4,2.1 vanish, 
and the equation reduces to 
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This equation applies only to a very limited region a the bottom of the boundary layer, bus it stil provides 
interesting insights. It requires, for example, that in an adverse (positive) pressure gradient wey” and éx/@y 
‘must be positive at the wall. We looked at the implications of this in the physics of flow separation in Section 
4.1.4. Because the second derivative is always negative in the outer part of the layer, this means that the velocity 
profile ofa laminar boundary layer in an adverse pressure gradient must always have an inflection point. We'll 
see in Section 4.4 that this has implications for the stability of the laminar boundary layer. 

‘The 3D boundary-layer equations are analogous to the 2D Equations 4.2.1-4.2.4, with two velocity com- 
ponents, u and w, parallel to the surface, in place of just u, and an additional component of momentum to be 
accounted for. The momentum Equation 4.2.1 thus becomes a two-component vector equation, or two equa- 
tions. And in place of just one coordinate, x, along the surface, we must now have two, x and z. If the body 
surface has compound curvature, the x-z coordinate system that is laid out in the surface must be curvilinear, 
and coordinate metrics and curvature terms must be introduced. And it is often convenient to make the coordin- 
ate system in the surface nonorthogonal. In this respect, the 3D boundary-layer equations are no different from 
‘most implementations of the 3D NS equations, and tensor notation provides the least error prone way to derive 
equations in curvilinear, nonorthogonal coordinates. For the boundary-layer equations, details can be found in 
the book by Nash and Patel (1972) 

The x-2 coordinate system for the 3D boundary-layer equations can be laid out arbitrarily on the body sur 
face. The velocity profiles described in an arbitrary coordinate system can look quite different from the stream- 
wise and cross-flow profiles that we considered earlier. Figure 4.2.2 shows what the velocity profiles of Figure 
4.1.6 would look like in an arbitrary boundary-layer coordinate system xb,2b. 

















Figure 4.2.2 Isometric view of the 3D boundary-layer velocity profiles of Figure 4.1.6, as resolved in an arbit 


rary 3D boundary-layer coordinate system Xb, 2 
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In some situations, particular choices of coordinate alignment can make life much easier. For example, if a 
‘numerical solution is to be generated in a marching sequence, it may be necessary to align one coordinate or the 
other roughly in the dominant flow direction, Sometimes it may be advantageous to align one of the coordinate 
families with the streamlines of the outer flow, a choice referred to as streamline coordinates, though this is 
not often done in practice. Sometimes one coordinate line is aligned with a line along which the initial condi- 
tions for the boundary-layer flow are known or can be easily generated as solutions to the plane-of-symmetry 
boundary-layer equations, simplified versions of the 3D equations that we'll discuss in Section 4.3.4. Examples 
of this would be to align one coordinate line with a plane of symmetry of a body or the leading-edge attachment 
line on a swept wing, as shown in Figure 4.2.3. 














Figure 4.2.3 Examples of aligning one coordinate of a 3D coordinate system with a line along which plane-of 


symmetry equations apply 
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In Section 4.1.2, we discussed in physical terms how the presence of cross flow affects the momentum bal- 
ance in a 3D boundary layer, and how cross flow is related to the pressure gradient in the cross-flow direction, 
We also saw how a pressure gradient in the cross-flow direction requires outer-flow streamline curvature in the 
cross-flow direction. What this means is illustrated in Figure 4.2.4, The outer-flow streamline projected onto 
the body surface forms a 3D space curve that at any given point has a unit tangent vector t. When the curvature 
ddt/ds (the of change of t along the curve) is nonzero, we can define a unit curvature vector k= (I/x)dt/ds. Then 
the curvature vector wk can be decomposed into components perpendicular and parallel to the local tangent 
plane of the body surface. The component perpendicular to the local tangent plane is due to the curvature of the 
surface and is not active in cross-flow production. The cross-flow pressure gradient that is active in producing 
cross flow is proportional to the component of xk parallel to the local tangent plane of the body surface 














Figure 4.2.4 Illustration of outer-flow stre 
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uurvature vector kis given by (I/s) dds, The component of the 





curvatu he local tangent plane is the component that is active in producing cross flow 
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Another way to look at the active component of the curvature is to project the outer streamline into the tan- 
gent plane instead of into the surface itself. The perpendicular component of xk, which is the one due to surfac 
curvature, is then lost (zero), but the parallel component is the same as before. So the curvature we're interested 
viewed in the local tangent plane. For a curve that lies in a curved 
surface, the mathematical term for this part of the curvature is intrinsic curvature. So pressure-driven cross flow 
is always associated with situations in which the intrinsic curvature of the outer-flow streamlines is nonzero, 

When a curve lying in a surface has zero intrinsic curvature it is called a geodesic of the surface. Longitude 
lines and great-circle routes on a spherical globe are examples of geodesics of a spherical surface. Sedney 
(1957), using the 3D boundary-layer equations in streamline coordinates, showed that if the outer-flow stream- 
lines are geodesics of the body surface, the 3D boundary layer will have no tendency to generate cross flow. 
While this sounds like a very general result, the only common examples of it are axisymmetric and 2D planar 
flows. 

















Earlier in this section, we discussed how a solution to the 2D boundary-layer equations at one station along 
the surface depends only on what happens upstream and influences only what happens downstream, when the 
imposed pressure p(x) is held fixed. The same principle applies in solutions to the 3D boundary-layer equa- 
tions, but we must generalize the meaning of “upstream” and “downstream” in a particular way. For the 3D 
boundary-layer solution along a particular column normal to the surface at a point P, when the imposed pressure 
(xp, 24) is held fixed, the upstream zone of dependence and the downstream zone of influence are curvilin- 
car wedge-shaped regions defined by the widest range of streamline directions passing through the column, as 
shown in Figure 4.2.5 (see Wang, 1971). The flow at every point on the column at P depends on everything 
inside the upstream zone of dependence and influences everything in the downstream zone of influence. In the 
lateral regions outside of both of these zones, the flow neither directly affects, nor is directly affected by, the 
flow at points along the column at P. As was the case in 2D, this all-or-nothing dependence/influence situation 
isan idealization resulting from the theoretical assumptions. The earlier comments regarding indirect influct 
through interaction with the outer flow and the effects of local disturbances like small bumps on the surfa 
ply in 3D as they did in 2D. In 3D we have the additional effect of viscous diffi 
direction, which is ignored in the idealized theory but which can have direct effects in the real world that are 
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significant over short distances, on the order of the boundary-layer thickness. Thus it would be reasonable to 
think of direct dependence and influence in the real world as a kind of blurred version of the picture in Figure 
425 











4.2.2 Integrated Momentum Balance in a Boundary Layer 


Looking at the streamwise momentum balance in the boundary layer in an integrated sense is informative for 
purposes of physical understanding and is the basis for a whole class of boundary-layer prediction methods, the 
integral methods. If we take the 2D momentum Equation 4.2.1, substitute Equation 4.2.5 for the dp/de term, and 
integrate in the y direction from y =0 to any height h that is everywhere outside the boundary layer, we obtain 
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‘Then if we integrate the continuity Equation 4.2.4 from y'= 0 to y'= y and substitute for v in Equation 4.2.8, 
recognizing that 
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is the boundary-layer momentum thickness, and 





is called the boundary-layer shape factor, and 8" is the displacement thickness, a measure of the displacement 
effect of the boundary layer, which well discuss below (Equation 4,2.13). The second term on the right-hand 
side defines the effect of the pressure gradient and is shown in two altemate forms, one using due/dx and the 





other using dp/dx directly. The two forms are related by the Euler momentum Equation 4.2.5. A version of 
Equation 4.2.10 valid for compressible flow can be found in Schlichting (1979). 

The momentum thickness is a measure of the flux of momentum deficit and can be related to drag in ways, 
well discuss in Section 6.1.4. The flux of momentum deficit isn't the easiest of concepts to appreciate intuit- 











, but it leads to the most direct way to express the integrated momentum balance, as in Equation 4,2,10. 

As welll see in Section 4.4, Equation 4.2.9 holds for turbulent flow as well as laminar, so that the momentum. 
integral Equation 4.2.10 is valid for turbulent flow, even though we derived it from the field equations for lam- 
inar flow. 

‘The momentum integral equation quantifies and illuminates several important relationships in boundary-lay- 
er flows. It clearly shows how the growth of the boundary layer, represented by d8/dx in Equation 4.2.10, de- 
pends on the skin friction and the pressure gradient, relationships we discussed in physical terms in Section 
4.1.2. It dictates that the growth rate dO/a will be positive unless the pressure-gradient term is sufficiently neg- 
ative (i.e, there is a sufficiently strong favorable pressure gradient) to offset the skin-friction contribution. It 
also shows how the effect of the pressure gradient depends on the shape of the velocity profile, through the 
shape factor, H. Referring to the laminar velocity profiles with low and high H sketched in Figure 4.2.6, we can 
sce that the higher H is, the higher will be the proportion of the flux of momentum deficit that is accounted for 
by low-velocity fluid. As we argued in Section 4.1.2, low-velocity fluid responds to the pressure gradient with a 
larger local velocity gradient Gu/éx. A high-H boundary layer is thus more susceptible to the effect of a pressure 
gradient, an effect that Equation 4.2.10 quantifies in terms of dO/d. 








Figure 4.2.6 2D laminar velocity profiles illustrating low and high shape factor H 
Adverse dovdx Favorable dpi 
high H Tow H 




















@) w) 


‘The momentum integral equation has four independent variables: ue, 0, H, and Cr. Generally at least one of 
these must be imposed as a “boundary condition.” Solving the equation with ue imposed is referred to as the 
direct mode, just as it was in solving the field Equations 4.2.1~4.2.4. And just as before, solving with any of 
the other three imposed instead is referred to as an inverse mode. Whatever mode the equation is solved in, it 
has three unknowns, and two additional closure relationships are therefore required in order to have a complete 
system, One relation is almost always a skin-friction law that defines Cr as a function of other boundary-layer 
quantities. In many methods, the other closure relation requires making an assumption about the velocity pro- 
files, usually in the form of a family of profile shapes with a range of shape factor H. The skin-friction law 
and the other closure relation will of course depend on whether the flow is laminar or turbulent, A wide variety 
of integral boundary-layer methods have been developed for both laminar and turbulent flow. Two of the best- 
known examples are the lag-entrainment method of Green, Weeks, and Brooman (1977) for turbulent flow, and 
the laminar and turbulent methods developed by Drela and Giles (1986) for airfoil calculations, White (1991) 
discusses some of the earlier methods. 











Three-dimensional integral boundary-layer equations can be derived in the same way, starting with the 3D 
boundary-layer momentum equations in general curvilinear, nonorthogonal coordinates. There are then two 
equations corresponding to Equation 4.2.10, one for each in-surface coordinate direction. Because there are 
two surface-parallel velocity components carrying momentum, the equations contain two “displacement” thick- 
nesses and four momentum thicknesses. There are also two skin-friction coefficients to solve for. Compared 
with 2D, we thus have five more basic unknowns and only one more basic equation, so more closure relations 
are required. Tying the additional integral thicknesses together generally requires making empirical assump- 
tions about the velocity profiles. The usual approach is to develop relations based on empirical models for the 
streamwise and cross-flow velocity profiles and then to transform the relations into the general coordinate sys- 
tem. The resulting equations are very complicated. The 3D integral method by P.D. Smith (1972) is one of the 
better-known examples. 

















4.2.3 The Displacement Effect and Matching with the Outer 
Flow 


In early applications of boundary-layer theory, p(x) or ue (x) was usually assumed to be known a priori from 
a potential-flow solution for inviscid flow around the body, the boundary-layer equations were solved in the 
ind any influence of the boundary layer on the outer flow was ignored, Later development of the 
rigorous theory showed that this is all that is required for the formal first-order theory. But in many practical 
applications, the effect of the boundary layer on the pressure distribution is significant, and the first-order theory 
is not enough, 

In higher fidelity viscous-inviscid matching calculations, the objective is to impose the boundary layer's 
displacement effect on the outer flow and thus to have the outer-flow calculation provide a prediction of the 
boundary-layer’s effect on the surface pressure. Note that the correction for displacement is formally a second- 
order effect (see White, 1991, Section 4.11), but that when we introduce it we still usually ignore all other 
second-order effects. Interactive schemes that impose the displacement effect always require some iteration, 
with both the boundary-layer and the outer-flow solutions repeated several times 

The most obvious matching strategy is simple repeated cycling: Calculate the inviscid flow, then input the 
resulting ue (x) to a boundary-layer calculation, and then add the resulting 5” to the body shape, and repeat 
to the inviscid calculation, This scheme works some of the time, but it doesn't always converge, especially if 
the boundary-layer calculation gets close to separation, Many other schemes have been developed in attempts 
to achieve more robust convergence, to extend matching calculations into regions of separation, and to reduc 
computing time. In these schemes, the inviscid flow and the boundary layer are calculated either in series or in 
parallel with each other, or simultaneously in systems where the boundary-layer and outer-flow equations bi 
been combined. In various nonsimultaneous schemes, the boundary-layer equations may be solved in the direct 
‘mode, an inverse mode, or a combination. In all cases, the matching of p(x) or ue(X) is either imposed explicitly 
as a condition on each boundary-layer solution or is sought as an outcome of the iterative coupling. We'll dis- 
cuss such schemes further in Chapter 10. 

In Section 4.1.3, we discussed the displacement effect and the idea of a displacement thickness in qualitativ 
terms. We also discussed the concept of an equivalent inviscid flow, which has the same velocity field and pres- 
sure distribution outside the boundary layer as the actual flow, but remains inviscid and irrotational across all 
or part of the near-wall region occupied by the boundary layer in the actual flow. Implementing this concept 
requires altering the boundary conditions on the outer inviscid flow solution so that it matches the desired equi- 
valent inviscid flow. There are two ways to do this: (i) to apply the usual no-through-flow boundary condition 



































on an “effective” body contour that has been moved outward by the displacement thickness or (ii) to apply a 
nonzero normal velocity, or transpiration, on the actual body contour. These ideas are illustrated in Figure 4.2.7, 
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Figure 4.2.7 Illustration of the 2D boundary-layer displacement ef 
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In Section 4.1.3, we saw that in 2D flows the most convenient value for the displacement thickness 6° can be 
defined by requiring that the equivalent inviscid flow between y= 8" and any value of y outside the boundary 
layer, as shown in Figure 4.2.7b, have the same mass flow as the actual flow, as shown in Figure 4.2.7a, The 
result is that 6" is given by an integral of the local velocity profile: 
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Given this definition, the imaginary displacement surface at y = 8° is a streamline of the equivalent inviscid 
flow and is therefore a surface along which the equivalent inviscid flow would satisfy a solid-wall boundary 
condition. 














But this is not our only choice for a definition of 8”. As we noted in Section 4.1.3, we can apply a solid-wall 
boundary condition at any nearby streamline of the equivalent inviscid flow, and it will have the same effect 
con the rest of the flow. Thus the value of 8” defined by Equation 4.2.13 isn't the only choice that would have 
the effect we seck. However, as we saw in Figure 4.3.12, the drawback to the other choices for 8° is that the 
displacement surface won't have a simple, closed shape at the nose of the body. As a practical matter, this is a 








‘major drawback, and alternative definitions of 2D 8” are never used in practice. But the alternative derivation is 
usefl because it shows the way toward a definition of 8” that works in 3D. 

The alternative derivation of 2D 6" that captures the other possible choices is, based on flow tangency and 
the continuity equation, Recall from Section 4.1.3 that the purpose of defining 8" is to produce the right flow 
inclination vite in the equivalent inviscid flow where it contacts the displacement surface. We can calculate () 
in both the real flow and the equivalent inviscid flow by integration of the continuity equation in the y direction, 
For the real flow, we start with v=0 at y rate outward to a point outside the boundary layer. For the 
equivalent inviscid flow, we start with » matching the real flow outside the boundary layer and integrate inward 
to any y inside the boundary layer, thus defining v(y) for the equivalent inviscid flow. The 8" surface we seek 
to define must be tangent to the streamlines of the equivalent inviscid flow and thus must have a slope d8/dx 
‘equal to v(y)/ue. The result is an equation for 8” 
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where Sloe is defined by the local integral siven by Equation 4.2.13, Equation 4.2.14 is singular at a stagnation 
point, but uscuble elsewhere, When Equation 4.2.14 is integrated in x, it defines 5” only to within a constant of| 
integration. In effect, the value of 6° at any initial x station other than the stagnation point is ffee to he chosen 
arbitrarily 

At the stagnation point of attachment, we seem to have a problem: Equation 4,2.14 is singular there, and be- 
cause u(y) = we = 0, Equation 4.2.13 doesnt seem to define anything either. But the 2D stagnation-point bound 
ary layer is one of the laminar similarity solutions well discuss in Scetion 4.3.2, and in the neighborhood of 


the stagnation point loc is constant, including in the limit as the origin is approached. So °” = Sloe is the 


definition of 3° that works at the stagnation point and is consistent with Equation 4.2.14 elsewhere. 
In 3D flow, the mass-flux argument leading to Equation 4.2.13 doesn't generally apply. Instead, we must use 
the same matching and tangency analysis that led to Equation 4.2.14, extended to 3D flows (see Nash and Patel, 
1972). The result is a PDE in two dimensions on the body surface, involving two local integrals of the velocity 
profiles, which in Cartesian coordinates is given by 
a P ay O 
(Peteed* — petedi) + 5 














( pewed” — peqed3) = 0 





Ox 





=u? + w? 
where ge is the edge-velocity magnitude (Je = Ye + We), and 


1 /[~ 
[ (Pette — pu) dy 
42.16 Pete Jo 


1 f= 
= tes [ (pewe — pw) dy. 
Pee Jo 


‘The 3D 6° equation is hyperbolic, and solying it numerically must follow the usual rules for hyperbolic equa- 
tions. Initial conditions (initial values of 8") must be defined at upstream boundaries, in a manner analogous to 
defining a starting value of 5° in 2D in Equation 4.2.14, Three-dimensional analogs to starting at a 2D stagna- 
tion point are starting at a singular point of attachment, as at the blunt nose of a fuselage, or at an attachment 
line, as at the leading edge of a swept wing. A similarity solution applies at a singular point of attachment, and at 
a leading edge attachment line, we can usually use the plane-of-symmetry boundary layer equations discussed 

















in Section 4.3.4. Both of these situations define starting values of 8° analogous to starting with Noe in 
2D. 

‘We mentioned earlier that an alternative to using 8" to produce the displacement effect is to use an equivalent 
transpiration boundary condition applied at the actual body surface. We derive this condition by applying the 


same process of integrating the continuity equation that led to Equations 42,14 and 4.2.15. The 2D result is, 
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Imposing this as a boundary condition on the outer flow simulates the boundary-layer displacement effect by 
enforcing the flow situation illustrated in Figure 4.2,7¢. Note that because this is a boundary condition on the 
outer inviscid flow, py: is the density of the inviscid flow at the wall, not the viscous boundary-layer flow. 








4.2.4 The Vorticity “Budget” in a 2D Incompressible 
Boundary Layer 


In Section 3.6, we discussed the vorticity equation governing the creation or destruction, convection, stretching, 
and diffusion of vorticity. In a 2D planar flow, only the transverse component of the vorticity can be nonzero, 
and there is no vortex stretching. Furthermore, if the density is constant, there can be no creation or destruction 
of vorticity in the interior of the field, With these restrictions, there is only convection and diffusion, and the 
vorticity equation looks like a conservation equation for a passive scalar (the transverse component of the vorti- 
city). We should keep in mind, however, that it isn't an independent physical equation in its own right, but really 
just a sort of rearrangement of the momentum equation. 

Ina 2D, incompressible, steady flow, the conservation of vorticity in control-volume form is quite simple. It 
reduces to a balance between two fluxes integrated over the boundaries of the control volume: the convective 
flux V + n and the diffusive flux véo/én, where v is the kinematic viscosity, and «is the vorticity component 
in the transverse direction, the only component that can be nonzero. 














In Figure 4.2.8, we set up a control volume fora boundary-layer flow in the x direction and indicate the relev- 
ant diffusive flux to or from the wall and the convective fluxes through the upstream and downstream boundar- 
ies. The diffusive fluxes at the upstream and downstream boundaries are negligible. Even if flow passes through 
the outer boundary, there is no diffusive or convective vorticity flux there because the vorticity is effectively 
zero outside the boundary layer. So the diffusive flux in or out at the wall must balance the difference between 
the convective flux in (upstream) and out (downstream), 








he vorticity “budget” of a 2D incompressible boundary layer 


Figure 4.2.8 Control volume 
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The diffusive flux of vorticity to the wall is given by 
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and for a thin boundary-layer flow, the convective flux reduces to 
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So we see that the net vorticity flux in a thin boundary layer is given approximately by half the square of the 
edge velocity. This is analogous to the result that the integrated vorticity in a thin shear layer is approximately 
equal to the velocity jump across the shear layer, which we discussed in Section 3.3.8. 

Now we see that the vorticity balance requires flux to or from the wall only when ue is changing with x. The 
wall acts as a source or sink for vorticity depending on the rate of change of ue. Increasing ue requires vorti- 
city flux from the wall, or negative uly”, while decreasing u requires vorticity flux to the wall, or positive 

@uley*. This is of course consistent with our finding in Equation 4.2.7, based on the momentum equation, that 
@wléy” at the wall is proportional to dp/dr. 

A flat-plate boundary layer, for which ue is constant in x, is an interesting special case. When ue is constant, 
there is no diffusive vorticity flux to or from the wall, only a constant integrated convective flux along the flow 
direction. Of course, the vorticity in the field becomes more diffuse as the boundary layer thickens. 












4.2.5 Situations That Violate the Assumptions of 
Boundary-Layer Theory 


Remember that in deriving Prandtl's boundary-layer equations, it was assumed that the boundary layer is thin 
and that x derivatives are much smaller than y derivatives. Any boundary-layer situation in which the x derivat- 
ives become comparable to the y derivatives obviously violates these assumptions. Figure 4.2.9 illustrates a few 
common examples of flows that constitute boundary layers in the physical sense but violate the assumptions of 
first-order boundary-layer theory. 





Figure 4.2.9 Illustrations of situations that violate the assumptions of first-order boundary-layer theory. (a) 
Corners. (b) Steps. (c) Large longitudinal curvature, (d) Separation from a smooth wall, (e) Separation from 
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Situations such as these can raise interesting issues for boundary-layer theory, For example, separation from 
a smooth wall (Figure 4.2.94) is something we discussed from a physical point of view in Section 4.1.4, where 
‘we saw that the skin-friction coefficient Cy goes through zero at a separation point in 2D flow. Because the neg- 
ative values reached by Cydownstream of separation are generally quite small in magnitude, in the real world 
governed by the full NS equations Cy usually goes through zero with a small slope (Figure 4.2.10a), Direct 
‘mode solutions to the first-order boundary-layer equations don't predict this behavior correctly at all. The Cr 
calculated in the direct-mode goes through zero at separation with infinite slope (Figure 4.2.10b), a square-root 
singularity that in the context of boundary-layer theory is called the Goldstein singularity. Numerical methods 
for solving the equations in the direct mode generally fail before reaching the singularity. Solving the equations 
in any of the inverse modes removes the singularity but does not alleviate the problem that x derivatives in the 
neighborhood of separation are usually still large enough to violate the boundary-layer-theory assumptions 








Figure 4.2.10 Illustrations of how Cy goes through zero at separation in 2D. (a) Small slope according 1 NS 
equations. (b) Infinite slope (Goldstein singularity) according to direct-mode BL equation: 
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Continuing the solution downstream of the separation point raises another set of difficulties having to do 
with dependence and influence. Upstream of separation, a one-direction marching sequence can be used in the 
‘numerical scheme, because the solution at any point depends only on the solution upstream, Downstream of 





separation, the reversed flow at the bottom of the boundary layer convects information from the general down- 
stream direction, and for the numerical scheme to deal with this properly, something more complicated than 
‘one-direction marching is required, 

Separation from a sharp trailing edge (Figure 4.2.9e) raises a different set of issues. For this situation, an ap- 
proximate correction to boundary-layer theory has been developed, called triple-deck theory (see White, 1991, 
for a summary). Of course, the full NS equations handle all of these situations “exactly,” and without any of the 
previous theoretical difficulties, just a large increase in required computational effort 

Separation from a smooth wall in 3D raises the same issues for direct-mode solutions to the boundary-layer 
equations as it does in 2D. The component of Cf perpendicular to the separation line goes through zero with a 
square-root (Goldstein) singularity just as 2D Cydoes. This means that adjacent skin-friction lines converge fo a 











distinct separation line parabolically, rather than just asymptotically converging toward each other, as they do 
in solutions to the NS equations. This distinction is illustrated in Figure 4.2.11. Some illustrations of the topo- 
logy of separation, such as the one in Figure 4.1.17, show the separation line in the form of a distinct, singular 
line, as in Figure 4.2.11, even though separation in real flows takes the form in Figure 4.11 











Figure 4.2.11 Skin-friction lines in neighborhood of a 3D separation line. These are the 3D analogs of the 2D 
Cj distributions of Figure 4.2.10. In 3D, the component of Cy perpendicular to the separation line follows qual 
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4.2.6 Summary of Lessons from Boundary-Layer Theory 


To summarize the conclusions 





e gleaned from boundary-layer theory: 
1. Because a boundary layer tends to remain thin, the pressure variation across it tends to be small and is 
ignored in the first-order theory. The pressure plays the role of an environmental condition imposed on 
the boundary layer from outside, that is, by the outer inviscid flow. 

2. The local flow in the boundary layer depends on everything that happens upstream and influences 
everything that happens downstream. 

3. The local boundary layer’s influence on what happens upstream is much less direet. If the boundary 
layer is attached, it has little direct influence upstream (none in the first-order theory), and only a weak 
indirect influence through the outer flow. If the boundary layer separates, its upstream influence through 
the outer flow becomes much stronger. 











4. The development of a 2D laminar, incompressible boundary layer, expressed in dimensionless terms, 
is independent of Reynolds number, provided the boundary layer starts at a stagnation point. 


Except for point (4), the above conclusions apply to both 2D and 3D boundary layers 


4.3 Flat-Plate Boundary Layers and Other 
Simplified Cases 


In this section, we look at flat-plate flows and a number of other situations in which boundary-layer behavior is 
simplified in one way or another, These idealized cases provide valuable physical insights that are not as eas- 
ily seen in more general situations. And in many situations, they are close enough to reality to provided useful 
quantitative information, 


4.3.1 Flat-Plate Flow 


When the outer-flow pressure and velocity are constant in 2D flow, the flow development predicted by 
boundary-layer theory is particularly simple. This idealized situation is referred to as flat-plate flow because a 
thin flat plate aligned with the flow actually produces something very close to it, except in the neighborhood of 
the leading edge 

‘Two-dimensional incompressible laminar flow at constant pressure is one of the similarity situations we men- 
tioned in Section 4.2.1, and the similarity solution is credited to Blasius (see Schlichting, 1979). Treating the 
corresponding incompressible turbulent flow requires empiricism to account for the eff which 
‘we'll consider in more detail in Section 4.4.2. 








Expressions for the average skin-friction coefficient Cf over the length of a flat plate are widely used in 
preliminary drag estimation, as we'll see in Section 6.2.1. A question mark that hangs over any such formula 
has to do with the leading-edge region and what details had to be glossed over there. If we start the boundary 
layer at zero thickness and ignore the singularity of the boundary-layer equations in that situation, not to men- 
tion the fact that the assumptions behind the equations aren't valid there, the result from the Blasius solution for 
incompressible laminar flow is 
— aah 
Chi = 1.328R;, 2. 

The most widely used corresponding formula for incompressible turbulent flow is the Prandtl-Schlichting 
relation (see Schlichting, 1979): 














432 Cn = 0.455(log Ry,)~28. 





‘These laminar and turbulent C; 





relations are plotted for a wide range of length Reynolds number in Figure 


4.3.1. First, note that in both laminar and turbulent flow Cf decreases with increasing Reynolds number, in 
spite of the fact that the boundary-layer thickness, as a fraction of body length decreases and du/2y at the wall 
(in dimensionless terms) increases. The rate of increase of dimensionless Gu/éy at the wall is not enough to can- 








the direct effect of the Reynolds-number increase, Also note that laminar Cf decreases faster than turbulent 


Ci, becoming a smaller and smaller fraction of turbulent Cf 


















































Figure 4.3.1 Average skin-friction coefficients for incompressible laminar, transitional, and turbulent flow on 
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‘The curves for cases with transition in Figure 4,3.1 were calculated for idealized “instantaneous” transition, 
in which the boundary layer is assumed to become turbulent immediately at the assumed transition location, 
and the turbulent boundary layer is assumed to start with the same momentum thickness reached by the laminar 








boundary layer at the transition point. (We'll sce immediately below how @ and Cf are related, in Equation 
4.3.3.) Note that when the length Reynolds number exceeds the assumed transition Reynolds number, and the 
boundary layer becomes turbulent on the downstream part of the plate, the average Cyincreases rapidly at first 
and then asymptotically approaches the all-turbulent curve from below. 

Because the pressure gradient is zero in flat-plate flow, only the skin friction contributes to the growth in 





momentum thickness along the plate. 0 is then just proportional to the cumulative average Cf, as can be seen 
in the momentum: integral Equation 4.2.10, which reduces to 
20 2Ro 
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‘This result is valid for cither laminar or turbulent flow and is not limited to incompressible flow, 








‘The local Cris often also of interest, and we can obtain expressions for it by differentiating “Ch , where 





fi comes from Equations 4.3.1 and 4.3.2, The result for incompressible laminar flow is 





and for incompressible turbulent flow: 


1(L = x) —0.51(log R,)~38, 
These relations are plotted in Figure 4.3.2. The first thing to note about local Cy is that it decreases with 








increasing R and is therefore less than Ci (for flat-plate flow; in more general situations, this is not always the 





case). The cases with transition are the same ones for which Cf was plotted in Figure 4.3.1, but when viewed 
in terms of Cj in Figure 4.3.2, they look very different, After transition, local turbulent Cy jumps well above 
the all-turbulent curve. This is because the laminar run results in thinner boundary layer (smaller 0) atthe star 
of the turbulent boundary layer than would be there in the all-turbulent case. Thus the local-Cr curves in Figure 





4.3.2 approach the all-turbulent curve from above, while the Cfi curves of Figure 4.3.1 approach it from below 
‘because the average includes the low-Cylaminar run. 





Figure 4.3.2 Local skin-friction coefficients for incompressible laminar, transitional, and turbulent flow on a 
flat plate 
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‘The above formulas for Cfi and Cp as functions of x are not always accurate for real-world flat-plate flows 
because the development of a real flow near the leading edge doesn't generally follow the idealized flat-plate 
assumptions, Away from the leading edge, real-world flows with constant pressure should settle into agreement 
‘with the local-Cr formula, but with a shift in the apparent origin in x. Inthe “fully developed” flat-plate bound- 
ary layer the local relationship between Cy and Rg is independent of what happened near the leading edge. For 
laminar flow, we can derive this formula by inverting Equation 4.3.4 (expressing x as a function of Ca) and 
substituting it into Equation 4.3.3, with the result: 


Cy = 0.6647 R5*. 
For turbulent flow, Equation 4.3.5 cannot be inverted in closed form, and the turbulent counterpart to Equa~ 


tion 4.3.6 must be determined by numerical interpolation of tables of Ci(x) from Equation 4,3.5 and Ro (x) from 
Equations 4.3.2 and 4.3.3. The resulting Cq(Ro) relations are plotted in Figure 4.3.3 

















Figure 4.3.3 Local skin-friction coefficients for incompressible laminar and turbulent flow on a flat plate, as 
functions of Rg 
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Compressibility and/or heat transfer can alter flat-plate skin friction significantly. For cases with heat trans- 
fer, numerical calculations are generally required. For the case of an adiabatic wall, the situation is simpler, and 
‘many approximate theories have been developed, with predictions that vary widely (see White, 1991). Experi- 
‘mental data from numerous sources also show considerable scatter. White states that the curve labeled “Frankl- 
‘Voishel” in his Figure 7.22 fits “typical data” fairly well, A simple formula that approximately fits this curve, 
over the range of Mach numbers below 2.0, is given by 


1 
T+ 013M" 





which is plotted in Figure 4.3.4. Note that at Mach 1.0, compressibility reduces CF by only about 10%. 


atic turbulent skin friction on a flat plate, Equation 4.3.7 





Figure 4.3.4 Effect of Mach number on adi 
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4.3.2 2D Boundary-Layer Flows with Similarity 


Similarity in a boundary-layer flow refers to a situation in which the velocity profile in nondimensional form, 
with an appropriately scaled vertical coordinate, is the same for all x, Strictly speaking, similarity exists only in 
laminar flow, but there are examples of near-similarity in turbulent flow. 

For incompressible laminar flow, it can be shown that similar solutions exist when 1e ~ x™. In such cases, a 
similarity transformation can be defined that reduces the boundary-layer Equations 4.2.1 and 4.2.4 to a single 
ODE. A derivation is given in Schlichting (1979). The ODE has solutions for a range of values of m, which 
are usually referred to in terms of the value of the similarity parameter i = 2m/(m + 1). Negative values of 
correspond to adverse pressure gradients, with a boundary layer in a constant state of incipient separation (zero 
for all x) corresponding to = ~ 0.19884, Zero i corresponds to a flat-plate flow (constant te, the Blasius 
solution), and positive \ corresponds to favorable pressure gradients, Velocity profiles for three representative 


values of f are plotted in Figure 4.3.5. 





Figure 4.3.5 Velocity profiles for several laminar similarity solutions with outer-flow velocity distributions 
corresponding to the potential flow over wedges with included a illustrated in Figure 4.3.6, 1 is the 
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‘The laminar similarity solutions are often referred to as wedge flows because the outer-flow velocity distri- 
bution ue ~ x” arises in the potential flow around a wedge of included angle xB. These are the same corner-flow 
solutions that we saw in Section 3.10 can be obtained by conformal mapping, Figure 4.3.6 illustrates how they 
‘work for the different types of flow. The decelerating flows correspond to wedges with negative included angles, 
or potential flow over a convex comer, as in Figure 4.3.6a, Flat-plate flow corresponds to a zero included angle, 
as in Figure 4.3.6b, and f = | corresponds to a 2D stagnation-point flow, as in Figure 4.3.6c, often referred to as 
Hiemenz flow. Note in Figure 3.10.24 that the edge velocity in the stagnation-point flow inereases linearly away 
from the stagnation point, and the laminar-boundary-layer thickness is constant because the usual tendency of a 
boundary to grow is canceled by the strong favorable pressure gradient. 











Figure 4.3.6 Illustration of the potential-flow wei 
simil flow with negative included angle. (b) Fla 
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Of all of these similarity solutions, only two tend to appear in actual flowfields in something close to their 
ideal form: the flat-plate flow and the 2D stagnation-point flow. However, the other members of the laminar 





similarity family provide fairly good matches to local velocity profiles in more general laminar flows. As we 
discussed in Section 4.2.2, integral methods for predicting boundary-layer development often use assumptions 
about velocity-profile shapes. The laminar method developed by Drela and Giles (1986), for example, uses 
curve-fits based on the laminar similarity solutions. 

In 2D incompressible turbulent flow, the velocity profiles themselves are never really similar, but the 
velocity-defect profiles, properly scaled, can be similar under the right conditions. Clauser (1954, 1956) found 
that if the ue(x) distribution is properly tailored, the velocity-defect profile in the form (ue ~ u)tts ean be held 


constant, where Ur = VTw/P isthe & 


fect profile is a function only of a turbulent pressure-gradient parameter, 














jon velocity, which we'll discuss further in Section 4.4.2. The de- 





ise 


3. 
not to be confused with the laminar similarity parameter of the same name, Note that the laminar and turbulent 
versions of f have opposite signs: laminar accelerating flows have positive B, while turbulent accelerating flows 
have negative B, The turbulent similarity relation has the form 


(Ue =u) 


439 Ur 
Clauser (1954, 1956) coined the term equilibrium turbulent boundary layer for the special boundary-layer flows, 
that obey the above relation. In principle, an equilibrium turbulent boundary layer is strictly similar only in the 
defect-profile sense of Equation 4.3.9, but because ur varies slowly with x, it will appear nearly similar in terms, 
of the conventional velocity profile, provided the range of Reynolds number considered is not too wide 
everal researchers have succeeded in setting up experimental flows that were very close to “equilibrium” in 
the sense of Equation 4.3.8, ranging from strongly accelerating flows (negative B) to strongly decelerating (pos- 
itive B). Flat-plate flow is a member of this family, The best-known of the non-flat-plate cases was published 
by Stratford (1959), a turbulent boundary layer held in a constant state of incipient separation (nominally zero 
CA. which welll see in Section 7.4.3 has played a role in the theory of airfoil maximum lift 

Like the laminar similarity solutions, the family of equilibrium turbulent-boundary-layer velocity profiles 
has provided velocity-profile assumptions for integral methods of calculating boundary-layer development. The 
turbulent method by Drela and Giles (1986) is one example. 























4.3.3 Axisymmetric Flow 


Axisymmetric flow generally requires an axisymmetric body shape and zero angle of attack. Flow quantities 
by definition depend on only two coordinates (x, r), $0 that axisymmetric flow is 2D, mathematically speaking, 
‘What makes axisymmetric flow different from the usual planar 2D flow is that the body radius can vary with 
+, contracting or stretching the boundary layer circumferentially, as illustrated in Figure 4.3.7. The flux of mo- 
‘mentum deficit in the boundary layer is thus distributed over a varying distance circumférentially, so that the 
radius variation joins with the skin friction and the pressure gradient as an additional factor that affects the evol- 
ution of the boundary-layer thickness along the body. When the radius grows, stretching the boundary layer 
circumférentially, the rate of boundary-layer growth is reduced or even reversed, and when the radius shrinks, 
the rate of boundary-layer growth is increased, compared with what it would be in a planar flow with the same 
pressure gradient, 











Figure 4.3.7 Illustration of the effect of a ch 


ge in body radius on a boundary layer in axisymmetric flow 








These effects of radius variation are similar to the effects of convergence and divergence in 3D boundary 
layers that we discussed in Section 4.1.2, with the major difference that in more general 3D flows the effects 
are often enhanced by pressure-driven cross flow in the boundary layer. In axisymmetric flow, symmetry does 
not allow a pressure gradient in the cross-flow (circumferential) direction, so there is nothing to drive pressure 
driven cross flow. Thus unless the body is spinning, producing shear-driven cross flow, there is no cross-flow 
in axisymmetric flow. In mathematical terms, the outer-flow streamlines are along longitude lines of the body 
surface. They are therefore geodesics of the body surface, defined by having zero intrinsic curvature, so that 
there is no tendency to produce pressure-driven cross flow, as we discussed in Section 4.2.1 

An axisymmetric body can either be simply connected, with no “holes,” or it ean be in the form of a ring with 
an open duct along the axis, as illustrated in Figure 4.3.8. Ifthe leading “lip” of a ring-type body is blunt, the 
attachment of the flow to the lip will look locally like flow attachment to the leading edge of a 2D airfoil, and 
the boundary layer at the attachment will closely resemble the 2D similarity solution for = 1 (Hiemenz flow, 
Section 4.3.2). Ifthe nose of a simply connected body is blunt, flow attachment will be at a singular point of at- 
tachment, from which the flow spreads out radially, as in Figure 4.3.9. In the axisymmetric case, the boundary 
layer equations for this flow can be transformed to the same ODE as for the similarity solution for 2D planar 
flow with B = 1/2, and the velocity profiles are therefore the same (see Schlichting, 1979). The boundary-layer 
thickness 6 is constant in the neighborhood of the stagnation point, as itis in 2D planar flow. 























Figure 4.3.8 Illustration of two types of axisymmetric body, (a) Simply connected, (b) With open duct alo 
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Figure 4.3.9 The boundary layer at a singular axisymmetric st 





4.3.4 Plane-of-Symmetry and Attachment-Line Boundary 
Layers 


Flows that have a nominal plane of symmetry are common in applications, as, for example, in the flow along 
the keel line of a ship hull at zero yaw or the flow along the vertical symmetry plane (crown and kee! lines) 
of a fuselage at zero yaw. Another class of examples comes from the world of boundary-layer experiments, 
Many boundary-layer measurements have been made in special-purpose flow channels (air or water tunnels). 
‘The measurements are usually made in the boundary layer along the centerline of the channel floor or ceiling, 
and the channel sidewalls are usually parallel, with the intention of producing a 2D flow on the “test wall.” But 
such setups usually produce significant unintended three dimensionality because of boundary-layer growth on 
the sidewalls and 3D flow effects in the comers. 

Fsymmetry flows generally differ from 2D planar flows in that the flow off of the plane of symmetry 
is either diverging away from the plane or converging toward it. In an axisymmetric flow, the flow along every 
longitude line of the body is a special case of plane-of-symmetry flow, with convergence or divergence if the 
body radius is changing with x, Why is axisymmetric flow a special case? Recall from Section 4.3.3 that an 
axisymmetric flow produces no pressure-driven cross flow. General plane-of-symmetry flows don't have this, 
restriction: Off of the plane of symmetry, there can be pressure-driven cross flow. Whether the convergence or 
divergence involves cross flow or not, it can have a significant effect on the development of the boundary-layer 
velocity field, as we discussed in Section 4.3.3 in connection with axisymmetric flow, 

‘The general situation in an idealized plane-of-symmetry flow is sketched in Figure 4.3.10. On the symmetry 
plane, the velocity profile is parallel to the plane and looks like a 2D boundary-layer profile. Off of the sym- 
‘metry plane, divergence is shown, accompanied by pressure-driven cross-flow in which the divergence velocity 
component peaks inside the boundary layer with a larger value than at the edge, 
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‘The 3D boundary-layer equations are of course applicable to such flows, but we can take advantage of the 
symmetry to reduce the equations to a spatially 2D set that applies just on the symmetry plane itself. Starting 
with the 3D equations, the z-momentum equation degenerates to 0 = 0 on the symmetry plane because the w ve 
locity component is zero, and €/éz of all flow quantities other than w is zero. But differentiating the equation in 
the z direction tums it into a nondegenerate equation for the convergence/divengence profile éwi/éz. For laminar 
constant-property flow in Cartesian coordinates, the resulting equations are: 





+ x momentum: 





+ z-differentiated momentum: 








aw)? gud. (2%) 42 (Om 
u v 
gan \ Oe <\ in ay Oe 


+ Continuity: 
du, av | Ow 
43.12 0x Oy — Oz 
Note that the x-momentum equation is the same as the 2D boundary-layer momentum Equation 4.2.1 with 
no explicit appearance of éw/éz. The solution for the u velocity profile is thus affected by éw/éz only through 
the continuity equation and its effect on the vertical velocity v. 
Although the plane-of-symmetry x-momentum equation is the same as in 2D flow, the momentum-integral 
equation picks up an additional term representing the effects of convergence/divergence. Recall that the deriva- 
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tion of the 2D momentum-integral Equation 4.2.10 made use of the continuity equation, In plane-of-symmetry 
flow, éw/dz appears in the continuity equation and thus shows up in the integrated momentum equation 
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as the integral of éw/dz weighted by the velocit u. This is consistent with the intuitive idea that the 
streamwise momentum balance is affected when momentum ried away by flow divergence. 
However, this intuitive interpretation applies directly only in the integrated sense of Equation 4.3.13. Inthe dif- 
ferential form of the momentum Equation 4.3.10, convergence or divergence is “felt” only “indirectly” through 
the veu/dy term. 

Throughout the development of CFD codes for turbulent flows, the unintended three dimensionality (con- 
vergence/divergence) of nominally 2D boundary-layer experiments has been a problem for developers of tur 
bulence models. Discrepancies between calculated and measured boundary-layer quantities are not always the 
fault solely of the turbulence model, but are also contributed to by convergence/divergence in the experimental 
flow. It takes only small amounts of convergence/divergence, usually undetectable by flow-direction measure- 
ments, to have a significant effect on the momentum thickness 0(x), for example. Mellor (1967) argued that 
fairer comparisons between his turbulence model and “2D” boundary-layer measurements could be made if he 
assumed that any discrepancy between calculated and measured 0(x) was due to convergence/divergence, and 
he “corrected” his calculations for it. To make the “correction,” he solved the plane-of-symmetry equations in- 
stead of the 2D equations and set the code up to solve for the unknown Gwe/éz boundary condition so as to 
‘match the measured 0(x). The turbulence model was then evaluated on how well it predicted C(x), H(x), and 
detailed velocity profiles. One uncertainty in applying this calculation strategy is what to assume about the Aw 
Gz{y) profile at the initial x station, which can affect the solution over surprisingly long distances downstream, 

One of the most important applications of plane-of-symmetry boundary-layer equations is to the band of 
flow attachment along the leading edge of a swept wing, usually called the attachment fine. (In Section 5.2.2, 
well discuss how on a wing of finite span a single attachment line cannot be uniquely defined, but can for all 
practical purposes be pinned down very closely.) On most swept wings, the intrinsic curvature of the attach- 
‘ment line is small enough, and the boundary layer is thin enough, that cross flow on the attachment line itself is, 
negligible, and the plane-of-symmetry equations apply. (See Section 4.2.1 fora definition of intrinsic curvature 
and a discussion of its relationship to cross flow.) In swept-wing attachment-line flow, the flow divergence is, 
typically so strong that it keeps the boundary layer orders of magnitude thinner than it would become on a flat 
plate with the same streamwise distribution of edge velocity. We'll look further at the attachment-line boundary 
layer in our discussion of swept wings in Section 8.6.2. 
























































4.3.5 Simplifying the Effects of Sweep and Taper in 3D 


Boundary layers on swept wings, which we'll discuss in some detail in Section 8.6.2, are generally highly 3D 
in the sense of having strong pressure-driven cross-flow. In the most general cases, an adequate simulation of 
the flow requires solving the 3D boundary-layer equations. However, on well-designed swept wings, the isobars 
tend to line up along the constant-percent-chord lines, and simplified equations can then provide reasonably ac~ 
curate predictions of boundary-layer development. 

The simplest boundary-layer equations that include the effects of sweep are the infinite-span-swept-wing, 
equations. We assume a boundary-layer coordinate system in which the two in-surface coordinates xsp and xch 
are aligned parallel and perpendicular to the general sweep of the wing, as illustrated in Figure 4.3.11. We 
sume that all flow quantities are unchanging in the spanwise (xsp) direction, as would be the case if the wing 











had a uniform section and infinite span. When this assumption is applied to the outer inviscid flow instead of 
the boundary layer, we have simple sweep theory, which welll discuss in Section 8.6.1. 


Figure 43.11 Coordinate system assumed in the infinite-span swept-wing boundary-layer equation: 








Figure 4.3.12 Coordinate systems assumed in the infinite-span swept-wing 
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Starting with the 3D boundary-layer equations in Cartesian coordinates and setting all A/@xsp terms to zero, 
‘we obtain a set of equations that still has three velocity components, but only two space coordinates. These 
are the infinite-span-swept-wing boundary-layer equations, sometimes referred to as the “2.5D boundary-layer 
equations.” Because the spanwise coordinate xsp no longer appears in the equations, the solution domain is only 
two-dimensional, along a single “cut” across the planform, in the perpendicular (xch) direction from leading 
edge to trailing edge. For purposes of numerical solution, the same upstream-to-downstream marching sequet 
can be used as in a 2D flow. Coding is simpler, and computing time is much shorter than for a full 3D caleula- 
tion. 

‘An important property of flows governed by these equations is that the influence that the flow in the spanwise 
(sp) direction has over the velocity profile in the chordwise (xch) direction is either loose or nonexistent, de- 
pending on the situation, The spanwise velocity tsp doesn't appear in the chordwise momentum equation or in 
the continuity equation, so that the only way the spanwise flow can affect the chordwise flow is through the 
density and the viscosity (and eddy viscosity in the turbulent case), Thus for the spanwise flow to have any 
effect on the chordwwise flow, the flow must be either compressible or turbulent. Thus in the case of laminar 
flow with constant properties, we have the laminar independence principle: The \ch profile ean be determined 
independently of the usp profile. This doesn't work in reverse, however. The usp profile depends strongly on the 
uch profile, 








In turbulent and compressible flows, a rough kind of independence still tends to hold, in which the influ 
of the usp profile on the uch profile is weak. In Section 8.6.2, we'll look at CFD calculations that illustrate the 
typical magnitude of the deviation from independence in turbulent swept-wing flows 

The basic “2.5D flow” idea can be extended to wings with taper, with the help of an additional assumption, 
On a portion of a swept tapered wing, we can construct a coordinate system consisting of the constant-percent- 
chord lines (“'spantines”) and either “‘chordwise” ares constructed perpendicular to them, as shown in Figure 
4.3.12a or conventional “rib” cuts, as in Figure 4,3.12b. Outer-flow quantities are assumed to be unchanging 
along the spanlines, but we can't assume boundary-layer quantities are. So we can't just set the 2/éxsp terms to 
zero as we did in the case without taper. But we can make an assumption about them that will still give us an 
equation set that is spatially “2D,” with no xsp dependence that we have to solve for. 

We assume a kind of conical similarity in which the distribution of the outer-flow velocities (both the span- 
wise and chordwise components) is the same along every chordwise arc, and thus the only thing that changes 
for the boundary layer as we move spanwise from one are to another is the chord Reynolds number. We also 
assume that the velocity profiles are similar from one are to another, and that only the boundary-layer thickness 
changes, in the same way that it would change with chord and Reynolds number in a flat-plate flow. This as- 
sumption will not be satisfied exactly in turbulent flow, and we thus incur some loss of physical fidelity 

To derive the equations for tapered-wing boundary layers, we start with the 3D boundary-layer equations, 
For the conical coordinate system of Figure 4.3.12a, we use the curvilinear orthogonal form, and for the rib-cut 
system of Figure 4.3.12b, they must be in nonorthogonal form. Next we introduce a scaled normal coordinate 
11=y/6. Now our assumption that the velocity profiles are similar from one arc to another is equivalent to as- 
suming that boundary quantities are unchanging with xsp, provided we follow them at constant 1 rather than 


0.5 Sw cS 
9 ~ x” for laminar flow and 9 ~ Ca” for turbulent 























constant y. For 8, we assume a flat-plate power law: 
flow, where ca is the “chord” measured along the chordwise coordinate. 

We'll skip the details, but when all is said and done, the infinite-span-swept-wing boundary-layer equations 
\with taper have two types of terms that don't appear in the equations without taper: 

1. Terms proportional to d5/@xsp that arise from the d/éXsp terms in the 3D equations, which we were able 
to set to zero when there was no taper. Using the power law for 8(ca), we can express these in terms of 
BealXsp, 

2. Terms related to the curvature of the “chordwise” ares (Figure 4.3.12a) or the rate of change of the 
skew of the coordinates (the sweep of the spantines in Figure 4.3.12b), which is proportional to the rate 
of taper Gea/exsp. 

So we've replaced the /éxsp terms with terms containing Gca/Xsp. There are no other xsp-derivative terms, 
and we can solve the equations along a single “chordwise” cut from leading edge to trailing edge, just as we 
could in the case without taper. Note that if the solution is obtained along a curved arc like those shown in Fig 
ure 4.3.12a, it can be transformed to apply to any other cut across the wing (a rib cut, for example), by use of 
the similarity assumption and the power law for 6(ca). 

Solutions to the 2.5D boundary-layer equations are almost as simple to compute as 2D solutions, but they 
can predict the effects of sweep and taper on the pressure-driven cross-flow with reasonable accuracy. In Sec~ 
tion 8.6.2, we'll compare such predictions with those made with the full 3D equations. 

















4.4 Transition and Turbulence 


In Section 3.7, we discussed in physical terms how turbulence affects the development of a flow and how the 
effects can be modeled in calculations (turbulence modeling). So far in this chapter we've taken a quick look 
at a turbulent mean-velocity profile (Figure 4.1.4b) and we've seen how turbulent skin friction on a flat plate 
varies with Reynolds number (Figures 4.3.1 and 4.3.2). In this section, we'll look at how a laminar boundary 
layer transitions to turbulent, and then at the details of the turbulent boundary layer. 





4.4.1 Boundary-Layer Transition 


Laminar-to-turbulent transition in a boundary layer can involve a sequence of possible stages, as illustrated in 
Figure 4.4.1, Not all of these stages are always present, and discussions in the literature oflen refer to two pro- 
totypical paths to transition: (i) Natural transition, in which small disturbances grow larger through dynamic 
instabilities, eventually resulting in a breakdown into turbulence and (ii) Bypass transition, in which some large 











disturbance leads directly to turbulence, “bypassing” the process of instability growth and breakdown, 
Figure 4.4.1 Possible stages in the laminar-to-turbulent transition process in a boundary layer, From White 
1991). Used with permission of McGraw-Hill Companie 
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For the small-disturbance-growth phase of natural transition to be observable, the disturbance environment 
(freestream turbulence and acoustic levels) must be sufficiently quiet, and the surface must be smooth enough 
so that its interaction with the outer flow doesn't produce large disturbances. OF course, there are middle ranges 
of disturbance environments and surface quality in which the distinction between the two types of transition is 





blurred. And, of course, for transition to happen at all, conditions must be such that a turbulent boundary layer 
can be sustained downstream, This means that the Reynolds number must be high enough, and an extremely 
favorable pressure gradient cannot be present. 

There is no quantitative theory for bypass transition, other than direct numerical simulation (DNS), which is, 
almost never practical. Prediction of bypass transition is therefore practically always empirical, One application 
is the sizing of artificial boundary-layer tripping devices (rips), which are used in wind-tunnel testing to pre- 
vent excessive runs of laminar flow, given the low Reynolds numbers at which tests are usually run, but rarely 
used on actual flight vehicles. Empirical criteria for sizing trips can be found in Braslow and Knox (1958), 

Predicting natural transition is important in the design of many types of flight vehicles, In Section 7.4.6, welll 
look at laminar low-drag airfoils, and in Section 8.6.4, welll consider laminar flow on swept wings. In such ap- 
plications, theoretical calculations are now routinely used, but the calculations don't model the entire process, 
so that prediction must still rely heavily on empirical correlations. 

‘The available theoretical framework for natural transition consists of receptivity theory, which models the 
process by which small environmental disturbances provide the initial amplitude for the growth of instabilities, 
linear stability theory, which predicts the relative rate of growth of the instabilities, once started, and nonlinear 
stability theory, or the theory of secondary instabilities, which extends the growth prediction into the nonlinear 
range. There is no quantitative theory for the final breakdown into turbulence. 

Linear stability theory evolved in two major stages. In the earliest inviscid stability theories, 
boundary-layer velocity profiles were assumed, but the flow was treated as inviscid for purposes of calculat- 
ing the stability. The inviscid theory predicts that a laminar boundary layer is stable unless the velocity pro- 
file has an inflection point of the type produced by an adverse pressure gradient, as in Figure 4.1.5a. So flows 
With favorable pressure gradients are stable, flows with adverse pressure gradients are unstable, and flat-plate 
flow is neutrally stable, according to the inviscid theory. The later viscous stability theory predicts that viscosity 
stabilizes inviscidly unstable flows at very low Reynolds numbers, destabilizes inviscidly stable flows over a 
middle range of Reynolds numbers, and has a vanishing effect on stability at very high Reynolds numbers. The 
destabilizing effect of viscosity is crucial in the disturbance growth that leads to transition, so practical trans- 
ition prediction has always relied on the viscous stability theory. 

‘The e" method was the first successful prediction method for natural transition, and elaborations on it are 
still the state of the art for practical prediction. In the e” method, calculations are made only for the viscous 
linear-stability-theory phase of the disturbance growth, and transition is predicted to take place when the caleu- 
lated amplitude ratio reaches a predetermined threshold value of e”. In the early development of the method, the 
single value n=9 was thought to be a good compromise for all flows. The resulting “e” method” was reasonably 
successful for 2D low-speed flows, but was much less so when applied later to more-complicated flows. The 
current state of the artis called variable n-factor, in which a variable value of n is used to account for the initial 
receptivity phase, and for the final non-linear growth and breakdown (see Crouch, 2008). Receptivity theory is 
not used directly for any calculations, but it does provide guidance in the determination of the empirical cor- 
relations that determine n. For example, receptivity theory suggests that the effects of surface roughness should 
be correlated with the roughness size normalized by boundary-layer thickness, not by a roughness Reynolds 
number. In the variable n-factor method, receptivity plays this important secondary role, while only the linear 
stability theory is used directly in the calculations. 

In the viscous linear stability theory, small-amplitude velocity and pressure disturbances (u’, v’, w’, p') are 
assumed to be superimposed on a base steady flow with a known velocity profile. This assumption is substitu 
ted into the NS equations, terms higher than first order in the disturbances are dropped, and terms containing 
only the base flow are subtracted out, given that the base flow is assumed to satisfy the equations. The resulting 
small-disturbance equations are homogencous and are linear in the disturbances. At the usual kinds of boundar- 
ies (a solid wall with a no-stip condition or a freestream in which disturbances are assumed to die out far away), 
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the boundary conditions on the disturbance velocities are also homogeneous. The problem is thus an eigenvalue 
problem, which will be satisfied by some sequence of eigenfunctions 

There are several different ways in which the disturbance equations have been simplified and used. The dis- 
turbance pressure is generally eliminated, reducing the number of equations. One of the steps is generally to 
assume that the disturbance velocities can be decomposed into a series of normal modes that are oscillatory in 
directions parallel to the surface and in time, leaving only the dependence on y to be determined, for example: 


gag V = v(y)el(OztBeder iat, 


This reduces the problem to that of finding combinations of eigenvalues (spatial wave mumbers « and f, and 
temporal frequency «) for which physically meaningful solutions exist, and solving for corresponding eigen- 
functions v(y) that satisfy the equations. Assuming that growth takes place only in time (real a and fi, complex 
©) leads to the temporal stability problem, while assuming growth takes place in space (complex « and B, real 
©) leads to the spatial stability problem. We can simplify the spatial stability problem further by lining the x dir- 
cction up with the direction in which disturbance growth takes place, so that there is no growth in the > direction 
(Bis real), thus reducing the number of parameters in the problem. Now « and fs (both real) are the only remain- 
ing free parameters that specify a particular disturbance mode. Once w and i are specified, «is constrained by 
the eigenvalue problem, in that meaningful solutions exist only for particular values. Once a is determined, the 
real part defines the wavelength of the disturbance, and the imaginary partis the spatial growth rat. 

Numerical solutions to the eigenvalue problem are used to determine a and thus the wavelength and the 
damping or growth rate ofa particular disturbance. Because the theory is linear, the rate predicted is a relative 
rate, proportional to the current disturbance amplitude. Disturbances that are damped are referred to as stable, 
those that are amplified are referred to as unstable, and those on the boundary between the two are neutral. At 
a sufficiently low Reynolds number, all disturbances are stable, As Reynolds number increases, a critical Reyn- 
colds number is reached at which one particular disturbance crosses the neutral boundary from stable to unstable, 
As Reynolds number increases further, disturbances over a wider range of frequencies become unstable, and 
growth rates increase for the unstable disturbances, 

For boundary layers, three basic types of potentially unstable modes (Figure 4.4.2) arise from the theory 

1. Tollmien-Schlichting (TS) waves, in which the velocity disturbances are “2D" in the direction perpen- 
dicular to the wave fronts. In 2D incompressible flat-plate flow, the fastest-growing modes propagate in 
the flow direction, while compressibility, pressure gradients, or 3D effects can bring oblique modes into 
play. A streamwise mode in 2D flow is illustrated in Figure 4.4.23 

2. Cross-flow (CF) instabilities, usually in the form of stationary disturbance vortices, as illustrated in 
Figure 4:4.2b, which can occur in boundary layers with moderately strong cross-flow velocities. As pure 
disturbances, CF vortices are counter-rotating, but when the background mean vorticity of the boundary 
layer is superimposed on them, they appear to be co-rotating. Traveling cross-flow disturbances can be 
significant, but only in wind-tunnel environments with high turbulence levels. 

3. Taylor-Goertler instability, counter-rotating streamwise vortices, which can occur in boundary layers 
on concave surfaces, as illustrated in Figure 4.4.2c. 





















































Figure 4.4.2 The three basic types of potentially unstable distu 
Tallmien-Schlichti ‘es (2D disturbances). A case of stream 
here in terms of velocity profiles and the streamline pattern. From White, (1991). Used with per 
McGraw-Hill Companies. (b) Cross-flow in 


bance modes (see Reed and Sarie, 1989). (a) 





propagation in a 2D flow is illustrated 





lity (stationary disturbance vortices, shown as 





schematic 
d and Sarie, (1989), Used 
ity (streamwise vortices on 


streamline pattem in a pl 
wit 





1e perpendicular to the axes of the vortices). From Re 





permission of Annual Review of Fluid Mechanics. (c) Taylor-Goertler ins 





concave surf 





10) + var 





© 


More than one mode may coexist in a given flow, and when their amplitudes are small, they grow indepe 
cently of each other, according to the linear theory. Often, one or the other grows faster and leads to transition, 
as if the other mode hadn't existed. It is also conceivable that if two modes are of comparable strength when 
they reach the nonlinear range, that nonlinear interactions between them can play a role in transition, Figure 
2.le shows a smoke-flow visualization of the flow past a rotating body of revolution in which signs of both TS 
‘waves and vortices due to CF instability can be seen 

Real instability growth in an otherwise steady boundary layer is spatial, not temporal. But the spatial stability 
problem is harder to solve than the temporal problem, and in the carly decades of stability research, only the 
temporal problem was dealt with. This turns out to have been forgivable, since the two problems lead to the 
same result at the neutral boundary, and early work concentrated only on determining the neutral boundaries for 




















various boundary-layer velocity profiles. Later transition-prediction methods that depend on calculated growth 
rates generally use solutions to the spatial problem. 

Another simplification is the assumption of parallel flow, in which the local variation of the boundary-layer 
velocity profiles in directions along the surface is ignored, and the base flow is assumed to depend only on y. 
Assuming 2D parallel flow and 2D disturbances, and eliminating u’ from the equations, results in the classic 
ODE known as the Orr-Sommerfeld equation, which was the basis of much of the early work. Details are giv- 
en by Schlichting (1979) and White (1991), More recently, methods have been devised for taking into account 
non-parallel-flow effects, which are found to increase the predicted instability. But practical transition predic 
tion still often uses the parallel-flow assumption and accounts for the difference through calibration. 








The stability or instability of a laminar boundary layer, and the growth rates when there are unstable disturb- 
ances, depend both on the Reynolds number and on the shape of the velocity profile. Stability is thus strongly 
dependent on the pressure gradient, as we saw above in our discussion of the inviscid and viscous stability the 
ories, and can also be affected by distributed surface suction. In the viscous world, a favorable pressure gradient 
reduces or climinates TS instability, but if the favorable gradient leads to stronger cross-flow, it increases CF 
instability (growth of stationary disturbance vortices). An adverse gradient usually results in such strong TS in- 
stability that CF instability is not the critical issue. Distributed surface suction changes velocity-profile shapes 
so as to reduce both TS and CF instabilities. 

Figure 4.4.3 schematically illustrates how TS instability varies with Reynolds number and profile shape. 
Neutral stability boundaries are shown in terms of disturbance frequency versus displacement-thickness Reyn- 
olds number for favorable, zero (flat-plate) and adverse pressure gradients. Each neutral curve has a vertical tan- 
gent at its particular critical Reynolds number, below which all disturbances are stable. Above the critical Reyn- 
lds number, the range of unstable disturbance frequencies at first widens to both lower and higher frequencies, 
However, the high-frequency branch of each curve quickly levels off and comes down, and the high frequent 
become stable again, The behavior of all three curves at high Reynolds numbers approaches the predictions of 
the inviscid stability theory. The favorable-gradient curve crosses the horizontal axis and disappears, reflecting 
inviscid stability. The flat-plate curve approaches the horizontal axis asymptotically, reflecting inviscid neutral 
stability. Only the adverse-pressure-gradient case retains a range of unstable disturbances at very high Reynolds 
numbers, in keeping with its inviseid instability. 
































Figure 4.4.3 Schematic illustration of neutral stability boundaries for 2D (TS) disturbances in laminar bound 
ary layers with favorable, zero, and adverse pressure gradient 
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Disturbance growth of the kind predicted by linear stability theory is well established as part of the natural- 
transition process in boundary layers and planar 2D channels, but not in all “thin” viscous shear flows. Flows, 


in circular pipes are unconditionally stable according to the theory, and yet there is still an upper limit to the 
Reynolds number at which laminar flow can exist. Why the theory doesn't work for pipe flow is not understood. 

Predictions of the stability theory for a flat-plate boundary layer (the neutral-stability boundary and the fre 
quencies of amplified disturbances) were convincingly verified in a wind tunnel with very low turbulence levels 
at the U.S. Bureau of Standards in about 1940, but the results were not published to the international aero- 
dynamics community until after World War II (Schubauer and Skramstad, 1947). The e" transition-prediction 
‘method was first developed in the early 1950s (Smith and Gamberoni, 1956; Smith, 1981), and it was not until 
the 1970s that computers and solution algorithms progressed to the point that the spatial stability problem could 
be routinely solved for arbitrary pressure distributions. 

The e” method involves marching in the direction in which disturbance growth is assumed to take place (the 
flow direction in 2D flows), and at each station solving the stability equations for a range of different modes to 
determine the growth rates. Then the growth rates are integrated in the growth direction to determine the amp- 
litude ratio A/Ao (the ratio of the disturbance amplitude to the initial amplitude at the station where the first 
instability appeared). The initial and final amplitudes themselves are not explicitly determined, only the ratio. 
This is usually expressed as In(A/Ao), which is just nin the expression A/Ao =e" 

The integration is carried out with differing degrees of rigor in different versions of the method. The rigorous, 
choice is to do the integration for only one mode at a time as it evolves downstream, and to repeat the integra- 
tion fora number of different modes covering the range of interest so as to determine at each station which one 
hhas produced the largest amplitude ratio, This generally means covering a two-parameter space, varying both 
and ©, which is laborious. A shortcut is to repeat the integration only for multiple values of w, using the value 
of B at each station that gives the most-rapid growth, The choice of B can be simple for incompressible flow 
because f= 0 (wave fronts perpendicular to the flow) usually leads to the fastest growth, but in transonic flow 
a range of f must generally be searched. Arnal and Casalis (2000) call this the “envelope method” because the 
resulting curve of n versus x is the envelope of multiple curves for different values of w, A further shortcut is to 
use the value of « that yields the maximum amplification rate at each local station as input to the integration. 1 
‘would call this the “locally most amplified” method. For general flows, these shortcuts have no physical basis, 
but they save computing time because they don't require generating as many stability solutions. Of course such 
shortcuts produce higher n factors at transition than a rigorous integration would. While this is compensated for 
by calibration, the lower physical fidelity of the shortcut methods should presumably result in greater scatter in 
correlations with experiments. 

Whether shortcuts are used or not, an e” calculation determines a value of n at each station that is supposed 
to reflect the cumulative growth of the most-amplified disturbance. Transition is predicted to take place when 
nn passes a threshold value determined by calibration against similar flows for which the transition location is, 
known, The threshold value of thus accounts empirically for the receptivity phase and the final nonlinear 
growth and breakdown. In principle, it can account for such factors in the initial-disturbance environment as 
freestream turbulence level and surface imperfections, but only if the calibration database includes flows in 
‘which these things were varied. In the variable-n-factor method, it is possible to base the calibration on results 
from more than one type of experiment. For example, the primary calibration would come from a flow similar 
to the target application, and data from other experiments could be used to adjust for other factors, such as sur- 
face roughness. 










































In 3D flows with cross-flow, TS and CF disturbances are treated as independent, in keeping with the linearity 
of the theory. There are several strategies for keeping track of the range of disturbance modes of both types 
(see Amal and Casalis, 2000). The one that seems to produce the tightest correlations with experiments tracks 
separate n factors for TS and CF, and transition is predicted by whichever crosses its particular threshold first 
Unless the surface is extremely (impractically) smooth, itis important to use a variable n-factor to account for 
the effects of surface roughness on the CF disturbances (see Crouch and Ng, 2000; Crouch, 2008). Data are 





available for flows with a wide variety of disturbance-growth progressions, leading to transition by TS growth 
in some cases and CF growth in others, For flows with low freestream turbulence and very smooth surfaces, 
typical threshold values are e* for TS transition and e° for CF. A formula relating ncF to roughness height is 
given by Crouch and Ng (2000), and one relating nrs to freestream turbulence level is given by Mack (1977). 

Methods have been developed that carry out the ¢" method by interpolating tables of precalculated growth 
rates instead of calculating solutions to the stability equations, saving orders of magnitude in computing time. 
For 2D flows with TS transition only, the ISES and MSES codes (Drela and Giles, 1987; Drela, 1993) use a 
‘two-parameter table-lookup scheme that retumns growth rates as functions of the boundary-layer parameters Ro 
and H. At each local station, the fastest-growing disturbance is used (as a function of «), so that this is analog- 
fous to a “locally most amplified” method. A similar scheme that handles both TS and CF was developed by 
Crouch, Crouch, and Ng (2001). The TS growth rates used in this method are maximized locally with regard 
to B, but not with regard to ©, and multiple integrations are carried out for multiple values of . It is therefore 
analogous to an “envelope” method. 

The final stage of nonlinear growth and breakdown is complex, and the details probably vary depending on 
the nature of the disturbances that feed it, and on local conditions such as pressure gradient and freestream tur- 
bbulence. In a flat-plate boundary layer, Emmons spots like the one shown in Figure 2.1d form randomly and 
‘grow wider, merging together until the entire width of the surface is covered by turbulent flow 


















4.4.2 Turbulent Boundary Layers 


‘The turbulence in a fully turbulent boundary layer is inherently 3D and is random in space and time. But being 
random doesn't mean it's a featureless jumble of random swirls. Boundary-layer turbulence contains a variety 
of coherent structures over a range of length and time scales, from small structures that are characteristic of 
the region close to the wall to larger structures that span more of the full thickness of the boundary layer. Such 
structures form at essentially random locations over the surface and at random times, and even for structures, 
of a particular type, there is wide variability in detailed evolution from one instance to another. But structures, 
with distinctive features show up with surprising regularity. Many of their characteristics follow fixed statistical 
distributions. 








Statistical distributions (probability distribution functions) for flow quantities within the structures are 
anchored in their vertical positions by the wall, and the vertical extent of the larger ones scales roughly with the 
boundary-layer thickness. In the horizontal directions there are probability distribution functions that move with 
the structures and reflect their typical shapes and sizes. And horizontal positions of structures relative to each 
other aren't completely random. There are two-point correlations that reflect “typical distances” and “typical 
cycle times,” as well as “typical life spans” (paraphrased from Spalart, 2009, private communication). 

Figure 2.1¢ shows flow visualizations of large eddies that appear in the outer part of the layer and illustrates, 
how they differ in favorable and adverse pressure gradients. In these photos, the turbulence is made visible by 
smoke that was introduced through a slot in the wall upstream. The smoke has been transported away from the 
wall mostly by turbulent convection and has been diffused relatively little by molecular action, and it there 
fore tends to “mark” the turbulent, vortical regions. The regions empty of smoke are essentially nonturbulent 
and nearly irrotational, and we see that such regions can penetrate deep into the boundary layer. The boundary 
between turbulent and nonturbulent flow is highly convoluted but surprisingly sharp, As the structures move 
along with the general flow, the turbulence seen at fixed points in space in the outer part of the layer is intermit- 
tent in time. These large structures tend to scale with 6, the overall thickness of the layer. 

‘The main smaller structures that appear in the inner part of the layer are associated with sireamwise vortices. 
A pair of counter-rotating vortices is often linked in the form of a horseshoe, as shown in Figure 4.4.4, Where 















the flow between two vortices is downward toward the wall, higher speed fluid is carried toward the wall in 
‘what is called a sweep, and where the flow between two vortices is upward, lower speed fluid is carried away 
from the wall in a burst. The resulting streaky structure very close to the wall was shown in Figure 2.1f 


Figure 4.4.4 Pair of streamwise vortices form 





a horseshoe pair in the inner part of a turbulent boundary lay 
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‘These turbulence structures have been studied intensively, both experimentally and by DNS. Comprehensive 
surveys are to be found in Robinson (1991) and Moin and Mahesh (1998). Surprisingly, this knowledge of or- 
ganized structures has had very little effect on the practical prediction of turbulent boundary-layer flows. The 
reasons for this have to do with the nature of the turbulence modeling problem, which we've already discussed 
in Section 3.7. In the RANS equations (Reynolds-averaged Navier-Stokes) governing the mean flowfield, the 
turbulent transport of momentum is represented by the Reynolds stresses, which are local (single-point) aver 
ages of fluctuating velocity components. OF course, the Reynolds stresses in the real world reflect contributions 
from the organized structures, but for modeling purposes, incorporating information about organized structures 
into single-point averages is difficult. As a result, such information that has found its way into the turbules 
models has been of a very low-order variety, such as the idea that the motions that matter have length scales that 
decrease with decreasing distance from the wall, which was around long before we gained our current aware 
ness of coherent structures. So as interesting as organized turbulence structures are, our detailed knowledge of 
them has not had much influence on engineering practice. Of more practical interest are the mean velocity pro- 
files and the strategies that turbulence models have used for predicting them, 

‘Typical mean velocity profiles in 2D turbulent boundary layers are illustrated in Figure 4.4,5. The most strik- 
ing feature of turbulent profiles compared to laminar profiles is the very large velocity gradient at the wall. The 
highest gradient occupies a very thin region adjacent to the wall, too thin to be resolved on the scale of these 
plots. It is called the viscous sublayer because the shear stress there is effectively all viscous, with practically 
no contribution from Reynolds stress (sce Section 3.7 for a discussion of Reynolds stress). But this lack of 
turbulent shear stress doesn't mean there is no turbulence in the sublayer. The flow in the sublayer is actually 
quite turbulent, with velocity fluctuations that are not small relative to the mean velocity. The Reynolds stress 
is nearly zero throughout a layer of finite thickness, not because the turbulence has disappeared, but because of 
the way the nearby wall constrains the turbulence, as we'll see next. 





























Figure 4.4.5 Typical mean-velocity profiles in 2D turbulent boundary lay 
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So the existence of the sublayer gives a distinctive appearance to turbulent mean velocity profiles. It also 
plays a vital role in the greater separation resistance of turbulent boundary layers relative to laminar, an issue 
wwe discussed in Section 4.1.4, There we noted that for a boundary layer to resist separation, fluid parcels near 
the wall must experience a favorable net viscous force associated with a positive shear-stress gradient Oey. 
In a constant-property laminar boundary layer, Gc/dy = ué"wey”, and the favorable viscous force thus requires 
positive Cw/2y". In the laminar ease, the force is typically weak because jis small. In a turbulent boundary 
layer, the rapid inerease in the turbulent eddy viscosity outside the sublayer can provide a strong positive dx/ 
@y even though 27u/2y" is strongly negative there. One way to think of the turbulent boundary layer's greater 
resistance to separation is to imagine the strongly mixing part of the flow pulling the top of the sublayer along, 
keeping the velocity-profile slope and the skin friction positive. 

In much of the earlier literature, the sublayer was called the “laminar sublayer,” which wrongly implied that 
the flow in the sublayer is laminar. This unfortunate terminology has led to some misunderstandings, for ex- 
ample, in discussions of the effects of surface roughness, as well see in Section 6.1.8. Its clear from turbulei 
‘measurements and from flow visualization of the streaky structure in the sublayer in Figure 2.1 that the flow 
in the sublayer is anything but laminar. A closely related bit of misleading older terminology refers to the layer 
just outside the sublayer as the “buffer layer.” implying that it somehow buffers “laminar” flow in the sublayer 
against disturbances from outside. 

Many discussions of how the Reynolds stress decreases as the wall is approached use the term “damping” 
in one way or another. For example, Van Driest (1956) developed a successful and subsequently much-used 
formula for the eddy viscosity that includes a “damping factor” (see Section 3.7 for a discussion of the concept 
of eddy viscosity), and Mellor and Gibson (1966) speculated that the sublayer and part of the “buffer layer” 
constitute a region in which “all disturbances are damped.” The term is not entirely inappropriate, in that the 
combination of viscosity and the no-slip condition at the wall does have a strong damping effect on the turbu- 
lence in this region, but itis potentially misleading because it suggests that the reduction of the Reynolds stress 
is due simply to a general reduction in turbulence level. The way that the Reynolds stress decreases as the sub- 
layer is approached is actually more complicated than that. 





























The Reynolds stress of interest in a 2D boundary layer is PU'U” and thus dependent to the same degree on 
both v' and u’ velocity fluctuations. DNS simulations by Spalart (1988) show that the rms w level goes to zero 


linearly with y, pfetty much across the entire sublayer. If v did the same, we might expect that PU'U” would 
go to zero as y2, and that there wouldn't be much of a seemingly finite sublayer. But rms v’ goes to zero much 








faster (as y?) than u', and PU'U” goes to zero as.y?, So the Reynolds stress disappears faster than rms u' in the 
sublayer and buffer layer because rms v’ disappears faster. 

‘So why does rms v disappear faster than v near the wall? Both are constrained to be zero at the wall, so the 
answer isn't justin the boundary conditions. At least part of the explanation has to do with the length scales of 
the turbulence structures and how viscosity affects motions with different scal ¢ typical horizontal 
(x of 2) distan: ch instantancous w’, ', and w' vary, and given that 1, “obey the continuity 
equation, we can make the following loose statement about how the magnitudes of wand v’ are related: 
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‘So for motions with length scales much larger than y, v' will tend to be much smaller than either w’ or w’, and 
there won't be much contribution to the Reynolds stress. The “active” motions (the motions that contribute to 
the Reynolds stress) tend to have length scales proportional to y, with v of the same order as w. But viscous 
damping has an increasing effect as / decreases, and as we enter the buffer layer the intensity of motions with 
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length scale / ~ y decreases. If we think of viscosity as imposing a lower cutoff on J (an oversimplifi 
with a grain of truth to it), we would expect v' to decrease as y* while w deci 
DNS simulations. 











‘ous sublayer, we find another distinctive feature of turbulent velocity profiles: the pro- 
in which the second derivative of the velocity has a lange negative value, In this region, the 
eddy viscosity increases rapidly with increasing y, and the velocity gradient diminishes accordingly, to the much 
lower levels typical of the outer part of the layer. 

nice between turbulent and laminar profiles is in the appearance of inflection points in 
adverse pressure gradients. In our discussion in connection with Equation 4.2.7, we noted that in an adverse 
pressure gradient 2°w/@y” must be positive at the wall and that a laminar profile must therefore have an inflee- 
‘ion point somewhere away from the wal, The same applies to turbulent profiles, but the inflection isn't gen- 
crally visible in profile plots like Figure 4.4.5. Deep in the sublayer, 2°wéy* must be positive, but just outside 
the sublayer it is strongly negative, and the location of the inflection point must be in the bulfer layer, too close 
to the wall to be visible in ordinary profile plots. But inflection can also appear farther out in the profile. As 
indicated in Figure 4.4.5, a region of positive second derivative can appear in the outer portion of a 2D turbu- 
lent velocity profile ifthe pressure gradient is very strongly adverse or has been adverse over a long distance. 
Because the velocity profile tends to retain a pronounced negative second derivative both in the “corner” and 
near the edge of the boundary layer, a region of positive second derivative in the middle generally requires two 
inflections, as seen for the strongest adverse-pressure-gradient case in Figure 4.4.5, 

Many of the available turbulence models can predict these distinctive features of turbulent velocity profiles, 
but before CFD became commonplace an understanding had already been developed based on physical reason- 
ing, dimensional analysis, and simplified models. The physical reasoning starts with the idea that the boundary 
layer can be divided into an inner region and an outer region, and that in each region the velocity profile de- 
pends on the flow conditions in a distinctive way. 


























At the very bottom of a laminar boundary layer, the velocity profile is nearly linear and depends only on 
the wall shear stress and the viscosity, and not directly on the pressure gradient or on anything that happens in 
the outer part of the layer. In a turbulent boundary layer, the same dependence applies reasonably well to the 
wall region, which spans the viscous sublayer and the “corner” region of the velocity profile. To express this, 
dependence in dimensionless form, we first define dimensionless wall variables: 
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is called the friction velocity, and a unit of y* serves as a length scale often called a wall unit. The depender 
‘we're assuming, that is, that the velocity profile depends only on the shear stress and the viscosity, then takes 
the form of a basic functional relationship called the law of the wall 


446" = f(y"). 
In the viscous sublayer, the velocity profile is nearly linear, as it eff 
boundary layer, and f takes an especially simple form: 
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Farther out in the wall region, turbulent shear stress comes to dominate relative to the 
But the velocity profile still depends on the viscosity because the presence of the viscous sublayer has a lange ef- 
fect on the profile shape well into the part of the region where the turbulent shear stress has taken over. Shortly, 
‘we'll determine what functional form f must take in the outer part of the inner region. 

In the outer region, we assume that momentum transport is entirely turbulent and that the velocity profile 
hhas no direct dependence on viscosity. The velocity profile in the outer region goes to ue at the outer edge of 
the boundary layer and must merge with the wall-region velocity profile somewhere in the neighborhood of the 
‘comer” of the profile. The remaining physical arguments regarding the outer-region velocity profile then go 
as follows. The outer region is like a boundary layer with a “slip velocity” at the wall, the slip velocity just 
being the velocity provided by the wall-region profile. The processes (primarily large eddies) that determine the 
velocity profile in the outer region don't “know” how much slip velocity is being provided by the wall-region 
profile, only how much shear stress is being transmitted, which is assumed to at least scale with the wall shear. 
Because the flow in the outer region doesn't “know” what its velocity is relative to the wall, the velocity that 
matters is the velocity defect, te ~ u, and the outer region is therefore often called the defect layer 

The velocity-defect profile is assumed to depend on the overall thickness 5 of the boundary layer, the wall 
shear stress, the pressure gradient, and upstream history, but not directly on the viscosity. Expressing this in di- 

















Ina flat-plate flow, F depends only on y/8 because there is no pressure gradient, and upstream history effects 
are negligible because the shape of the profile is changing slowly. Equation 4.4.8 is then known as the velocity 
defect law, and data from many experiments on both smooth and rough walls closely define a single function F, 
provided Ro is above about 6000. Then there is the special class of flows that we've already noted known as the 
equilibrium turbulent boundary layers, in which the pressure-gradient parameter defined by Equation 4.3.8 
is constant in x, In an equilibrium turbulent boundary layer, the function F is also constant in x, but with a dif- 
ferent function for each value of B, as we discussed previously in connection with Equation 4.3.9. Equilibrium 
boundary layers were first described by Clauser (1954, 1956), and further theoretical issues were investigated 
by Mellor and Gibson (1966). For more general cases, F is not universal, but the important thing for our pur- 
poses is that the defect profile is a function of y/5.and not directly a function of viscosity. 

So we have inner and outer regions in which the velocity profile has different kinds of functional dependence, 
The final physical argument in this analysis is that there is a significant overlap region in which both kinds of 
dependence (Equations 4.4.6 and 4,48 hold, In the overlap region, we then have 
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The velocity profile thus is given by a function f of y/8 multiplied by a constant, and at the same time by the 
function F(y/6) with a constant added to it. As first pointed out by Millikan (1938) (see also White, 1991), the 
only possible functional form is logarithmic. The resulting logarithmic law of the wall for the overlap portion 
of the inner region is usually written 














ut =2in(y*) +B, 

44.10 K 
where x is called the von Karman constant and has been assigned values between about 0.38 and 0.44 depending 
‘on what experimental data are used. The constant B also varies depending on what value of x was chosen, 
among other things. It is typically about 4.9 for a smooth wall and is smaller when the wall is rough, as we'll 
see in Section 6.1.8. The logarithmic overlap typically extends from y* = 0 out to about 0.158. At very high 
Reynolds numbers, the sublayer is very thin, and the log profile occupies nearly the whole region from the wall 
to 0.155, while at the lowest Reynolds numbers at which turbulent flow can be sustained, the log profile disap- 
pears 

Outside the viscous sublayer, the velocity profile blends smoothly from the linear sublayer profile to the log 
profile. Spalding (1961) devised a composite formula that fits the entire law-of-the-wall region: 
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‘which is illustrated in Figure 4.4.6, There are not many reliable sets of experimental data defining the profil 
this region, but this formula fits the available data well (see White, 1991). 





Figure 4.4.6 Velocity profile in the law-of-the-wall region of a turbulent boundary layer 
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Why does it matter that a portion of the typical turbulent velocity profile is logarithmic? Well, there are at 
least two practical applications for this bit of knowledge. One is that surface roughness causes a shift in the log- 
arithmic profile, and the shift provides a practical way of characterizing the effect on the skin friction, making 
it possible to take empirical roughness data from one flow situation and apply them to other flow situations, as 
‘we'll see in Section 6.1.8. Another is that the logarithmic profile provides a way to determine Cr from experi- 
‘mental measurements of the mean velocity profile. The viscous sublayer is typically so thin that measurements 
can't be made close enough to the wall to determine Cu/éy directly, but the logarithmic part of the profile can 
often be measured reasonably accurately. So in principle we should be able to determine the value of Cr that 
makes the measured profile fit the logarithmic law best. Clauser (1956) proposed one very effective way of do- 
ing this. First, recast Equation 4.4.10 in terms of Crand te: 
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a form of the log law in which increasing Cr increases both the slope and the intercept. Then all we have to do 
is to plot Equation 4.4.12 for an array of closely-spaced values of Crand plot the measured profile in terms of 
‘ule versus log(y ue/v) for comparison, Figure 4.4.7 illustrates how this works. The portion of the experimental 
profile that is logarithmic is easily identified, and the curve it lines up with best provides an estimate of Cr. This 
kind of plot is often called a Clauser plot. 





Figure 4.4.7 A “Clauser plot” of an experimental turbulent velocity profile compared with curves plotted from 


























Equation 4.4.12, showing how an experimental estimate of Crean be made (Cj~ 0.0020 in this ease). (Data 
from MeLean, 1970; for a case about halfway between the onset of an adverse pressure gradient and separa- 
tion) 
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The velocity-defect form in Equation 4.4.8 isn't very convenient for general flows because the function F 
isn't universal. Coles (1956) found another way of representing the outer-region velocity profile, in which a 
single universal function suffices. Instead of referencing the velocity in the outer region to ue, he referenced it 
to the outward continuation of the inner-region profile, the law of the wall. In this formulation, the entire profile 
can be expressed in a single formula: 
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where f is the law of the wall and can be expressed as a combination of Equations 4.4.7 and 4.4.10 or in terms 
of Equation 4.4.11, and the function W is well represented by 

w (4) =sin? ($4). 
4 6 26 
‘The constant IT is determined by the difference between the law of the wall and the actual velocity ug at y 
8. The function W resembles the velocity profile in half of a turbulent wake and is therefore called the wake 
function, and Equation 4.4.13 is called the law of the wake. Equation 4.4.13 is compared with the same meas- 
ured turbulent velocity profile used in Figure 4.4.7, first in terms of inner-region variables in Figure 4.4.8a, and 
then in terms of u/tle Versus y/8 in Figure 4.4.8b. This level of agreement with data is typical 

















Figure 4.4.8 A typical experimental velocity profile compared with Coles! law of the wake, Same experiment 
al data as in Figure 4.4.7. (a) In terms of wall variables. (b) Conventional yelocity profile 
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‘The wake function W, shown in Figure 4.4.9, is “concave” (negative second derivative) in the bottom half 
and “convex” in the upper half, with an inflection point in the middle. Thus one component of the law-of-the- 
wake profile always has an inflection point, even when the pressure gradient isn't adverse. But the general con- 
vexity of the other component, the law of the wall, tends to keep the overall profile convex unless the adverse 
pressure gradient is strong or has been in force over a long distance. This can be seen in Figure 4.4.8b, in which 
the profile shown is in a moderately strong adverse gradient, at a station about half way from the onset of the 
pressure gradient to separation, and the profile is still convex, though just barely. 





Figure 4.4.9 Wake function W(y/6), defined by Equation 4.4.14, used in the law of the wake, Equation 4.4.13 
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The use of the word “wake” in the law of the wake is odd in a way. Coles (1956) noted the similarity of the 
function W(y/) to half of a wake velocity profile and proposed thinking of the outer part of a turbulent bound- 
ary layer as a half-wake. While a turbulent free wake and the outer region of a turbulent boundary layer are both 
regions of velocity deficit relative to ue, the “wake component” 21 Wx of the law of the wake is, according to 
Equation 4.4.13, a velocity excess relative to the law of the wall. The entire law-of-the-wake velocity profile, 
including the law of the wall component, is often not at all wake-like in appearance, as, for example, in Figure 
4A.8b, 

‘The skin friction is much larger for a turbulent boundary layer than for a corresponding laminar flow, as we 
saw for flat-plate flow in Figures 4.3.1-4.3.3. The difference between turbulent flow and laminar flow is even 
‘more dramatic when we look at it in terms of the eddy viscosity yx. compared with the molecular viscosity 
Away from the wall in a turbulent boundary layer, the mean-velocity gradient quickly becomes much smaller 
than it is at the wall, while the shear-stress level tends to remain high. This situation reflects levels of eddy 
viscosity that are orders of magnitude higher than the molecular viscosity. In Figure 4.4.10, we plot the ratio 
w/p for flat-plate boundary layers over a range of Reynolds numbers, according to the eddy-viscosity model of 
Mellor (1967). The ju/j distribution in the inner region, plotted versus y”, is independent of Reynolds number, 
as shown in part (a). It is the linear-looking part of the ju/p distribution that produces the logarithmic part of 
the velocity profile, The outer region eddy viscosity is proportional to RS* as scen in part (b), a relationship 
first suggested by Clauser (1956). In some models, for example, Cebeci and Smith (1974), the eddy viscosity 
decreases toward the outer edge of the boundary layer to account for the intermittency of the turbulence. Mellor 
and Gibson (1966) claim this makes litle difference in the calculated mean-velocity profiles. 




















Figure 4.4.10 Levels of eddy viscosity given by Mellor and Gibson's (1966) model, for fat-plate boundary 
layers over a range of Reynolds numbers, (a) The inner region, in wall region variables, in which the variation 
is independent of Reynolds number. (b) Over the entire boundary-layer thickness, where the inner- 
ation of (a) takes place too close to the wall to be visible 
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In Section 4.1.2, we discussed the distinctive aspects of 3D boundary layers in general terms: shear- and 
pressure-driven cross flow, cross-flow velocity profiles, direction profiles, the nature of separation in 3D, and 
the effects of cross flow on the flow development and the displacement effect. An additional complication arises 





in turbulent 3D flows, and that is that the relationship between the mean-velocity gradient and the shear stress 
becomes more complex, 

One way of looking at this relationship is to think of the shear stresses and the velocity gradients as vectors, 
(cq t2) and (2uldy, éw/éy) defining directions parallel to the surface. In 2D flows, these vectors are in the same 
direction, the direction of the entire flow, given by the vector (te,0). In 3D, the shear stress and the velocity 
gradient line up only in laminar flow or in the viscous sublayer of a turbulent boundary layer. In the turbulent 
part of a 3D boundary layer, they are generally skewed at an angle relative to each other, with the shear-stress 
direction often lagging behind when the velocity-gradient direction changes, as is the case in the example shown 
in Figure 44,11. Van den Berg (1988) compiled a list of possible physical mechanisms for the skewing, but 
‘what the mechanisms actually are in typical 3D boundary-layer flows has not been resolved. 








Figure 4.4.11 Examples of the skewing that ean take place between the shear-stress direction fh, and the 











velocity-gradient direction fiz compared to the outer-flow direction fin a 3D turbulent boundary layer in ar 
adverse pressure gradient. See Bradshaw and Pontikos (1985). (a) Data from van den Berg, (1988). Published 
by AGARD, (b) Data from Bradshaw and Pontikos, (1985), 
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‘The skewing means that the eddy viscosity has different values in the two directions, and it ean have major 
effects on the development of the mean-velocity field. Many turbulence models ignore this, however, and as 
sume that the eddy viscosity is isotropic (the same in all directions). Well discuss this problem further in con- 
nection with the prediction of swept-wing flows in Section 8.6.2. 

In most applications, we are not interested in the unsteadiness associated with a turbulent boundary layer, and 
‘we tend to measure or attempt to predict only the time-averaged (mean) flowfield. But the pressure fluctuations 
at the surface are sometimes important, as, for example, in the generation of boundary-layer noise. These tend 
to have broad-band spatial and temporal spectra reflecting the range of scales in the boundary-layer turbulence, 
In an attached boundary layer, the lowest spatial and temporal frequencies tend to be those associated with the 
passage of large structures such as those shown in Figure 2.1¢, Boundary-layer separation from anywhere but a 
single, sharp trailing edge will give rise to lower frequencies associated with fluctuations of the instantaneous 
separation location and of the separated shear layer, and these fluctuations can be felt far upstream. Separation 
also increases the intensity of the surface pressure fluctuations, by something on the order of 10 dB, and reat- 
tachment of a turbulent shear layer increases them even more. 

















4.5 Control and Prevention of Flow 
Separation 


‘As we noted in Section 4.1.4, dela aration is important in many applications. In this sec- 
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4.5.1 Body Shaping and Pressure Distribution 


Separation from a smooth surface is generally related to a rapid or sustained rise in pressure, as we saw in Sec- 
tion 4.1.4. Thus a powerful means of delaying separation is through the shaping of the body so as to control 
the pressure rises. This usually means providing a generally streamlined shape, without sharp comers or large 
surface curvatures, and with a gradual closure at the back of the body to a sharp or almost sharp trailing edge or 
tail. Ifthe closure is too abrupt, separation ahead of the tail will occur, asin Figure 4,1.2b or c. Weill consider the 
distinction between streamlined and bluff bodies further, as well as the underlying phy: ections 
5.2, 6.1.3, 6.1.5, and 6.1.6, Even for a streamlined body, some fairly subtle details of the pressure distribution 
can be important. We'll consider this issue in some detail in connection with the maximum lift of airfoils in Sec- 
tions 7.4.3 and 7.4.4 

aration in 3D can form complicated flow patterns such as the necklace vortex separation that can occur in 
ration at the lead- 























a wing-body junetion, as shown in Figure 4,5.la.b. A fillet or strakelet can eliminate the se 
ing edge itseif by easing the adverse pressure gradient and increasing the flow divergence ahead of the junction, 
as shown in Figure 4.5.l¢. The change in the surface she: pattern between (b) and (c) is dramatic. We 
should remember, however, that the surface shear-stress pattern tends to give an exaggerated impression of the 
arations like the 
ts on the rest of 











change to the overall flowtield, as we pointed out in Section 4.1.2 and saw in Figure 4,111. S 
‘one in Figure 4.5.1b tend to be confined close to the body surface and to have very minor eff 
the flow. 





Figure 4.5.1 3D separation in a wing-body junction. (a) Sketch ofa necklace vortex separation in a junction 
‘without a fillet, (b) Oil-flow photo of necklace vortex separation in a horizontal-tail junction. (c) Oil-flow 
photo of same junction as in (b) with strakelet installed 
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4.5.2 Vortex Generators 


Generating streamwise vortices in the boundary layer upstream of where separation would otherwise occur can 
be an effective preventive measure. A vortex generator (VG) is usually a low-aspect-ratio vane with a planform 
ranging from delta to rectangular, attached perpendicular to the wall and placed at an angle of attack of about 
15° to the local flow, so as to produce a strong vortex. The basic types are illustrated in Figure 4.5.2. A conven 
tional VG is usually sized about as high as the boundary layer is thick (lh~8), while a subboundary-layer vortex 
generator (SBVG) is much smaller ( << 8). VGs are generally used in arrays and characterized by whether 
the vortices are all of the same sign (co-rotating) or of alternating signs (counter-rotating). In addition to vanes, 
various sorts of wedges, bumps, and scoops have been used to generate counter-rotating vortex pairs, but these 
devie 


Figure 4.5.2 Types of vortex generators used for delaying or preventin, 
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are less common than vanes. 
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A common explanation for the effectiveness of VGs is that they “enhance mixing,” We've seen that a turbu- 
lent boundary layer is more effective than a laminar one at resisting separation, and it seems logical that intro- 
ducing more mixing would make it even more effective. There is an element of truth to this idea, but itis an 
oversimplification, especially in the case of conventional large VGs. What a large VG does to the flow ean be 
looked at either in terms of a large side force “pushing” the flow strongly to the side, or in terms of “induction” 
by a strong vortex. Either way, the result is a major rearrangement of the mean-velocity field, as illustrated in 
Figure 4,5.3 in terms of streamwise vorticity and velocity contours in a cross-plane downstream of the VGs. 











nent of the boundary-layer mean-velocity field by conventional VGs, shown in terms 





Figure 4.5.3 Rearrang 
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ind the u/ite= 0.99 streamwise velocity contour at several streamwise sta- 
tions. From Pauley and Eaton, 1988, Used with permission, (a) With counter rotating VGs. (b) With co-rotat 
ing VGs 
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Counter-rotating VGs (Figure 4.5.2a, left side) produce bands of strong flow divergence (Figure 4.5.3a), 
‘where the boundary layer is thinned considerably, which increases its resistance to separation, alternating with 





bands of flow convergence, in which the boundary layer is thickened, and resistance to separation is presumably 
reduced. As the vortices “migrate” laterally, the bands of divergence widen, and the bands of convergence nar- 
row, until pairs of vortices converge on each other and begin to rise from the surface, as can be seen in Figure 
4.5.3a. As the vortices rise, they lift some of the low-energy air away from the wall, so that it contributes less to 
the tendency to separate. If an array of counter-rotating VGs is placed insufficiently far upstream of where sep- 
aration wants to occur, separation will occur in the convergence bands. If the array is placed too far upstream, 
the converged vortex pairs will rise too far and lose their effectiveness. The placement of an array, relative to its 
spacing, is thus a balancing act, And note that in counter-rotating arrays, the vanes are usually grouped in pairs, 
as shown in Figure 4,5.2c, such that vortex convergence and liftoff are delayed farther downstream than they 
‘would be with uniform spacing, 

Co-rotating VGs (Figure 4.5.2b, right side) also produce bands of divergence (thinning) and convergence 
(thickening), as in Figure 4.5.3b, but not nearly as pronounced as those produced by counter-rotation. 

Which type of array is more effective at preventing separation depends on several factors. Here is a brief 
summary of the pros and cons of the two types: 














+ Counter-rotating: A counter-rotating array can be more effective over short distances because of the 
strong divergence it can produce, but vortex merging limits the distance over which it remains effective. 
‘The effectiveness of a counter-rotating array can be seriously degraded if the vortices in a pair are not 
of equal strength (Pearcey, 1961), and counter-rotating arrays are thus not very tolerant of flow direction 
changes that unbalance the angles of attack of the vanes. And in 3D flows with strong cross-flow in the 
boundary layer, the two vortices in a pair behave differently, as explained below, which tends to favor a 
co-rotating array, 

+ Co-rotating: A co-rotating array will usually have lower nearfield effectiveness, but its effectiveness 
will persist farther downstream, And a co-rotating array is usually favored in cases with strong boundary- 
layer cross-flow. 








Strong boundary-layer cross-flow has two main effects (Shizawa and Eaton, 1992): The vortices from VGs 
decay two to three times as fast as they would in a comparable 2D flow, and vortices of opposite rotation behave 
differently, as we mentioned above. When the main vortex from the VG has the same rotation as the background 
cross-flow vorticity in the outer part of the boundary layer, the vortex tends to diffuse more rapidly, as shown 
in Figure 4.5.4a, than it does when the vortex rotates in the opposite direction, as in Figure 4.5.4b. So flow situ- 
ations with strong boundary-layer cross-flow favor co-rotating arrays with rotation as in Figure 4,5.4b. An easy 
rule to remember is that the force exerted by the VG should push the flow in the direction opposite to the dir 
cetion of the cross-flow. This is important in the application of VGs to swept wings. Well discuss swept-wing 
boundary layers in some detail in Section 8.6.2. 
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One of the most common applications for large VGs is to delay shock-induced separation on wings with 
transonic flow. The physical issues involved were discussed by Pearcey (1961) and ESDU (1993) provides in- 
stallation design guidelines. Large VGs have also been used on fuselage closures, engine-inlet and wind-tunnel 
diffusers, and windmill blades (MeMasters, Crowder, and Robertson, 1985). In general, counter-rotating VGs 
hhave been favored in flows that are without strong cross flow and in which the flow direction can be depended 
on to remain the same, and co-rotating VGs have been favored on swept wings. 

For modeling the effects of VGs in CFD calculations, it's tempting to treat the flow only in a spanwise-av- 
raged sense and to modify the turbulence model so as to simulate the effects of enhanced mixing. But we 
saw in Figure 4.5.3 that a boundary layer downstream of conventional large VGs has a pronounced large-scale 
spanwise-periodic structure, the effects of which are not likely amenable to averaging. The most su 
‘modeling of large VGs so far has been based on 3D RANS calculations that resolve the individual vortic 
‘Yu, Kao, and Bogue, 2000) 

SBVGs, on the other hand, are much smaller than conventional VGs and have spacings that are not so large 
relative to 6, so that it is much more reasonable to think of their effects in spanwise-averaged terms. The method 
developed by researchers at QinetiQ, Ltd, based on experimental measurements by Ashill, Fulker, and Hackett 
(2001, 2002), follows this general strategy in simulating the effects of SBVGs in a 2D integral boundary-layer 
code 

















4.5.3 Steady Tangential Blowing through a Slot 


Blowing air through a tangential slot in the wall can be a very effective way to delay separation, The air can 
be introduced passively through an open slot in an airfoil, as in Figure 4.5.5a, or actively from a pressurized air 
source, as in Figure 4.5,5b. In either case, the result downstream of the slot is a velocity profile of the wall-jet 
type, with a velocity peak near the bottom of the layer. Note that in the passive case the maximum total pres- 





sure in the jet is the freestream total pressure, so that the maximum velocity at the jet exit is about the same as 
the inviscid-flow velocity at the edge of the boundary layer. In the active case, on the other hand, total pres- 
sures substantially higher than freestream are typically used, which results in higher jet velocities. Because of 
the typically higher momentum flux, active blowing tends to be implemented with a narrower slot than passive 
blowing 
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Figure 4.8.5 Tangential blowing slots and associated 
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Much of what is known about the performance of wall jets in preventing separation applies to the active case 
with a relatively narrow slot and a high jet velocity. In this situation, the slot height and jet volume flux required 
to control downstream flow separation tend to be relatively small, so that the details of the jet velocity profile 
don't matter much, and performance depends primarily on the integrated jet momentum ux. On the other hand, 
a passive wall jet, with its larger slot height and lower jet velocity, is not so simple and does not seem to per- 
form in a way that correlates neatly with simple flow parameters. Understanding passive slot blowing requires 





taking a different view, looking at the problem in terms of the boundary layers and pressure distributions on the 
individual surfaces rather than in terms of a single jet. We'll discuss this approach to understanding the passive 
slot effect in Section 7.4.4. 

Steady slot blowing is a “brute force” method of separation control in that it works by providing the fluid at 
the bottom of the boundary layer with the additional momentum it needs to overcome a longer run of adverse 
pressure gradient without separating 

‘The usual correlation parameter for the effectiveness of high-velocity wall jets in preventing separation on 





an airfoil of chord c is the momentum-flux coefficient: 
J pyu? dy 
Cc, = 4 —_ 
45. Poolgo€ 
The level of Cy required depends on how far separation needs to be delayed and on other details of the particular 
application, To bring about a major change in separation behavior, for example, to achieve fully attached flow 


on a plain (unslotted) trailing-edge flap at a large deflection angle, might require Cy = 0.02-0.06, depending on 
the details. Performance of slot blowing correlates reasonably well with Cy in the sense that for a given airfoil 
shape and flow condition, performance is insensitive to slot height and jet velocity, provided Cy is kept constant, 
Lachman (1961) and Korbacher (1974) survey an extensive assortment of early investigations of the overall 
performance of steady blowing in delaying separation, and MeGahan (1965) made detailed flowfield measure 
‘ments in a series of separating flows with steady blowing. 

Steady blowing can be highly effective in delaying or preventing separation, but it tends to be costly in an 
energy sense. For most of the practical applications where blowing might be considered, providing a Cy level 
above 0.01 requires a large amount of compressor power. 

Providing stot blowing can entail other practical problems as well, An effectively 2D slot interrupts the skin 
ofthe body, and an alternative path for possible structural loads must be provided. And if the requit 
is small, maintaining the height accurately can be a problem, espe 
some cases, an attractive alternative is to replace the slot with a spanwise array of discrete nozzles discharging 
parallel to the surface. Only discrete holes through the skin are then required, and precise nozzle geometry is 
easy to maintain, Discrete-jet blowing has been found to be just as effective as slot blowing, provided that the 
nozzle array is placed far enough upstream so that the discrete jets have a chance to merge sufficiently to pre 
‘vent separation where it needs to be prevented (McLean and Herring, 1973). 

















4.5.4 Active Unsteady Blowing 


Active unsteady blowing is a much more recent development than steady blowing, and it involves entirely 
different physics. Instead of preventing separation by brute force addition of momentum to the bottom of the 
boundary layer, unsteady blowing controls the effects of separation by manipulation of the separated shear layer. 
Unsteady excitation provided by a pulsed blowing jet or by a small mechanical flapper (like a miniature version 
of the spoilers used on wing upper surfaces) excites instabilities in the separated shear layer, causing it to oscil- 
late with a large amplitude. The time-averaged flowfield that results is intermediate between the separated flow 
that would occur without control and the fully attached flow that could be achieved with sufficiently intense 
steady blowing. On an airfoil or trailing-edge flap, for example, the increment in lift relative to the separated 
case is less than what could be achieved with steady blowing but can still be substantial 

So unsteady excitation can’t achieve the performance levels that steady blowing can, but there are indications, 
that unsteady excitation can achieve useful levels with much lower energy inputs than required for steady blow- 
ing. For example, et al, (1993) reported substantial increases in Ciinax for an airfoil with a plain flap de- 
flected 30° with a time-averaged Cy. of 0.0006, roughly 2 orders of magnitude lower than steady blowing might 
have required. More recently, experiments and CFD simulations (the calculations by Shmilovich and Yadlin 
(2007), for example) have required much higher excitation levels, however. The excitation level that would ac~ 
tually be required to provide attractive performance for a real aircraft high-lift system is still highly uncertain. 

There are two distinct approaches regarding the frequency of excitation, Earlier experiments on unsteady 
blowing (Seifert et al, 1993) found a relatively low reduced frequency of excitation fe/ux = 1 to be most ef- 
fective. More recently, a high-frequency approach using frequencies an order of magnitude higher has been pro- 
posed (see Glezer, Amitay, and Honohan, 2003, for example). 




















4.5.5 Suction 


Suction through slots or porous surfaces can be highly effective at delaying separation, essentially by removing 
the air with the lowest momentum at the bottom of the boundary layer and thus delaying the reversal of the ve- 


locity profile, Schlichting (1979) shows flow visualization images of slot suction delaying separation in a diver- 
ging channel and in the external flow around a circular cylinder. Thwaites (1958) shows experimental data for 
a circular cylinder on which porous-surface suction eliminated separation so that the theoretical potential-flow 
pressure distribution was nearly achieved. In Section 6.1.10, well look at another way of applying suction, in 
‘which the body shape is designed to localize all of the body's pressure recovery over a single suction slot, where 
a large fraction of the boundary layer arriving from upstream is removed. In practical applications, suetion, like 
steady blowing, tends to be costly in terms of energy. 








4.6 Heat Transfer and Compressibility 


In our theoretical discussions so far in this chapter, we've generally assumed constant-property flow. Though 
the general momentum-transport processes and the development of the velocity field we've discussed so far 
‘wouldn't likely be changed qualitatively by variations in properties, variable fluid properties can have important 
quantitative effects on the flowfield, and there are situations in which the heat transfer and the wall temperature 
are of practical importance. Such effects can come into play through heating or cooling at the wall, or through 
the effects of compressibility, or combinations of these. 




















4.6.1 Heat Transfer, Compressibility, and the 
Boundary-Layer Temperature Field 


When cither heat transfer or compressibility causes a variation in temperature in the neighborhood of a wall, we 
have, by definition, a temperature profile and a thermal boundary layer. The development of the thermal bound- 
ary layer depends both on what goes on in the flowfield and on the thermal boundary conditions at the wall, 





‘where cither the temperature, the heat flux, or a relationship between the two may be imposed by the thermal 
properties of the body and other aspects of the thermal environment, 

As an illustration of the kinds of effects that can arise, consider a wing skin that is also part of a fuel tank, 
Fuel was pumped into the tank at a temperature close to the ambient temperature on the ground, and now the 
airplane is flying at high altitude, where the air is much colder. The fuel is being cooled by heat transfer that 
is driven by the temperature difference and regulated by the thermal conductivity of the fuel and the skin, and 
by the effective conductivity of the thermal boundary layer. The surface temperature adjusts itself to balance 
the transfer of heat from the tank with the transfer to the flow. The temperature difference that drives the heat 

















transfer to the flow is the difference between the actual surface temperature and the adiabatic wall temperature, 
‘which is just the temperature the wall would reach in the absence of heat transfer, as, for example, if the wall 
were a perfect thermal insulator. At very low Mach numbers, the adiabatic wall temperature is just the static 
temperature of the flow, while at higher Mach numbers it reaches an elevated adiabatic recovery temperature 





because the kinetic energy of the flow is significant, and some of it is turned into heat in the boundary layer 
through viscous dissipation, We'll shortly consider a simplified theoretical estimate of the adiabatic wall tem- 
perature 

Other sources of heat flux (electromagnetic radiation, for example) can also affect surface temperature. The 
surface of a vehicle at rest in the sun can become quite hot to the touch, but the temperature will drop rapidly 
as flow speed increases. The net electromagnetic heat flux in this case is the difference between the absorbed 
part of the incoming solar flux (the part that isn't reflected), which is roughly fixed, and radiation from the body, 





‘mostly in the infrared, As the body is cooled by the flow, the net radiation into it increases somewhat because 


the outgoing infrared radiation is reduced, but the effective conductivity of the thermal boundary layer increases 
greatly with flow speed, so that the radiation overall becomes less and less of a player in the heat balance that 
determines the surface temperature 

Thermal boundary layers encompass wide ranges in the relative importance of the various effects. For ex- 
ample, if the Mach number is low, and heat transfer is driven by small temperature differences relative to the 
absolute temperature, the density and viscosity will be almost constant, and the flowfield will be affected very 
little by the heat transfer. In such cases, the heat is conducted and convected by the flow much as a passive con- 
taminant would be. With larger temperature differences and/or Mach numbers, on the other hand, the change 
in density and viscosity can have significant effects on the flowfield, In some flows, heat transfer dominates 
the thermal effects, while in others, heat transfer from the wall is insignificant, and compressibility is the only 
source of temperature differences. And many flows land between these two extremes. 











4.6.2 The Thermal Energy Equation and the Prandtl 
Number 


ry equation governs the temperature field and its interaction with the velocity and pressure 
fields (see Schlichting, 1979, for a detailed derivation). The equation expresses the balance between conduction 
and convection of thermal energy, and its conversion to and from kinetic energy by compression, expansion, 
and viscous dissipation. The equation gives rise to an important dimensionless material property, the Prandi 
umber 











461 PY = Hlep/k, 
where cp is the specific heat at constant pressure, and k is the thermal conductivity. The Prandt! number appears 
in both the thermal conductivity and viscous dissipation terms in the energy equation (see Table 3.9.2) and meas- 
ures the relative importance of viscous diffusivity and thermal diffusivity in the development of the velocity and 
temperature fields. Schlichting (1979) uses an order-of-magnitude analysis to arrive at a rough estimate of how 
¢ thicknesses of the velocity and thermal boundary layers in laminar flow: 








462 61/6 ~ Pro'?, 

In gases, the Prandtl number is not far from 1, and the thermal boundary layer tends to be similar in thickness 
to the velocity boundary layer, as illustrated in Figure 4.6.1a. In liquids, the Prandt! number is typically orders 
of magnitude larger, and the thermal boundary layer tends to be much thinner than the velocity boundary lay- 
r, as illustrated in Figure 4.6.1b, Of course, in real situations the thickness of the thermal boundary layer also 
depends on the upstream history of the thermal boundary condition, For example, there can be situations in 
which a pronounced temperature difference is introduced at the wall well downstream of the start of the velocity 
boundary layer. The thermal boundary layer arising from such a change in boundary condition will be thinner 
than the velocity boundary layer until the temperature difference has had a chance to diffuse out into the flow, 
as illustrated in Figure 4.6.1c, 





Figure 4.6.1 Schematic illustration of the thermal boundary layer in relation to the velocity boundary layer. (a) 
s (Pr about 0.7). (b) Liquids (Pr > 1). (c) Gases 
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4.6.3 The Wall Temperature and Other Relations for an 
Adiabatic Wall 


In many high-speed flow applications the wall boundary condition is very nearly adiabatic, and itis useful to be 
able to predict the wall temperature. Because the Prandt! number in gases is close to 1, we'll take as a starting 
point an energy integral derived independently by Busemann and Crocco (see White, 1991) for the special case 
of Pr= 1. If we further assume a perfect gas and an adiabatic wall, the boundary-layer thermal energy equation 
can be integrated, with the result that the total enthalpy is constant through the boundary layer: 





463 H = h+u?/2 = constant. 
‘Thus for Pr 1, the adiabatic wall temperature, or the flow temperature at the wall, where u=0, is the same as 
the stagnation temperature of the flow at the edge of the boundary layer, which in most extenal-flow situations 
will be the same as the far-field stagnation temperature. 

But in gases the Prandt! number is a bit less than 1 (0.71 for air), and the adiabatic wall temperature is a bit 
less than the stagnation temperature at the boundary-layer edge. We define an adiabatic recovery fiactor: 


464° = (Taw ~ Te)/(Tee = Te). 








We sce that the Pr= I result of Equation 4.6.3 corresponds to r= 1. White (1991) presents approximate analyses 
indicating first that r should be very closely a function of Prandtl number only, and further that for laminar flow 





gt © Pr'/? = 0.84 for air, 








and for turbulent flow 


4660 © Pr'/? = 0.89 for air. 

‘So we sce that the adiabatic recovery temperature in air is much closer to the stagnation temperature than to 
the static temperature of the local outer flow, especially if the boundary layer is turbulent. These relationships 
should be good over the range of Prandtl number from 0.1 to 3.0, and provide a very convenient way to make 
rough estimates of the adiabatic wall temperature. 

Consistent with the analyses that led to Equations 4.6.3~4.6.6, a reasonable approximation to the density and 
temperature profile for laminar or turbulent flow and an adiabatic wall is 


pe _T 
ase Te 


where r is given by Equation 4.6,5 for laminar flow or Equation 4.6.6 for turbulent flow. A typical temperature 
profile for turbulent adiabatic-wall conditions according to this equation is illustrated in Figure 4.6.2. 


Figure 4.6.2 Velocity and temper 
cording to Equation 4.6.7 
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‘The increase in temperature through the boundary layer is accompanied by a reduction in density, which in- 
creases 5” and reduces 0, so that the shape factor His increased. Whitfield (1978) proposed a correlation for this, 
effect for both laminar and turbulent flows up to Me=3, in terms of the kinematic shape factor Hx (H computed 
with the density ratio omitted from the integrals): 


3 H = Hx(1+0.113M?) +0.290M2. 


A plot of this relationship in Figure 4.6.3 illustrates how a given velocity profile with a given Hx results in 
significantly higher values of 1 at high Mach numbers. The increase in temperature also tends to reduce Cj. An 
approximation for this effect in the case of a flat plate was seen in Equation 4.3.7 and Figure 4.3.4. 











Figure 4.6.3 Effect of Mach number on the shape factor /1 for adiabatic-wall boundary layers, according to 
Equation 4.6.8 
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4.7 Effects of Surface Roughness 


Distributed surface roughness can influence an aerodynamic flow in different ways depending on the situation: 
It can affect the location of laminar-to-turbulent transition, and it can alter the skin friction of a turbulent bound- 
ary layer and through combinations of these, it can alter the development of the boundary layer and the location 
of subsequent separation. In Section 4.4.1, we briefly discussed the effects of Reynolds number and roughness 
on transition, and in Section 6.1.6, we'll see how these can in tun affect the separation location and the pres- 
sure drag of spheres and cylinders. The maximum lift of an airfoil or wing also depends on separation, as we'll 

¢ in Section 7.4.3, so that roughness can affect maximum lift as well as drag. In Section 6.1.8, we'll look in 
some detail at how surface roughness can increase turbulent skin friction, which can influence total drag even 
‘when there is no change in transition or separation. This type of roughness effect is quite common in applica 
tions, caused, for example, by rough materials or paint, or by dirt or other contamination. Then in Section 6. 
‘well look at methods for using empirical data on roughness effects measured in simple flow situations for drag 
estimation in more-general flows. Riblets are an example of another sort of surface texture, one that would be 
applied purposely to reduce turbulent skin friction, and we'll discuss them in Section 6.3.2. 























Chapter 5 


General Features of Flows around Bodies 


In Chapter 4, we looked in considerable detail at the physics of the low closest to the surface of a body, in the 
viscous boundary layer. In this chapter, we explore the generic characteristics of the entire flowfield in extern- 
al flows around bodies, in preparation for more detailed discussion of specific aspects such as drag and lift in 
following chapters. While the basic physical laws (the NS equations: Navier-Stokes) govern all of the flow phe- 
nomena we'll ook at, the equations by themselves won't help us much in our quest for intuitive understanding. As 
‘we saw in Chapters 2 and 3, there is just too much of a gap between the simplicity of the local physical laws and 
the potential complexity of the flow phenomena that they govern for us to be able to get much from the equations 
by mental exercise alone. Our discussion will therefore rely heavily on knowledge of phenomenology, that is, 
‘what actually happens in real flows. But well try to get beyond just describing what happens and understand why 
things happen the way they do. Some of the flow features we'll consider will seem at first to be trivial or obviou: 
but I'll ask you to bear with me, We'll find that explaining the “why” of even the most obvious flow features can 
be surprisingly tricky. 

For purposes of this discussion, we'll put ourselves in the body-centered reference frame and assume the flow 
can be treated as steady. The unsteadiness in turbulent boundary layers and wakes will usually not be of di 
interest to us because of the small length scales and short time scales involved. For most of the flow phenomena 
well look at, we'll be concerned with only the time-averaged effects of turbulence, which, as we saw in Section 
3.7, are essentially the same as if there were local increases in the coefficients of viscosity and thermal conduct- 



































ivity. In terms of time-averaged effects, turbulence will have a qualitative effect on a flow only when it affects 
the pattem of boundary-layer separation, an issue we'll return to several times in the remainder of the book. 

In Chapter 3, we discussed a general flow structure that we could deduce fairly directly from the local physics, 
that is, that a viscous boundary layer will develop close to the surface of a body, and the flow outside the bound- 
ary layer will tend to remain irrotational. Now, we'll try to understand features of global flowfields that are not 
easily inferred from the local equations. 





5.1 The Obstacle Effect 


‘The main thing that characterizes all flows around bodies is that the body acts as an obstacle. It is obvious that 
flow cannot pass through a solid body unobstructed and must therefore move aside to flow around the obstacle. 
This general response is something we all take for granted, but the detailed mechanisms behind it are not so ob- 

Primitive intuition tends to imagine fluid particles flying toward the body without interacting with each other 
and hitting the front of the body unimpeded, like a hail of bullets, as illustrated in Figure 5.1.1. Even Newton 
developed theories of drag and lift based on such a model. Two major issues are not satisfactorily resolved by the 
“bullet model” (i) what happens to the particles after they collide with the body and (ii) what happens behind 

















the body. With the bullet model, we might expect particles to just pile up on the front surface of the body or to 
bounce away from the body in all directions, never to interact with the body again, We would also expect to see 
a vacuum behind the body. Neither of these things happens in common aerodynamic flows. Of course, the root 
of the problem with the bullet model is in its assumption that fluid particles don't have random motion relative 
to the general flow direction and don't interact with each other. In the real world, the continuum behavior that 
results from frequent molecular collisions leads to a flow structure that begins to deviate from the bullet model 
‘well ahead of the nose of the body and differs drastically from it behind the body. 





Figure 5.1.1 “Bullet model” for flow approaching a solid body 
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‘The real behavior of a continuum flow encountering an obstacle can be seen in nature, as shown in the sketch 
of flowing water by Leonardo da Vinci in Figure 5.1.2. What Leonardo's sketch shows, of course, is not the 
streamlines of the flow, but the pattern of waves on the water surface, but itis still clear that the flow ahead of 
the obstacle is reacting to the obstacle’s presence, and the flow is filling the space behind the obstacle, 


Figure 5.1.2 Water flowing around an obstacle as visualized by L 


circa 1510-1513, A seated ald man, and studies and notes on the movement of water 





onardo da Vinci. Detail from a drawing 





To maintain its integrity as @ continuum and to obey the continuity equation, the flow must react ahead of the 
body and move aside. Afer it passes the body, in most cases, fluid from the main flow fills the space behind the 
body, though the flow path by which it gets there may be complicated, as we'll see later, In high-speed liquid 


flow, cavitation or ventilation may take place, leaving behind the body a cavity that is empty of liquid and filled 
only with gas, but this is @ special case we'll not pursue further. 

A simple idealized case that illustrates the key features of the usual basic flow pattern is the 2D incompress- 
ible potential flow around a circular cylinder shown in Figure 5.1.3a-d. 


Figure 5.1.3 2D incompressible potential flow around a circular cylinder. (a) Streamlines. (b) Contours of con: 
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First examine the streamline pattern in Figure 5.1.3a. The flow reacts ahead of the body by diverging away 
from the centerline to go around it, as we can imagine it must also be doing in Leonardo's sketch in Figure 5.12 
After it passes the widest part of the body, the flow converges toward the centerline to close in again behind 
the body. The inviscid streamline pattern in Figure 5.1,3a exaggerates the suddenness of the reconvergence, or 
“closure” of the flow, but all flows eventually close behind a body, and we'll defer the details to later in the 
discussion. 

Now examine the distributions of velocity magnitude and pressure coefficient Cp in Figure 5.1.36, which 
can be shown as a single set of contours because the flow is assumed inviscid, Bernoulli's equation applies, and 
cach value of the pressure corresponds to a single value of the velocity magnitude. Positive Cp corresponds to 
low velocity magnitude, and negative Cp corresponds to high velocity magnitude. 

Keep in mind that the cause-and-effect relationship between the velocity and the pressure is circular, as I've 
stressed several times in the preceding chapters and will repeat several more. The region of high pressure at the 








front of the body coincides with a slowing of the flow and the start of the divergence of the flow around the 
body. The flow along the central streamline reaches stagnation pressure and zero velocity where it hits the nose 
of the body at the stagnation point. 

‘The areas of low pressure at the “flanks” of the body speed the flow up again, actually overspeeding it by a 
factor of 2 in this example. The lateral pressure gradients in this region reverse the divergence away from the 
centerline and cause the flow to begin to converge toward the centerline so as to fill in behind the body. Note 
that the high velocity at the flanks coincides with pinching together of the streamtines in Figure 5.1.3a, in keep- 
ing with the 1D subsonic-flow relationship between velocity and streamtube area. Finally, the high pressure at 
the back of the body coincides with a slowing of the flow and the stopping of the convergence. 

Although the body imposes no hard constraint on the flow area, the wide part of the body acts as a sort of 
constriction, and the flow responds by speeding up to squeeze past. This streamtube-pinching effect is not a kin- 
ematic necessity, but a dynamic one. There are kinematically possible flow patterns in which there is no stream- 
line pinching around the wide part of the body, like the pattern sketched in Figure 5.1.4, (In 2D, the pushing 
out of the streamlines around the body would have to extend unattenuated to infinite distances from the body.) 
Such a flow patter is not forbidden by kinematic considerations or by conservation of mass, but it does not sat- 
isfy the momentum equation, One way to see this is to look at what happens in the flow crossing a vertical line 
above the crest of the body. All of the streamtubes crossing this line have the same area and therefore the same 
velocity and pressure, So the pressure is constant in the cross-stream direction, which is not consistent with the 
flow curvature, 

















Figure 5.1.4 A kinematically possible flow pattern in which the pushing out of the streamlines around a 2D 
body extends unattenuated to infinite distances from the body, and there is no streamline pinching around the 
wide part of the body. Such a flow pattern is not forbidden by kinematic considerations or conservation of 
mass, but it does not satisfy the momentum equation 





We'll consider these issues again in connection with the streamtube-pinching explanation for the lift on an 
airfoil in Seetion 7.3.1.5. 

Adding timelines to the picture, as shown in Figure 5.1.3c, also provides interesting insights. The delay of 
the flow that passes through the low-velocity region around the front stagnation point is clearly seen. The high 
velocity around the flanks offSets the delay somewhat, but there is further delay at the rear of the body, and the 
final result downstream of the body is a net delay of the flow that passed near the body, and that delay is never 
recovered, even in this inviscid example. 


‘The nonuniform delay means that parcels that pass close to the body experience a permanent displacement 
relative to their former neighbors and that there is thus a permanent deformation of the fluid. In a potential flow 
like this one, the deformation is a result solely of the passage of the flow through the pressure field surrounding 
the body, and as we saw in Section 3.8.2, such an interaction cannot introduce vorticity, or rotation, Thus each 
fluid parcel, step-by-step in its passage through the field, experiences purely irrotational deformations like that 
illustrated in Figure 3.3.5b. A global deformation pattern like that in Figure 5.1 3c is a result of an accumulation 
of such elemental local deformations. In a viscous flow, viscous forces in the boundary layer and wake contrib- 
ute additional local deformations of the shearing type illustrated in Figure 3.3.5¢ 

A striking feature of the timeline pattern is the blank space behind the body, which has not yet been reached 
by any of the timelines. This void in the timeline pattem reflects the fact that the closer a fluid parcel is to the 
stagnation streamline, the longer the delay it experiences. In fact, on the stagnation streamline itself, the delay 
just to reach, or to leave, a stagnation point is logarithmically infinite, Thus timelines that stat a finite distance 
upstream of the body never reach the front stagnation point, and never touch the body or any point on the aft 
stagnation streamline. 

The corresponding pattern in the viscous flow at R = 140 was shown in Figure 3.3.2¢. The pattern is similar 
in front of the body, but separation from the flanks of the body, and the resulting viscous wake, prevent the 
timelines from closing in as much in the nearfield behind the body. Looking downstream in the real flow, it 
appears that the flow that was delayed passing close to the body is swallowed up by the unsteady vortex street 
in the wake, and the flow outside the wake doesn't appear to have been delayed on average. Denker (1996, web 
site) shows a nice illustration of the delay effect in connection with the flow around an airfoil. 

‘The pressure distribution along the surface for the potential-flow case is shown in Figure 5.1.3d and is seen 
to be symmetrical front to back. This is consistent with the fact that this flow has zero pressure drag, as do all 
2D potential flows, something we'll discuss further in Section 5.4. In flows with viscosity, the pressure rise at 
the back, often referred to as the aft “pressure recovery.” is usually significantly reduced or completely absent, 
and the pressure drag is generally nonizero, Pressure drag in the viscous case is something we'll discuss further 
in Section 6.1.6 




















Note that in examining flowfields like this it can be instructive to think of the interaction between the pres- 
sure and the velocity in two different ways. In what I would call the “integral” view, based on Bernoulli's equa- 
tion, one makes use of the negative relationship between the pressure and the velocity magnitude. The “dif- 
ferential” view, based on the momentum equation, is more complicated but also more powerful because it ean 
explain changes in flow direction as well as velocity magnitude. In this view, one looks at the pressure gradient 
and relates it to the flow acceleration in a vector sense. It is worthwhile to try taking both of these views in 
looking at the flowfield depicted in Figure 5.1.3. 

Now we've seen the simplest general flow pattem associated with flow around an obstacle: high pressure, 
slowing down, and divergence as the flow approaches the front of the body; low pressure, speeding up, and 
pinching together of the streamlines as the flow squeezes past the widest part of the body; and slowing down 
again as the flow closes around the back. Around more-complicated body shapes, the pattern will become more 
complicated, but overall it will still have some of this general character. 

Note the contrast between the continuum flow and the flow according to the “bullet model” with regard to 
how “much” of the flow comes into contact with the body. In the bullet model, all the particles in a wide swath 
hit the front of the body, while in the 2D continuum flow only the central streamline touches the body. This 
brings us to the next major aspect of continuum flows: how the flow attaches to the surface of the body and 
leaves it. 




















5.2 Basic Topology of Flow Attachment 
and Separation 


An important aspect of the topology of flows around bodies has to do with what part of the flow contacts the 
body, what it does while in contact, and how it leaves the body. The part that touches the body is, of course, the 
flow at the bottom of the boundary layer, the physics of which we discussed in some detail in Chapter 4. The 
flow that occupies the bottom of the boundary layer must obviously have originated in some part of flowfield 
upstream and, after leaving the body, will end up in some part of the field downstream. We've already seen that 
the Newtonian, or “bullet,” flow model is totally unrealistic in this regard. In this model, the entire streamtube 
“swept” by the cross section of the body collides with the forward-facing surfaces of the body, after which we 
have no realistic option for what happens to it. In a continuum flow, on the other hand, only an infinitely thin 
filament or slice of the flow coming from upstream can touch the body, something the mathematicians would 
call a “subset of zero measure.” 

We'll look at how this infinitesimal portion of the flow attaches to the body and separates from it, 
2D, and then in 3D. Then we'll consider the topology of the flow patterns associated with it, both on the body 
surface and out in the field 
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5.2.1 Attachment and Separation in 2D 


In general, ifthe flow is to come into contact with the body, a first attachment of some sort and a final separation 
of some sort are both required. The simplest possible example of attachment and separation in 2D was shown 
in the flow illustrated in Figure 5.1.3, where the two streamtubes straddling the central streamline split apart 
and just graze the body. These streamtubes attach to the body at the front stagnation line and separate from it 
at the rear stagnation line. Once two streamtubes attach in this way in a 2D flow, it is impossible for another 
streamtube from upstream to touch the body because to do so it would have to cross one or the other of the 
streamtubes that are already attached. 

The first attachment on @ smooth surface will generally follow the simple pattem we just looked at in Figure 
5.1.3. Separation, however, even in 2D flow, has a wider range of possibilities, determined by the physics of the 
viscous boundary layer on the surface upstream and by features of the body shape 

The separation pattern we see in Figure 5.2.1 is the simplest possible, in which the two attached streamtubes, 
from upstream rejoin and separate from a single line, In part (a), the single separation line occurs on a smooth 
surface, a pattern seen only at very low Reynolds numbers, while in part (b), the separation line is anchored by 
1 sharp edge at the rear of the body, as is typical of airfoil lows. 

















Figure 5.2.1 Pattern of the simplest separation from the rear ofa 2D body, (a) Smooth surface. (b) Sharp ed 
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The other common pattem involves two separation lines that bound a “bubble” of recirculating flow that is, 
isolated from the main flow and contains an additional line of attachment, as shown Figure 5.2.2. Topological 
consistency requires that the recirculating bubble must actually consist of two counter-rotating cells, as shown, 
In part (a), both separations are from the smooth surface; in part (b), one of the separations is anchored by a 
sharp edge; and in part (¢), both are anchored by edges. Note that when a separation is not anchored by an edge 
its location is sensitive to the flow environment upstream, especially the pressure distribution, as discussed in 
Section 4.1.4 
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Figure §.2.2 Patterns with two lines of separation from the rear of a 2D body. (a) Smooth surface. (b) One 
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‘The flow patterns of Figures 5.2.1 and 5.2.2 illustrate the distinction between so-called “streamlined bodies” 
and “bluff bodies,” as shown in Figure 5.2.3. When a body has a sharp or small-radius tail and is shaped so 
as to limit the rear separation to a single line as in Figure 5.2.1b, or a practical approximation to it, it is of- 
ten referred to as “streamlined.” A streamlined body at an unfavorable angle of attack may have a separation 
bubble of significant size and thus fail to achieve “streamline” flow, as in Figure 5.2.26. When the body closes 
too abruptly to achieve streamline flow under any high-Reynolds-number condition, as in Figure 5.2.2a.c, the 
flow is often referred to as “bluff-body flow.” Welll discuss the pressure drag associated with bluff-body flow in 
Section 6.1.6. 
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The above discussion raises an issue of terminology that can be confusing. In common parlance, the term 
‘separation” is often reserved for situations where the flow separates “prematurely,” before reaching the aft 
closure point of the body, and the flow patterns of Figure 5.2.1, because they have no “separation” in this sense, 
would be referred to as “all attached.” But this use of the terminology ignores the fact that even if the flow 
doesn’t separate prematurely, it must leave the body somewhere, and it seems logical to refer to that as “sep- 
aration” as well, Topologically speaking, the only distinction between the simple separation patterns of Figure 
‘5.2.1 and patterns like Figure 5.2.2 or b with “premature” separation is that the latter tend to divide the body 
surface into multiple regions and require an additional attachment line, as well as a more complicated flow pat- 
tern behind the body. 

{In our discussion so far, we've really dealt with attachment and separation only in a topological or geometric 
sense. We've identified attachment/separation streamlines that lie in contact with the body over part of their 
length and are out in the field upstream and downstream of the body. But itis also intuitively natural to want 
to think of attachment and separation in terms of the Lagrangian time histories of fluid parcels that arrive at the 
















body, come into contact with it, flow along the surface, and then leave. Here we have to be more careful. When 
attachment is ata stagnation point, as itis in the flow in Figure 5.1 3a, infinitesimal fluid parcels on the attach- 





‘ment streamline itself spend infinite time in the neighborhood of the stagnation point without actually arriving, 
Furthermore, because of the no-slip condition, fluid parcels on the surface itself can't really be said to be flow- 
ing along, and their “transit time” is also infinite. So to see a parcel arrive at the body and then leave, we must 
follow a parcel that passes at a finite distance to either side of the attachment streamline and doesn't actually 
touch the body, but only comes very close to it. This point will come up again when we discuss explanations of 
Lif in Section 7.3.1 








5.2.2 Attachment and Separation in 3D 


‘We've seen the simple pattems that attachment and separation can take on in 2D flows. If we look at cross see 
tions of 3D flows, projecting the velocity vector into the plane of the cross section, the general 2D flow patterns 
we've already discussed will often appear, but the additional dimension makes possible other patterns as well. 
The velocity field in a cross-sectional cut is a 2D vector field, like a 2D flow, but it doesn't have to satisfy the 
2D continuity equation, The flow has the additional dimension in which to move and in which it can vary, which 
‘opens up more possibilities for topological structure, even within a single cross section. And a single cross-sec- 
tional view will often fail to convey everything that's going on, so that to really understand a 3D flow we must 
look at the entire 3D field. 





In 2D planar flows, a streamline should be thought of as a stream surface, and a streamtube should be thought 
of as a layer of flow extending to infinity in both directions spanwise. To understand 3D flows, on the other 
hand, we must keep track of discrete streamlines, and we should think of streamtubes as discrete tubes, not lay- 
crs, With this in mind, let's look at flow attachment in 3D. 








While in 2D planar flows an infinite stream surface attaches to the body at a stagnation line, in 3D only dis- 
crete streamlines can typically reach the body surface. Each of these attaches to the body at a singular point of 
attachment, which is most often a nodal point of attachment from which the flow spreads out in all directions 
along the surface. To “attract” an attachment streamline to attach at a nodal point, something in the local body 
shape must act, for flow purposes, like a locally pronounced “nose.” A less common type of attachment point 
is a saddle point of attachment, of which we'll consider an example in our discussion of Figure 5.2.66. In any 
case, common body shapes typically have only small numbers of attachment points, and often only one. All of 
the flow along the body surface can be thought of as emanating from these singular points of attachment, and 








the flow on any streamli 
very close. 

Although true flow attachment in 3D is nearly always limited to isolated singular points, there is often anoth- 
cr kind of area on the body surface, generally an elongated band called an attachment line, where flow attach- 
‘ment also takes place, not in the strict sense, but for all practical purposes. 

As an example of a body with attachment lines, consider the fuselage/swept-wing combination in Figure 
5.2.4. For now, welll think of the flow as inviscid and illustrate it schematically in terms the streamlines. Only 
fone outer-flow streamline attaches to this body, at the blunt nose of the fuselage, in a nearly axisymmetric 
stagnation-point flow. Along the leading edge of each wing is an attachment line, where the flow is lined up 
along the leading edge. To either side of this narrow band of spanwise flow, the flow diverges rapidly to go over 
the upper and lower surfaces of the wing 


Figure 5.2.4 A fusclage/swept-wing combin; 


me al the wing leading edge has the practical attribu 





¢ other than an attachment streamline cannot contact the body, though it may come 














jon with a singular point of attachment at the nose. The “attach: 









of flow attachment but is not an attachment in 
the strict sense 


An attachment line is generally characterized by strong divergence to both sides, and by flow that approaches, 
the surface as if it were headed for a true attachment. But the flow approaching the surface along an attachment 
line of finite length never reaches the surface; though it often approaches it very closely. So an attachment line 
of finite length is an area of “effective attachment,” not true attachment in the strict sense. An attachment line 
can be a location of true attachment only if itis infinitely long, as on the leading edge of the idealized swept 
‘wing of infinite span, which welll discuss in Sections 8.6.1 and 8.6.2. 

Let’s look more closely at a leading-edge attachment-line flow. If we take a cross section of this flow perpen- 
dicular to the leading edge anywhere along the span of the wing, we see a flow pattern that is qualitatively the 
same as the flow around a 2D airfoil with attachment at a stagnation point near the leading edge, as illustrated in 
Figure 5.2.5. In terms of the velocity component in the plane of the cross section, the boundary layer develop- 
‘ment looks just like the stagnation-point boundary-layer flow we discussed in Section 4.3.2, and the flow at the 
edge of the boundary layer is being entrained into the boundary layer as if it were headed for a real attachment 
to the surface 























view of flow at the leadi 


Figure 5.2.5 Cross-seetiona 
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mnal view doesn't tll the whole story. In a 3D flow, this is nota stagnation point, and there 
is spanwise flow along the leading edge at velocities that depend on the sweep and other details of the wing 








and fuselage shapes. And in the cross-sectional view shown in Figure 5.2.5, the transit time for a fluid parcel 
oon the stagnation streamline to reach the surface at the stagnation point is infinite. So given the finite spanwise 
velocity in the 3D case, it would take an infinite distance along the span for a parcel entering the boundary layer 
to reach the surface. Thus if we look close enough to the surface in the boundary layer along the leading edge 
im the finite-span case in Figure 5.2.4, even at the tip, we'll find fluid that arrived there from the outer flow 
the vicinity of the nodal point of attachment at the nose of the fuselage, not from anywhere along the wing. So 
in an ideal sense, the only flow attachment is at the fuselage nose. OF course, at any station along the span of 
the leading edge, we would have to look extremely close to the surface to find fluid that arrived there from the 
nose of the fuselage. A very short distance farther from the surface we would find fluid that was entrained into 
the boundary layer on the leading edge just a short distance upstream (inboard). 

We used the term “attachment line” frequently in our discussion of 3D boundary-layer flows in Chapter 4, 
and we'll use it some more in connection with swept-wing leading-edge boundary layers in Section 8.6.2. This, 
usage is justified because for all practical purposes flow attachment is taking place there, and it is only in the 
ideal sense discussed above that it is not a real flow attachment, And we use the term even though it is impre- 
cise in another way: On a 3D wing, there is generally no single streamline that qualifies as uniquely defining 
the attachment line. Defining it as the line above which the flow diverges toward the upper surface and below 





























which the flow diverges toward the lower surface doesn't pin it down exactly. On a wing of finite span, there 
will generally be a narrow but finite band of flow that satisfies this condition, So it would be more precise to 
call it an “attachment zone” or “attachment band.” 

Let’s look at two further examples illustrating attachment in 3D. First, an isolated wing of finite span, with 
zero sweep at the leading edge is shown in Figure 5.2,6a. Like the case of the swept wing in Figure 5.2.4, this 
flow has an attachment line near the leading edge, with a nodal point of attachment where it intersects the sym- 
metry plane. The nodal point on the symmetry plane is the only true attachment point, but the spanwise velocity 
elsewhere on the attachment line is so small that the flow in the neighborhood of a point anywhere on the at- 
tachment line is practically indistinguishable from the flow near a 2D stagnation point of attachment. For all 
practical purposes, any point on the attachment line qualifies as an attachment point like the nodal point at the 
symmetry plane. 

Now consider another isolated wing, but with the sweep of the leading edge varying slightly from zero, as 
in Figure 5.2.6, In this case, there are two nodal points of attachment outboard with spanwise flow diverging 
very slowly away from them, Between the nodal points, the spanwise flow along the attachment line converges 
toward another type of singular point, a saddle point of attachment. In this situation, we have three singular 
points of attachment, but every other point on the attachment line is practically indistinguishable from the sin- 
gular points, 

A further issue regarding attachment lines comes to light if we take any one of the bodies in Figures 5.2.4 and 
5.2.6 and imagine morphing it gradually into a sphere. As the body becomes more sphere-like, the attachment 
(or the multiple attachment points merge into one), and the attachment lines cease to exist as dis 
tinct entities. But there is no distinct threshold at which an attachment line disappears. We have no definite eri- 
terion for deciding when diverging flow constitutes an attachment line and when it doesn't, We can cite obvious 
qualitative differences between the flow around a sphere and the wing attachment-line flow in Figure 5.2.4: On 
the sphere, the flow divergence is axisymmetrically distributed (independent of the azimuthal angle), while the 
‘wing leading edge has a pronounced local maximum in the divergence. Another possibility would be to reverse 
the region-of-origin definition of 3D separation that we developed in Section 4.1.4 and define an attachment 
line as a near-discontinuity in the region of destination of the streamlines. Note that at typically very small dis- 
tances to either side of a leading-edge attachment line the flow is headed to the upper and lower surfaces, which 
are widely separated destinations, practically speaking. But this is also a qualitative, not quantitative, criterion 

Let’s summarize what we've leamed about the concept of an attachment line. There is often a distinct clong- 
ated band on a body surface where flow attachment is taking place for all practical purposes, and the term “at- 
tachment line” is a useful shorthand for what is happening. But we've seen that the term is imprecise in three 
ways 

1. An attachment line of finite length is not an attachment in the strict sense, but only in a practical sense, 
2, There is generally no single streamline that defines an attachment line, and 









































3. There is no quantitative criterion for deciding when diverging flow constitutes an attachment line 

We use the term “attachment line” routinely, though the theoretical ground underlying it isn't entirely firm. 

So flow attachment to a body takes place through a combination of singular points of true attachment, and 
lines of near attachment called “attachment lines.” Flow separation from a body is similar in that there are sin- 
gular points of separation and separation lines, which are locations of separation for all practical purposes. But 
the similarity between attachment and separation extends only to these basic topological entities. The flow that 
separates from a body comes from the boundary layer and carries with it vorticity and a deficit in total-pressure, 
things not generally present in flow attachment, As a result, the flow downstream of separation is typically a 
very different animal from the flow upstream of attachment. 











Let’s look at some of the basic flow structures that can result from separations in 3D. In Figure 5.2.7a-c, we 
have cross sections of flow patterns that can occur on round-cross section bodies at angle of attack, based on 
observations reported by Han and Patel (1977) and Su, Tao, and Xu (1993). These start as free-vortex sheets 
emanating from open separation lines $1 along the flanks of the body. Whether or not the sheets roll up signi- 
ficantly at their free edges depends on the strength of the vorticity in the sheets, which depends on the angle of 
attack, and on how far the sheets have evolved along the length of the body. Once rollup of the primary vortex 
sheets has occurred, secondary separations $2 can appear, as in (b) and (c). Open separations from a smooth 
surface, as in these examples, can be unstable and move about with time, causing unsteady loads on the part of 
the body from which the vortex is shed or on structures downstream that may be impacted by the vortex, such 
as airplane tail surfaces. 














Figure §.2.7 Flow structures associated with separation in 3D, (a) Free vortex sheets from open separation 
lines $1 along the flanks of a round cross-section body, either well forward on the body or at low an 
tack, where little or no rollup of the sheet has occurred, (b) Free vortex sheets as in (a), but farther alo 












body or at higher of attack, with some rollup of the sheets, and secondary separations $2. (c) Free vortex 


sheets as in (b), but where the primary and secondary sheets join to roll up into a single core, (d) Vortex sheet 





emanating from an open separation at the side and trai of a wing. (e) Vortex sheet enclosi 


separation bubble on the afl upper surface of a wing, ({) Vortex sheet enclosing a closed separation bubble at 








the tail of a body with abrupt closure (From Han and Patel, (1977) 
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‘The free vortex sheet shed from the side and trailing edges of a lifting wing generally begins to roll up im- 
‘mediately, as in Figure 5.2.74. The further development of the vortex sheet from a lifting wing is a topic we'll 
consider in detail in Section 8.1.2, and we'll look at what happens to the vorticity far downstream in Section 
855 

A closed separation is generally a closed curve on the surface, and the vortex sheet emanating from it en- 
closes a region of recirculating flow with low total-pressure and high levels of turbulence and lower-frequency 
unsteadiness, A closed separation line can form as separation moves forward from a wing trailing edge, as in 
Figure 5.2.7e, or can form at the tail of a body with abrupt closure, as in Figure 5.2.7f. The latter is the 3D 
counterpart to the 2D bluft-body separation of Figure 5.2.3b, 














In many eases, as body angle of attack changes, for example, an open separation can change into a closed 
separation, and in other eases the two types of separation coexist. Thus the distinction between streamline be- 
havior and bluff-body behavior isnt as simple in 3D as it was in 2D. 

The flow that first attaches to a body is “clean” irrotational flow arriving from the farfield upstream. The 
flow that separates from the body, on the other hand, forms a vortical, usually turbulent shear layer. The body 
surface upstream of any separation can be thought of as being “wetted” by the outer flow, with nothing but a 
relatively thin attached boundary layer between the surface and effectively inviscid flow. The surface on both 
sides of an open separation line is wetted by outer flow in this way, A closed separation line, on the other hand, 
divides a surface upstream that is wetted by outer flow from a surface downstream that is wetted by the flow in 
the “separated region.” 

The patterns on the surface formed by the skin-friction lines, with their various isolated singular points and 
their “lines” of attachment and separation, obey the topological rules of critical-point theory, which is our next 
topic 




















5.2.3 Streamline Topology on Surfaces and in Cross 
Sections 


Much of our thinking about 3D flows is in terms of 2D views of the flowfield or of what goes on at the surface. 
‘Though we've scen that 2D views are limited in the information they can convey, they play a prominent role 
in our thinking because our graphies capabilities and our imaginations are better at dealing with things in 2D. 
We'll look at graphical visualization issues further in Section 10.7. 

‘Two of the 2D views that we often take are of the skin-friction distribution on the surface of a body and 
of velocity vectors projected into cuts (imaginary surfaces) out in the flowfield. These are both examples of 
2D vector fields defined on 2D surfaces. For purposes of studying the topology of these fields, we construct 
“streamlines” parallel to the vectors’ directions, and we assign flow directionality, usually indicated graphically 
by directional arrows, but we can generally ignore the magnitudes of the vectors. For flowfields that are solu- 
tions to the NS equations, these “streamline fields” (really direction fields) are continuous except at isolated sin- 
gularities, or critical points, at which the direction is undefined because the vector magnitude is zero. Continuity 
‘means that streamlines don't collide with adjacent streamlines. There are no singular lines of attachment or sep- 
aration unless they happen to line up with a sharp edge of the body shape. Attachment and separation lines on 
smooth surfaces are not singular as in Figure 4.2.11b, but are indistinct as in Figure 4.2.11 

Many interesting things can happen in a streamline field, but topologically speaking, the only things that dis- 
tinguish a given field are the arrangement of its critical points and the character of its behavior on the boundary 
of the domain, The overlying topological structure of a field doesn't tell us everything about it, but it can be 
helpful to our understanding nonetheless. Being able to spot the critical points provides a useful way of think- 
ing about a flow, and analyzing the critical points provides one way of testing the realizability of flow models. 
Knowledge of critical points can also be helpftl in analyzing the oil-flow-visualization images often obtained in 
‘wind-tunnel testing, as we discussed in Section 4.1.2. Some of the most interesting things in a flowfield happen 
near the critical points, but because the surface shear stress is low there (remember that the shear stress is zero 
at the critical point itself), the oil tends to pile up and not resolve the details well. Understanding the character- 
istics of the various types of critical points can enable an observer to “fill in” details that are not always clearly 
visible. 

Mathematical topology and critical-point theory (see Kaplan, 1958; Flegg, 1974) define 
patterns of critical points must obey. Using these rules to analyze pattems in fluid flows is a relatively recent 















































stain rules that 





development (Perry and Fairlic, 1974; Hunt ef al., 1978). In the rest of this section, welll look at a variety of 
situations that are of interest in studies of fluid flows, and the rules that apply. Much of the discussion follows, 
that in Brune (1983). 

The types of critical points are illustrated in Figure 5.2.8, from Brune. Of all of these types, we will usually 
have to consider only nodes, at which the flow either converges from all directions or diverges in all directions, 
and saddles, at which flow converges in one set of opposing directions and diverges in the other (pattem to 
the lower left of the origin in Figure 5.2.8). Critical lines, or degenerate critical points, tend to appear only in 
2D situations (including axisymmetric). On 3D bodies, critical lines are all but impossible. Even in cases like 
those shown in Figure 5.2.6, there is no true degenerate line even though much of the attachment line is close to 
degenerate. Now let's look at some of the situations frequently encountered in 3D flows and at the topological 
rules that apply. 














Figure 5.2.8 Types of critical points in a 2D direction field, where p and q are parameters that are used to cat 
nrize the form of the direction field around the critical point and are related to the “Velocity” field in a co 








ordinate system centered on the critical point, according to the diagram and equations at the top of the figure 


(From Brune, 1983) 
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5.2.3.1 Skin-Friction Lines on a Complete Body Bounded by a Closed 
Surface 


We'll start with the simplest case. In Figure 5.2.9, we have a simple wing-body combination and an isolated 
‘wing, each with its combination of nodes and saddles shown. These are both simply connected solid bodies, and 
their bounding surfaces are simply-connected closed surfaces, for which the topological rule is 


21 IN - IS = 2, 





where YIN is the number of nodes and Y'S is the number of saddles. We can see that the rule is satisfied in both 
ceases in Figure 5.2.9, 


Figure §.2.9 Examples of critical points on simply connected bodies bounded by closed surfaces. (From 
Brune, 1983) 























Now consider a body that has holes through it. We're not talking here about holes just through the skin, but 
holes that go through the body, like ducts. The skin of the combined outer surface and ducts is still a single 
closed surface, just no longer simply connected. When holes are added, the flow patterns necessarily become 
‘more complicated, and the topological rule becomes 


=N - 58 


where g is the topological genus of the body. The genus is defined as the largest number of nonintersecting 
closed curves that can be laid out on the surface without dividing the surface into separate regions. The simple 
‘way to think of the genus is that it is the number of holes through the body. For example, the simple bodies of 
Figure 5.2.9 have g=0, so that Equation 5.2.2 reduces to Equation 5.2.1. A torus, or donut, has ¢= 1 

According to Equation 5.2.2, adding a hole through the body must add two more saddles than it does nodes. 
This is illustrated in Figure 5.2.10, which shows that the simplest possible effect of adding a duct through a 
fuusclage-like body is to add two saddle points, one of attachment and one of separation. Other examples of 
opening holes in a body, such as deploying a slotted flap, which ean open multiple holes between the main wing, 
the flap, and the support brackets, often add even more complexity. 
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5.2.3.2 Skin-Friction Lines on a Portion of a Body Surface 


With more-compli 





ted body shapes and flowfields, dealing with the entire surface as we did above can be dif 
ficult, and itis often more convenient to consider only a portion of the surface. The simplest option is to isolate 
portion of the surface by drawing a closed curve around it in such a way that the curve doesn't pass through 
any critical point of the flow pattern, An example of this would be to take just a portion of the upper surface of 
a wing, as in Figure 5.2.11. Such a portion is not a closed surface, so that before we can apply topological rules, 
‘we must determine the index of the surface. 








Figure 5.2.11 Isolating a portion of a surfice, in this case part of the upper surf 
wing-body configuration (g = 0), (From Brune, 1983) 
Closed curve. 
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‘The index of a surface is determined by what goes on around the closed contour at the boundary. Its a litle 
like circulation, but instead of being the line integral of the “velocity” vector, it just counts the integral number 
of rotations the “Velocity” vector goes through as we take one loop around the contour. This is illustrated in Fise- 
ure $.2.12. When the boundary is circuited in the counterclockwise direction as shown, the index 1 is the number 
of counterclockwise rotations of the “velocity” vector. Examples of simple flow patterns and their indexes are 
shown in Figure $.2,12b. 











Figure §.2.12 Illustrations of the index of a flow pattern on a bounded surface, (From Brune, 1983.) (a) 
ion of the index. (b) Examples from Kaplan (1958) 
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Once we know the index ofa surface, based on the flow pattern at its boundary, the topological rule is 

523 DN — 5S = 1 
The simplest example illustrating this rule would be to imagine that the surface portion in Figure $.2.11 is 
covered by unidirectional flow, in which there would be no critical points, and for which we would have = 0, 
trivially satisfying Equation 5.2.3, 

Let’s see how this works for more-complicated flow pattems. In Figure 5.2.13 are schematic sketches of skin- 
friction lines on a swept wing, showing a progression of features that have been observed in actual swept-wing 
flows. In each case, we've drawn the boundary near the leading edge, the tip, the wing-fuselage junction, and 
the sharp trailing edge, 











Figure 5.2.13 Examples of patterns of skin-friction lines on a portion of one surface of a swept win 
boundary of the region has been drawn at the trailing edge, near the junction with a fuse! lw 
been observed to occur with increasing angle of 
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altack. (a) With no separation forward of the trailing edge. (b) Closed separation bubble appears 













board trailing edge. (c) Outboard separation jumps forward to the leading edge, and a nodal point surroun 








by spiral streamlines appears. (d) Pattern that can occur on the main part of a wing with high-lift devices de 
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In Figure 5.2.13, we have a pattem typical of a low angle of attack, with no separation ahead of the trailing 
edge. This pattern is topologically the same as uniform flow, so it satisfies Equation $.2.3 trivially, In (b), we've 
increased the angle of attack, and a closed separation line has moved forward from the outboard trailing edge, 
but there are no critical points, as before, and Equation 5.2.3 is still trivially satisfied. 


‘The separated region in Figure 5.2,13b is bounded by a separation line, drawn in this sketch so as to be con- 
sistent with the region-of-origin definition of 3D separation from Section 4.1.4. This pattern illuminates some 
interesting features of separation on swept wings. Note that there are now two points on the trailing edge where 
the skin-friction lines run parallel to the trailing edge, and the skin friction perpendicular to the trailing edge is 
zero. Between these points, the skin friction perpendicular to the trailing edge is negative (denoted in the figure 
as “reverse | flow at TE”), and the skin-friction lines cross the trailing edge in the reverse-flow direction, But 
also note that this region of reversed perpendicular skin friction at the trailing edge doesn't encompass the whole 
spanwvise extent of the closed separation bubble. With a bubble of finite extent as sketched here, some outboard 
portion of the bubble will have positive perpendicular skin friction at the trailing edge. Zero or negative perpen- 
dicular skin friction at the trailing edge is an indicator of separation only over an inboard portion of the bubble, 
At the onset of separation, when the bubble first starts to move forward from the trailing edge, perpendicular 
skin friction would be zero at a single point on the trailing edge and positive everywhere else. Such a point of 
zero perpendicular skin friction would thus be an indicator of incipient separation, We'll discuss this further in 
Section 8.6.2. 

{In Figure 5.2.13¢, we've increased the angle of attack further, and part of the closed separation line has moved 
up near the leading edge. Along the separation line, we now have a saddle point and a nodal separation with a 
spiral streamline pattern around it, and Equation 5.2.3 is still satisfied. 

In Figure 5.2.13d, we show the main element of a wing that has part-span high-lift devices deployed, a 
leading-edge slat and a trailing-edge flap. The devices themselves are not shown in the drawing, These are slot- 
ted devices that enhance maximum lift, as we'll discuss in Section 7.4.4, Here the slat covers more of the span 
than the flap, which is typically the ease. One of the patterns that can develop is shown here, a separation pattern 
with flow reversals at both the front and rear portions of our boundary, for which we have 1=~ 1. The pattern 
satisfies Equation 5.2.3 with one node and two saddles. 























5.2.3.3 Streamline Patterns Based on Velocities Projected into 2D Cuts of 
the Flowfield 
Now let's look at examples of flow patterns in 2D cuts out in the field. First, we'll take the simplest case, a cut 
‘with no boundary (a cut that doesn’t cut the body, and goes to infinity in two directions). This is not a closed 
surface, and even though it doesn't have a closed outer boundary, we must determine its index in order to estab- 
lish the topological rule. Most external flows are close to uniform in the farfield, and if we follow any closed 
contour far from the body, we'll find I= 0, so that the rule is 

524ZN -ZS = 0. 
‘The example in Figure 5.2.14, with one node and one saddle, satisfies this rule 





Figure §.2.14 Combined node and saddle in an unbounded field. (From Brune, 1983) 


When a cut goes through a cross section of the body, we will still generally have I = 0 for the farfield flow 
behavior, but we can have nodes and saddles on the boundary at the body surface. The nodes and saddles at 
the solid surface are called half-nodes and half:saddles, which we'll designate by N’ and S'. Examples of half- 
saddles can be seen in Figures 5.2.15 and 5.2.16, The number of critical points on the solid surface depends on 
how many separate pieces of the body are cut, and the rule is 


EN + 1/2EN! — ES - 1/2E8’=1-n, 


where n is the connectivity of the 2D domain of the cut, which is just the number of separate pieces of the body 
that are cut, plus one. Thus in the common situation in which the body is cut only once, we have n= 2, and the 
RHS of Equation 5.2.5 is ~ 1. Figure 5.2.15, from Brune (1983), shows the separation bubble that arises in a 
computational fluid dynamics (CFD) solution for the flow around an ellipse and how the whole pattern satisfies 
Equation 5.2.5 for n= 2. The separation points near the tail of the body are half-saddles (S'), and there are two 
recirculating cells (N) within the separation bubble. 























Figure §.2.15 2D flow pattem from a Navier-Stokes solution for flow past an ellipse. (From Brune, 1983) 
n=2 
IN-¥s— 1/235" 











Figure 5.2.16 Postulated flow patterns in cuts through flows around blunt and sharp cones a of attack in 





supersonic flow, based on pitot-tube measurements. From Peake and Tobak, (1980), published by NASA. (a) 
Blunt cone (b) Sharp cone 
Note: For both cones, a half-saddle point $’ also exists on windward ray. Sum of singular points satisfies 





(Equation 5.2.5) 
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In 4 2D flow such as the one in Figure 5.2.15, a node will have closed streamlines, like node (e) in Figure 
. and is called a center node. A center node typically exists only in a 2D flow. It is an example of what is 
:d a transitional flow pattern because itis on the boundary between two other types of patterns, the conver- 
ging and diverging spiral nodes to the left and right of the vertical axis in Figure 5,2.8. It generally takes only a 
small change in the flow conditions, for example, the introduction of a small amount of three-dimensionality, to 
change a transitional flow pattern into one of the neighboring forms. 3D examples in which nodes take on the 
spiral form are shown in Figure 5.2.16, cuts through flows around blunt and sharp cones at angle of attack in 
supersonic flow. These examples also satisfy Equation 5.2.5 with 

‘The streamtine patterns of Figure $.2.16 were drawn based on actual flows, and they satisfy the topological 
rule. But there is a probable physical inconsistency in one of the details of the patterns, as drawn. Figure 5.2.17a 
shows a detail from one side of Figure 5,2.16b, with a circle superimposed to indicate the problem area a nar- 
row “neck” between two streamlines going in opposite directions. In effect, the secondary separation vortex 
with clockwise rotation has pinched a larger region of counter-clockwise rotation nearly into two parts: the 
primary separation vortex on the upper left, and a smaller region to the right, with the narrow “neck” in between, 
‘The “neck,” with opposing velocities on opposite sides, must contain a region of very low velocity magnitude, 
Whether or not there is an actual point of zero velocity, the “neck” region is at least very nearly singular, and 
it would be clearer to show it as an actual saddle point, as indicated in the proposed modified pattern in Figure 
5.2.17, Topological consistency then requires adding a node, which would seem to fit best in the small circu- 
lating region on the right, as shown. This is an example in which physical intuition combined with knowledge 
of the topological rule helped clarify the interpretation of a flow pattern 





a) (o) 





























Figure §.2.17 Detail from Figure 5.2.16 and a proposed modification to make it more physically consistent. (a) 













Circle added to the original pattern indicates “neck” flanked by flow in opposite directions. Pattern does not 
violate topological rules, but is physically questionable. The “neck” region is likely to contain a point of zero 
velocity. (b) Modified pattern with an additional saddle in the “neck” region and additional node to satisfy the 
topol rule 
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5.3 Wakes 


In Scotion 5.2.2, we noted that the flow separating from a body carries vorticity and a deficit in total-pressure, 
and that downstream of the tail of the body this vortical flow becomes the wake. Wakes take on a wide variety 
of forms. The wake behind a lifting body in 3D carries strong streamwise vorticity and is called a vortex wake, 
something welll discuss its own right in some detail in Sections 8.1.2 and 8.5.5. Wake flow not associated with 
Lift in 3D is referred to as a viscous wake, not because the rest of the flow is not viscous, but because the wake is 
the part that has felt significant direct effects of viscosity. Vortex and viscous wakes are overlapping categories, 
and there is no rigorous way to assign a given wake to one or the other. 

Wakes are practically always turbulent, and through turbulent diffusion they tend to spread out downstream 
of the body more rapidly than a laminar wake would. A viscous wake without significant streamwise vorticity 
spreads rapidly and becomes very diffuse, and the mean-velocity deficit decays to very low levels, as illustrated 
schematically in Figure 5.3.1. The cross-sectional outlines of wakes of different types evolve in distinctive 
ways. In 2D planar flows, wakes spread perpendicular to the general plane of the body, as shown in Figure 
5.3.2a. In axisymmetric flows, wakes remain round as they spread, as in Figure 5.3.2. A 3D wake with no 
streamwise vorticity would be expected to lose its distinctive shape and become round as it spreads, as in Figure 
5.3.2c. But most 3D wakes probably have enough streamwise vorticity that they become more distorted, not 
less, as they spread, as in Figure $.3.24. 




















tading of a viscous wake and the associated decay of the t 





Figure 5.3.1 Schematic illustration of the spi 
loci 














Figure §.3.2 Schematic illustration of how the cross-sectional shapes of wakes evolve. (a) 2D planar wake. (b) 





Axisymmetric wake, (c) Initially 3D wake with no streamwise vorticity, (d) Initially 3D wake with streamwise 
vorticity and associated distortion 
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Strong streamwise vorticity leads to complex changes in the cross-sectional shape of a wake as it flows, 
downstream, The streamwise vorticity shed from the trailing edge of a lifting wing, for example, soon rolls up 
into distinct vortex cores. The vortex motion then inhibits turbulent mixing and slows the further spreading of 








the wake, so that the distinet vortex cores and the large velocity disturbances 
farther downstream than disturbance 
Sections 8.1.2 and 8.5.5 

‘The form a wake takes in the nearfield depends on whether the flow is of the blufl-body type or the stream- 
lined type. Closed separation in the bluff-body case usually leads to a time-averaged (mean) flow characterized 
by multiple recirculating cells that persist into the near wake, as in Figures 3.3.1 and 5.2.15. At high Reynolds 
numbers, however, the wake flowfield is generally very unsteady. A bluf-body wake that is significantly thicker 
than the boundary layers that feed it is extremely unstable, which usually leads to periodic shedding of vortices 
that span nearly the whole thickness of the wake. As these large-scale structures form and move downstream, 
instantaneous flowfields look very different from the time average. 

‘The classic example of this kind of flow is the wake behind a circular cylinder in 2D, in which a train of vor- 
of alternating sign (a von Karman vortex street) is shed into the wake. The vortex street is very effective 
at mixing, and the wake grows rapidly in thickness within the first few diameters downstream of the cylinder. 
‘The separation points on the flanks of the cylinder oscillate fore and aft with opposite phases, locked with the 
vortex shedding, but this “nodding” of the separations isn't essential to the shedding. Even if the separations 
‘were anchored in place, the separated wake would be unstable, and shedding would occur. 


sociated with them persist much 
do in a purely viscous wake. We'll look at this type of flow in detail in 
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In bluff-body flows, patterns of vortex shedding tend to remain qualitatively similar over wide ranges of 
Reynolds number, at least in the nearfield. We looked at several views of the circular-cylinder flow at Ra = 140 
in Figure 3.3.2, and Figure 5.3.3 shows views of it at Ra ~ 50 000, from a DES calculation. At both of these 
Reynolds numbers, the separating boundary layers are laminar, but at the higher Reynolds number there is more 
small-scale turbulence superimposed on the shed vortex structures, as can be seen in Figure 5.3.3a, in terms 
of the instantaneous isovorticty surfaces. At the higher Reynolds number the small-scale mixing seems to be 
quickly smearing out the shed-vortex pattern, while at the lower Reynolds number the vortices look like they 
will remain coherent for many cycles. 

















Figure 5.3.3 Wake behind a circular cylinder at R = $0000 from a Detached Eddy Simulation (DES) calcula 
tion. In spite of the appearance of rapid spreading of the unsteady wake, the mean-flow recirculating bubble is 
relatively compact. Rapid closure of the mean-flow bubble can be thought of as a result of strong mixing. 

From Travin et al. (2000), Used with permission of Springer Science + Business Media. (a) Unsteady isovortt 





city surfaces. (b) Mean-flow streamlin 
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‘The time-averaged streamline pattern in Figure $.3.3b provides an interesting contrast. There is no hint of 
the periodic shedding, just a pair of recirculating cells that look qualitatively like the laminar flow in the range 
20 < Ra < 60, in which there is separation, but the flow is below the threshold of unsteadiness, 





‘The pattern behind a body with true streamline flow is very different from the bluff-body pattern. The mean 
flow can actually leave a sharp trailing edge smoothly and without recirculation, as illustrated in Figure 4.1_2a. 
Still, there is turbulence of the usual boundary-layer variety upstream of the trailing edge. When the two bound- 
ary layers join and leave the trailing edge, the turbulence is no longer constrained by the solid surfaces, and 
the turbulence intensity and eddy viscosity increase. The resulting large shear stresses cause the mean-velocity 
profile to “fill in” rapidly, as shown in Figure 5.3.4, and with the reduction of the velocity defect comes a reduc~ 
tion and “necking down" of the displacement thickness, as indicated by the dashed lines. There can be vortex 
shedding in such a wake, but in cases with turbulent boundary layers and no significant separated wake, the 
shedding is typically very weak. 











in of the mean-yelocity profile and the necking down of the displacement thickness in 


Figure 5.3.4 The filin 


the near wake of a body in streamline flow 


























Except in a tiny region around the trailing edge itself, the mean velocity field in a 2D planar wake in a 
streamline flow obeys the boundary-layer equations, with the boundary conditions changed to reflect the fact 
that there is no solid surface with a no-slip condition, In viscous-inviscid interaction calculations for airfoils and 
‘wings, it is common practice to solve the boundary-layer equations for some distance downstream in the wake, 
to account for the effect on the pressure distribution of the necking down of the displacement thickness and to 
provide a better basis for calculating the viscous drag, as we'll see in Section 6.1.4. Because momentum trans 
port in the wake is almost entirely turbulent, the development of the wake has relatively weak direct depender 
on Reynolds number. 

















5.4 Integrated Forces: Lift and Drag 


One of our main motivations for developing the discipline of aerodynamics is to know how to predict and con- 
trol the integrated forces on bodies, and we resolve the forces in ways dictated by what is important in applic 
ations. For most purposes it is convenient to resolve the component perpendicular to the farfield flow, which 
‘we usually call lift even when it isn't oriented vertically upward. Lift is generally important for countering gray~ 
ity and providing maneuvering forces for flight vehicles, and as part of the interaction that provides propulsion 
in sailing, The force component parallel to the farfield flow is generally a combination of drag (resistance) 
and thrust (propulsion). We'll look further at this distinction and the difficulties it entails in the introduction to 
Chapter 6. 

We get the total aerodynamic for 
ofthe body. It is generally convenient to resolve the sur 








by integrating the distributed stresses exerted by the fluid over the surface 
stress into a normal component, which in flows that 








obey the NS equations is just the local hydrostatic pressure, and a shear component, which is just the viscous 
shear stress. Then the lift (in the k direction) is given by 


L= [ (keFen—pken) ds. 





look at the corresponding integral for the drag in Section 6.13. 

In still air, the surface shear stresses are zero, and the normal stress is just the local atmospheric pressure, 
Under the influence of gravity, atmospheric pressure exerts a vertical hydrostatic buoyancy force on any body 
with volume. In airplane applications, this is small but not insignificant, and itis often accounted for in careful 
bookkeeping of airplane weight. But gravity-induced buoyancy is usually ignored in dealing with aerodynamic 
forces, either from theory or from wind-tunnel measurements, which is tantamount to assuming that the contri- 
bution from buoyancy doesn't change between the static condition and a condition with flow. 

In the integrated force on a closed body, it is only the variations in pressure that matter, not the background 
level. Under flow conditions, the pressure variations are typically of order one in terms of the usual coefficients 
normalized by free-stream dynamic pressure, much larger than the shear stresses, which tend to be of order 10"> 
As a result, the lift is dominated by pressure differences, with only a negligible contribution from shear. For 
drag, the relative contributions vary widely, depending on whether the body is bluff of streamlined, a distinction 
illustrated in Figure 5.2.3. The drag of a bluff body is dominated by pressure differences. A streamlined body 
also can cause substantial pressure disturbances, but because there are no large separated regions, the pressure 
distribution is close to what it would be in inviscid flow, and the pressure contribution to drag is small enough 
that the shear contribution dominates. But for bodies with significant thickness, even if they are streamlined, 
the pressure contribution to drag is never negligible like the shear contribution to lift. Even for well-designed 
streamlined bodies, the pressure contribution is rarely less than about 10% of the total drag. For airfoils, the 
pressure contribution to drag is generally larger than this, as we'll see in Section 7.4.2 

‘The pressure contribution to the force can be clearly interpreted as lift (Equation 5.4.1) or drag ("Equation 
6.1.1) only after it has been integrated over the entire surface of a closed body. If the pressure contribution is 
integrated over only a portion of a body, interpreting the result as “lit” or “drag” is problematic, We'll see the 
reasons for this when we consider the issue in detail as it applies to drag in Section 6.1.3 

Newton's third law requires that the force exerted by the flow on the body is reciprocated by an equal-and- 
opposite force exerted by the body on the flow. And the equations of motion require that this force must have 
‘manifestations in the flowfield. Generating lift requires setting some of the fluid in motion, as welll discuss in 
great detail in Chapters 7 and 8. Drag requires either generating lift in 3D or the presence of the dissipative 
processes associated with viscosity, as we'll see in Chapter 6. 












































Chapter 6 


Drag and Propulsion 


It is common to define an aerodynamic retarding forve on a body moving through a fluid as drag and a propulsive 
force as thrust. This definition is unambiguous if we apply it to the flight-direction component of the total aero- 
dynamic force on a complete body. But things are not so simple when we try to apply it to separate contributions 
to the total, as we often do, In practice we are often interested in vehicles made up of multiple parts and having 
active propulsion, with drag on some parts and thrust on others. Propulsive effort can be applied in a variety of 
forms: rotating propellers, flapping wings, complicated processes inside engines, and so on. The practical object- 
ive is generally to control the total flight-direction force on the vehicle, for example, to make it zero for steady, 
level flight or to make it a net thrust for climbing or accelerating flight. However, in assessing the aerodynamic 
performance of such a vehicle we have a natural inclination and some practical incentives to assess the drag-pro- 
ducing parts and thrust-producing parts separately. Thus we often divide the total flight-direction force into a drag 
on one portion of the vehicle's surface and a thrust on the other portion. This seems like a reasonable thing to do, 
and we've all seen the ubiquitous elementary force diagrams showing drag and thrust acting simultaneously on 
an airplane. But resolving partial contributions to the total drag or thrust in this way raises two potentially major 
difficulties. First, when a complete configuration is divided into portions, the integrated pressure force on each 
will often reflect spurious contributions that are not rightly viewed as either “thrust” or “drag,” as welll see in 
Section 6.1.3. And then even if we ignore this first difficulty, dividing the force in this way is ambiguous because 
choosing how to divide up the surface of the vehicle is always arbitrary to some extent 

There are some obvious tricks that one might think would allow us to determine separate drag and thrust for 
a vehicle designed to operate with active aerodynamic propulsion, but they don't work in general. For example, 
if we simply tumed the engine off, wouldn't the total flight-direction force then be the drag? Well, it would be 
“drag” by definition, but its relevance to the situation with propulsion would be questionable. Parts of the propul- 
sion system (e.g, stopped propeller blades) would now have drag that they wouldn't ordinarily have, and the flow 
around the whole configuration would be different. 

Separating the effects of thrust and drag in the flowfield is problematic as well. In some parts of the field, we 
have dissipation, or losses, taking place, and in other parts, we have energy being added to the flow as a result 
of propulsive effort being expended. Dissipative effects tend to contribute to drag, and propulsive effort tends to 
contribute to thrust, but when both kinds of effects are present in the same flow, as they often are, these connec- 
tions are not clean and simple. And if we look at the drag or thrust on just part of a body, the connections are often 
nonexistent, This is especially true of the pressure forces, and in Section 6.1.6 we'll address some misunderstand- 
ings that can arise in this regard. In most of our discussion of the basic physies of drag, well limit our attention 
to the passive case, without propulsion, Even then, to avoid errors, we must look beyond simply resolving the 
forces and come to understand drag in terms of the flow mechanisms responsible for it. Then in Section 6.1.10 
‘well take a brief look at the basic physics issues associated with propulsion, 









































Drag, being parallel to the direction of a vehicle's motion through the local air mass, requires work to be done 
i the reference frame of the air mass. The energy to do this work can come from combinations of active propuls- 





ive effort, gravity, motions of the atmosphere, and the vehicle's kinetic energy. And of course when work is 
done, it has thermodynamic implications for the flowfield. These work and energy considerations can be tricky 
to deal with because they look different in different reference frames, We'll touch on this issue again in Section 
613. 

Our understanding of drag has a complicated history. Most early work in theoretical fluid mechanics assumed 
an inviscid fluid, For bodies without vortex shedding or shocks, inviscid theory predicts zero drag, in contra- 
diction to all experiments, a result known as d'Alembert’s paradox. Fluid dynamicists knew what the source of 
the problem was, but devising computationally manageable theories that could predict drag was more easily 
said than done. For drag in external flows, analytic solutions to the Navier-Stokes (NS) equations were feasible 
only for simple 2D bodies (cylinders and spheres) in the limit of low Reynolds number. Attempts to treat high- 
Reynolds-number bluff-body drag in an inviscid framework required empirical input and were not very suc- 
cessful, For streamlined bodies at high Reynolds numbers, a correct understanding finally arrived with Prandtl 
boundary-layer theory in 1904. Accurate calculations of the total viscous drag, including the pressure contribu- 
tion, didn't come until much later. We'll discuss the theoretical issues involved in Section 6.1.6 and look at the 
particular case of airfoils in Sect 




















6.1 Basic Physics and Flowfield 
Manifestations of Drag and Thrust 


In this section, we discuss the overall physical process of drag production, looking first at the basic dissipative 
process internal to the fluid and then at its manifestations in various types of flowfields. 

In flows of viscous fluids, when no active propulsive effort of any kind is exerted, a body must experie 
a net retarding force we call drag. It has several types of flowfield manifestations, but in general, an overall 
drag force is a thermodynamic necessity. The viscous shear stresses in the flow result in dissipation into heat, 
‘which, in keeping with the first law of thermodynamics, requires work to be done. To do work on the flow (in 
the reference frame fixed to the undisturbed air mass), the body must exert a net force on the air inthe direction 
of the body's motion, and, in accordance with Newton's third law, the body experiences a force in the opposite 
direction. 

First, let's review some background regarding viscosity and turbulence from previous sections. 
















6.1.1 Basic Physical Effects of Viscosity 


In Scotion 3.6, we considered viscosity in physical terms and saw that it produces internal stresses in the fluid 
that alter the flowtield by transferring momentum, dissipating work into heat, and producing and diffusing vor- 
ticity. In our understanding of drag, the dissipation of work into heat is crucial because it is the ultimate result 
ofall forms of drag. In Section 3.6, we saw that viscous stresses arise in the fluid only ifthe rate of deformation 
is nonzero, and in the discussion in connection with Figure 3.6,1 we noted that in a parcel-centered ref 
frame the stresses always respond to the rite of deformation in such a way that the work done on a parcel of 
fluid is positive and is dissipated irreversibly into heat. The no-slip condition at solid surfaces ensures that the 
fluid will undergo shearing deformation in the boundary layer and thus that shear stress (skin friction) will be 
transmitted to the body surface and that dissipation into heat will take place in the field. 








6.1.2 The Role of Turbulence 


In Section 3.7, we considered turbulence of the kind that appears in boundary layers and wakes and saw that 
its effects on the flow are qualitatively similar to those of viscosity. The transport of momentum by turbulent 
‘motions has, by and large, the same effects on the time-averaged flow as additional viscous stresses would and 
‘we refer to these apparent additional stresses as turbulent stresses or Reynolds stresses. The work done locally 
against the Reynolds stresses is transferred directly into the kinetic energy of the turbulent motions. This uu 
ulence production is nearly always positive, like molecular viscous dissipation. Then the turbulent motions 
themselves contain local, unsteady velocity gradients, which produce molecular viscous stresses, which in tum 
dissipate the turbulence kinetic energy directly into heat (turbulence dissipation). Over most parts of a flow, 
production and dissipation are roughly in equilibrium, and it is as if the enengy dissipated by turbulent st 
were being dissipated directly into heat. Turbulent stresses thus result in dissipation into heat, much as the time- 
averaged viscous stresses do, and their contribution to the production of drag is qualitatively similar. 

Because the basic physical effects of turbulence and molecular viscosity are so similar, in all of the discussion, 
that follows, terms such as “shear stress” and “dissipation” can be taken to refer to either the molecular or tur- 
bulent variety. Just remember that in the turbulent case the overall dissipation process involves the two steps of 
turbulence production and turbulence dissipation. 

Ins so important differences between turbulent and laminar flows. Outside 
the sublayer in a turbulent boundary layer, or in a wake, the apparent turbulent stresses are much larger than vis- 
cous stresses, and thus the direct contribution of turbulence to viscous drag is typically large. In most practical 
applications, however, turbulent flow over at least part of the surface is actually beneficial because of its greater 
resistance to flow separation, as we saw in Section 4.1.4 
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6.1.3 Direct and Indirect Contributions to the Drag Force 
on the Body 


‘The total drag of a body moving through a fluid is simply the Mlight-direction component of the stress imposed 
by the fluid on the body, integrated over the entire wetted surface: 


p= fi oFen—pien) dS 





Here we've expressed the stress acting on each local element of the surface in terms of a component parallel to 
the local surface (the shear stress) and the pressure acting inward perpendicular to the surface. Further, we've 
resolved these two components of the stress into their components in the drag direction (opposite to the flight 
direction) by contracting them with the unit normal vector n outward from the body surface and the unit vector i 














in the drag direction, If we integrate the two parts of Equation 6.1.1 separately, the resulting forces are generally 
referred to as the skin-friction drag and the pressure drag. The skin-friction drag is entirely a result of viscous 
effects (viscosity and turbulence) in the boundary layers on the body's surfaces. The pressure drag is a result of 








a more complicated combination of flow mechanisms, including viscous effects, shocks, and the global effects 
of lift (induced drag). Given enough data defining the distribution of stresses on the surface, resolving the drag 
into a skin-friction part and a pressure part is straightforward, because it involves simply resolving a local stress 
vector into components. Dividing the drag into viscous drag, shock drag, and induced drag according to the 
anisms responsible isn't so simple, 








Apart from such questions as to how the drag originates, which welll get into later, the drag integration itself 
es interesting issues because the two terms inside the integral in Equation 6.1.1 are so different in character. 
The shear-stress term could be described as “wysiwyg” (what you see is what you get) in that when it is eval 
uated on a local part of the surface itis correctly seen as a local drag contribution that either adds to the total 
skin-frietion drag or subtracts from it in a straightforward way, depending on its sign. 
‘The pressure-drag term is fundamentally different and cannot be properly seen as a local drag contribution, 
‘There are reasons for this on two levels: 
1. The local pressure-drag term depends on the overall pressure level in the environment, something that 
should have no direct bearing on drag. The integrated pressure drag depends only on the variation in 
pressure over the surface, and not directly on the overall pressure level. A mathematical statement of this 
that's even more general is that adding a constant to the pressure has no effect on the integrated pressure 
drag of a closed body because a constant pressure integrates to zero in Equation 6.1.1. Thus we can re- 
place p in Equation 6.1.1 with p—pref, where pref is any constant reference pressure (it doesn't have to be 
the ambient pressure level), and the integrated pressure drag will be independent of the value of pref. The 
local pressure-drag term in its general p—pret form cannot be properly seen as a local drag contribution 
because it depends on pref, which can be chosen arbitrarily. But couldn't we turn the pressure-drag term 
{nto a proper local drag contribution if we made the right particular choice of pret (the fre 
Peo, Say)? Well, no. There is no reason to expect px to be the right reference, and besides: 
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2, Much of the variation in pressure on the surface of a body is a largely inviscid response to the shape of 
the body and has nothing to do with drag. Thus there is no choice of pret that can turn the pressure-trag 
term into a proper local drag contribution, The extreme example of this is a body in inviscid flow with 
no vortex shedding and therefore zero drag (d'Alember's paradox). No matter what pret we choose, the 
pressure-drag term will generally have nonzero values except at isolated points, but integrated drag for a 
closed body will always be zero, 

So we see that although the shear-stress term can be seen as a local drag contribution, the pressure-drag term 
makes sense as drag only after it's been integrated over the surface of a closed body. 

This nonlocal character of the pressure drag makes life difficult when we want to assign a separate drag or 
thrust value to a portion of a complete body, which is usually of interest only when we are dealing with active 
propulsion. In the introduction to this chapter, we mentioned the idea of dividing the surface of a vehicle into 
parts and assessing drag or thrust separately on each, and we noted that the integrated pressure drag on a portion 
of a body will often reflect “spurious” contributions that aren't properly seen as either drag or thrust, There are 
two kinds of “spurious” pressure-drag forces that can appear on a portion of a body: 

1. The pressure force on an “unopposed” segment of the surface of a body portion that is not closed. By 
“unopposed segment” I mean a forward-facing segment of surface for which there is no corresponding 
aft-facing segment directly behind it (in the flight direction), or an aft-facing surface segment without a 
corresponding forward-facing segment ahead of it (note that a closed body cannot have any such unop- 
posed segment). The integrated pressure drag on an unopposed segment of a surface depends on pret and 
is thus “spurious.” The only way to avoid this “spurious” force is to subdivide the body in such a way 
that no portion has any unopposed segment. An extreme example of how not to do it would be to divide a 
simple body into a forward portion that is completely forward facing and an aft portion that is completely 
aft facing. Each portion would be completely unopposed, and the integrated pressure drag on it would be 
completely “spurious.” 

2. The mutual buoyancy force that is generally present between bodies in proximity even if they're closed. 
‘Think of two spheres flying in formation, one behind the other, in potential flow. The forward one will 
experience a “thrust” force, and the rear one will experience an equal-and-opposite “drag,” so that the 


























total drag of the pair is zeto (d'Alembert’s paradox again). The forces on the individual spheres are parts 
of a passive inviscid interference effect, one that is also present in more-general cases with viscosity. It 
makes no sense to call such forces on portions of a body either “drag” or “thrust” because they make no 
net contribution to the total drag or thrust of the complete body, and they involve none of the flow mech- 
anisms generally associated with drag (discussed below) or thrust (discussed in Section 6.1.10). 

So dividing the surface of a body into parts raises questions about the meaning of the pressure “drag” or 
“thrust” on each, even if care has been taken to not to introduce unopposed surface segments, Now for the re- 
‘mainder of our discussion of drag in this section, we'll avoid this difficulty and assume a closed body that has 
not been subdivided. 

Viscosity's contribution to the skin friction is obviously very direct, while its contribution to the pressure 
drag is more subtle. In 1910, Prandtl referred to this second contribution as the form resistance, attributing it 
to the presence of rotational flow in the portions of the field directly affected by viscosity (see Durand, 19674, 
vol. I, p. 363). Even for a streamlined body with attached flow all the way to the back, Prandt! recognized that 
the rotational flow in the boundary layer could cause a pressure interaction contributing significantly to the total 
viscous drag. In Chapter 4, we interpreted this in terms of the displacement effect of the boundary layer, which 
can be relatively subtle if the boundary layer remains attached and can be much stronger if the boundary layer 
separates, 
ctting in motion large volumes of air while producing lift in 3D, and dissipating energy in waves (shock 
waves in air or gravity waves in water), can also contribute to the total pressure drag. While all forms of drag ul- 
timately end in viscous dissipation of work into heat, these two contributions are not conventionally considered 
to be part of the viscous drag. They both involve mechanisms by which energy is convected or propagated away 
from the body, and as a result, much of the dissipation associated with them takes place far from the body. Their 
nearfield manifestations are little influenced by viscosity. The involvement of viscosity in induced drag and 
‘wave drag is therefore even less direct than in the case of Prandt's form resistance. 
































So three types of flow mechanisms, one that involves viscous effects in the nearfield and two that do not, 
contribute to the total pressure drag. But to what extent can we assign specific portions of the pressure drag felt 
by the body to the specific mechanisms in the flowtield? It turns out that we can do so only approximately, and 
only by appealing to theoretical idealizations. There is nothing about the distribution of the forces exerted on the 
surface that will tell us how much of the drag was caused by which flow mechanism. And looking at the flow- 
field doesn't yield a rigorous definition either. Because the different flow mechanisms overlap and interact, their 
effects do not add in a simple linear way to the total pressure drag, and an exact decomposition of the pressure 
drag into component parts is not possible. However, for practical purposes, it is possible to make an approxim- 
ate decomposition, based on idealized theories regarding what goes on in the flowfield, For example, if the flow 
in the neighborhood of a shock is known, the shock’s contribution to the drag can be estimated based on the 
Oswatitsch formula, as described in Section 6.1.4.8. Likewise, if the spanwise distribution of lift is known on 
the lifting surfaces, the induced drag can be estimated using Trefftz-plane theory, which is based on an idealized 
model of the flowfield associated with the given spantoading, valid in the limit of high aspect ratio, as we'll 
see in Section 8.3.4, Later in this section, we'll see a couple of different ways that the total viscous drag can 
be estimated, and if we subtract the skin-frietion drag from that, we have an estimate of the viscous “part” of 
the pressure drag. We'll look at examples of how these ideas apply to simple 2D flows. In all of this, we must 
keep in mind that decomposing pressure drag into different “components,” according to the flow mechanisms 
responsible, is an idealization, tis a useful one, however, and in practice, predictions of drag increments based 
(on these idealized models have proved to be reasonably accurate. 




















6.1.4 Determining Drag from the Flowfield: Application of 
Conservation Laws 


In this section, we look at the general problem of inferring the drag from information about the flowfield around 
the body. We consider some of the basic integral conservation laws and some relationships involving enstrophy 
(the local rate of dissipation into heat by the viscous stresses) and vorticity, with particular reference to what 
cach one can contribute to a determination of the drag. Some of this discussion follows that found in Yates and 
Donaldson (1986). 








6.1.4.1 The Body-Centered Control Volume 


In looking at the local dissipation of work into heat in Section 3.6, we found it instructive to take the point of 
view of a fluid parcel moving through the field. Now, to consider the global problem of finding the force on 
a body, we take the reference frame in which the body is stationary and the fluid streams past it. For steady 
‘motion, the flow is then steady (turbulence has been time averaged), and we can drop the unsteady terms in all 
‘our conservation laws. To apply the integral conservation laws, we construct a control volume completely en- 
closing the body, as shown in Figure 6.1.1. For quantities that are conserved, such as momentum or total energy 
(thermal + kinetic + pressure work), we need only consider forces and fluxes at the bounding surfaces of the 
control volume, including the body surface. For other quantities, such as entropy, vorticity, or individual thermal 
or kinetic energy components, production or loss within the volume must also be considered, 








Figure 6.1.1 Control volume for application of conservation laws in body-centered reference frame 
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6.1.4.2 Conservation of Energy 


If no mass or heat is transferred through the body surface, and the body is mechanically passive with no moving 
parts, so that no work is exchanged between the body and the fluid in our body-centered reference frame, then 
the conservation of total energy reduces to the statement that total enthalpy is conserved at the outer boundary 
of the control volume (flux in equals flux out). In fact, for air, where the Prandtl number is close to unity, the 





total enthalpy is nearly uniform throughout the flowfield. Note also that turbulence kinetic energy plays no sig 
nificant role in the total energy balance (see Cebeci and Bradshaw, 1984). Thus, because the body does no work 
(on the fluid in this reference frame, the conservation of energy, by itself, tells us nothing about the drag. 








6.1.4.3 Conservation of Momentum (General) 


For a control volume enclosing our flying body as shown in Figure 6.1.1, integral momentum conservation 
gives 
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Assumptions: 

|. Conservation of momentum. 

2. Steady flow. 

3. No mass flux through body surface 
4. 





Viscous stress negligible on outer control surface. 

‘Thus if we know the velocity, pressure, and density on a control surface enclosing the body at a moderate 
distance, we can, in principle, calculate the drag. The difficulty with this in practice is that the integrals over the 
outer control surface involve small differences between large contributions of opposite sign, both in the pressure 
and momentum flux terms. Whether we are dealing with measured or computed flowfield data, the momentum 
theorem by itself is not usually very useful without further assumptions, 





6.1.4.4 Conservation of Momentum (Trefftz-Plane Representation) 


One way out of this difficulty is to move the outer control surface so far away from the body that a linearized 
flow model is valid except in the vicinity of the viscous wake. When this is done, the velocity and pressure dis 
turbances due to the body can be represented in terms of elementary singularities located at the body and along 
the wake. The flowfield around a body producing viscous drag generally has an apparent positive net source 
strength associated with it, and for our purposes, this is the only contribution that matters. Over the upstream 
and lateral portions of the outer control surface, the integrated effects of any higher-order singularities such as 
doublets or vortices can be made to vanish by taking the control surface far enough away. The farfield pressure 
and momentum-flux contributions of the source can be expressed analytically in terms of the effective sourc 
strength, which can be deduced from conservation of mass. The final result is that the drag can be expressed 
san integral over the downstream face of the control volume (the Trefftz plane of induced-drag theory, which 
‘we'll cover in Section 8.3.4), The final result is 
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r, introducing the definition of otal head (the same as the total pressure only in incompressible flow): 
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Assumptions: 
1. Conservation of momentum, 

. Steady flow. 

. No mass flux through body surface 

|. Viscous stress negligible on outer control surface. 





. Subsonic flow in the farfield 
6, Farfield disturbances due only to simple singularities except near viscous wake. 
7. Conservation of mass, 

In that we now have only to integrate over a single downstream plane, these forms represent a distinet im- 
provement over Equation 6.1.2. However, for a general, 3D, lifting body that sheds a vortex wake, the required 
integration is still over a very wide area, and in practice, these forms are of little use when we are dealing with 
‘numerical or experimental flowtield data. For our purposes, another shortcoming of these forms is that they do 
not help to distinguish the viscous drag from other drag components. Even the appearance of the cross-flow 
kinetic energy in the second term of Equation 6.1.5 does not help much. As well see in Section 8.3.4, in Trefftz- 
plane theories of induced drag, the cross-flow kinetic-energy integral is assumed to give the induced drag, and 
‘we might be led to assume that the remainder of Equation 6.1.5 would give the viscous drag. However, Equa- 
tion 6.1.5 is valid only far downstream of the body, where in the real viscous world turbulent dissipation has 
already substantially reduced the cross-flow kinetic energy. In practice, even if the integral could be computed 
accurately, it would lead us to exaggerate the viscous component of the drag. To distinguish viscous drag from 
induced drag, we will need formulas applicable closer to the body, preferably with the integration limited to the 
viscous wake. This will require a different set of simplifying assumptions, as we will see next, But first we look 
at some special situations in which forms derivable from Equation 6.1.3 are useful 














6.1.4.5 Conservation of Momentum in Two-Dimensional and Axisymmetric 
Flows 


A planar 2D or axisymmetric flow does not have the trailing vortices associated with lift in three dimensions, 
In this case, the pressure term in Equation 6.1.3 dies out much more rapidly with distance downstream of the 
body and can be treated approximately. If we put our downstream boundary sufficiently far from the body, the 
velocity outside the wake can be approximated by the sum of a uniform freestream and a potential-flow sourc 

and vortex located at the body, and the pressure can be approximated by the corresponding linearized expres- 
sion. The integrated pressure and momentum-flux contributions from the source and vortex can then be shown 
to cancel, All that remains is the second term in Equation 6.1.3. integrated only over the viscous wake as shown 
in Figure 6.1.2, 








Figure 6.1.2 Airfoil profile drag determined by wake integration far downstream (Equation 6.1,7) 
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We then have the drag in terms of the momentum arca of the wake: 


D= / put(tis —u) dS 
616 wake 
In planar 2D flow, the momentum area per unit span is the familiar momentum thickness, and the profile drag 
coefficient is given by 
26 
e 
‘where 0 is defined by Equation 4.2.11, with the integration including the entire wake. 
Assumptions: 
|. Conservation of momentum 
- Steady flow 
- No mass flux through body surface 
|. Viscous stress negligible on outer control surface 
. Subsonic flow in the farfield 
. Except in the region within the viscous wake, farfield disturbances can be represented by a source loc- 
ated on or near the body 
7. Conservation of mass, 
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8. 2D or axisymmetric flow. 

In this situation, it is much easier to distinguish the viscous drag from other components than in the general 
3D case. Under the above assumptions, the only other drag component that can be present is transonic shock 
drag associated with a bubble of supersonic flow in the near field, which we'll look at further in Section 7.4.8. 

If we wish to infer the drag from a wake profile taken closer to the airfoil than Equation 6.1.7 requires, then 
further assumptions are required. So far, we have not had to make any assumptions about the flow in the near- 
field, such as how the flow separates from the body. Now, we must limit our attention to flow that remains at- 
thed all the way to the back and only separates from a sharp trailing edge (in planar 2D flow) or a sharp tail (in 









axisymmetric flow). In the analysis put forward by Squire and Young (1938), the total (sum of upper and lower 
surfaces) momentum and displacement thicknesses of the boundary layers at the trailing edge are assumed to be 
known, and the momentum integral equation for the streamwise development of the wake is integrated approx- 
imately to give the wake momentum thickness 0. far downstream, as illustrated in Figure 6.1.3. 








Figure 6.1.3 Airfoil profile drag determined by wake integration in n 
(Equation 6.1.8) 


sarfield using the S formula 
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Assuming the drag to be given as a function of 0.» by Equation 6.1.7, we now have a formula relating the 
drag to conditions in the wake close to the airfoil. The formula is ordinarily thought of as requiring trailing-edge 
data, but it should be equally valid for wake data taken at any station xeut between the trailing edge and the 
farfield. As originally derived for incompressible flow, the formula is 


H( 


(®eut) 
Use * 
where 0 and H are defined the same way they were for a single boundary layer in Equations 4.2.10-4.2.12, just 
applied by integration across both the upper- and lower-surface boundary layers, 
Assumptions 
1. Validity of Equation 6.1.7 far downstream 
2. Incompressible flow 
3. Integration of momentum-integral equation for wake, assuming a particular empirical relationship for 
the variation of the shape factor with edge velocity (linear In(H) versus In(ue. For this to be reasonable, 
there should be no reverse flow downstream of xeut 











Corresponding formulas have also been derived for compressible flow (Cook, 1971), infin 
‘wings (Young and Booth, 1950), and axisymmetric bodies (Young, 1939), 


span swept 


6.1.4.6 Formulas Relating Drag to Dissipation (Enstrophy) 
Starting with the general Trefftz-plane drag formula, Equation 6.1.5, assuming incompressible flow, and invok- 
ing an expression for the generation of entropy by viscosity, Yates and Donaldson (1986) derive the following 
formula for the drag: 
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Assumptions: 
1. Conservation of momentum 

2, Steady flow 

3. No mass flux through body surface 

4. Viscous stress negligible on outer control surface 

5. Incompressible flow 

6, Farfield disturbances due only to simple singularities except near viscous wake 
7. Conservation of mass 

8. Fourier heat conduction law 


9. Conservation of entropy. 
Note that the integrand in the volume integral (the enstrophy) makes a contribution only over the vortical 
part of the flowfield (boundary layer and viscous wake). Note also that all of the terms in the second integral 
(over the Trefftz plane) are of second order in disturbance quantities, so that the integral vanishes if we take 
the Trefftz plane far enough downstream. (Fora lifting body with a trailing vortex system, the distance required 
could be very large.) In this limit, the volume integral approaches the total drag asymptotically, and we have 
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‘Assumptions: 
1, Same as for Equation 6.1.9, plus 
2. integral includes all significant dissipation 
In the next section, we apply this formula to two simple flowfields and find that it provides interesting insight 
into where in the flowfields the drag “originates.” 


6.1.4.7 Inferring Drag from Vorticity and Total Pressure at a Single 
Downstream Plane 


A theoretical framework originally developed by Maskell (1972) allows both the induced drag and the viscous 
drag to be inferred from the velocity (vorticity) and total-pressure fields sampled only in the viscous wake at a 
single eross-plane behind the body. The approach was later extended by Brune and Hallstaff (1985) and applied 
to experimental data specially obtained for the purpose. This type of analysis could also be applied to computed 
flowfields, but in that case flowtield data are more easily available, and there would be less incentive to limit 
the input data to a single cross-plane. The physical assumptions involved in using a single cross-plane almost 
certainly limit the configurations for which accurate results can be obtained, but these limits have not been fully 
determined. For example, given data only in a single cross-plane, the x-component of the vorticity is the only 
‘one determined, and it is assumed that the induced drag can be computed based only on the x-component. This 
assumption is likely to be better in the farfield than in the nearfield, which implies that the data plane should 
be taken far from the body. However, to minimize the effects of dissipation, which tend to reduce the apparent 








induced drag and inflate the viscous drag, the inclination has been to place the data plane close to the configur- 
ation, where the assumptions of the method appear to be quite limiting. In spite of these questions, results for 
configurations with high-aspect-ratio wings have been good. 


6.1.4.8 Shock Drag and the Oswatitsch Formula 


In Scetion 3.11, we discussed the major physical properties of shocks. Whether a shock is normal to the flow 
or oblique, it doesn't generate any significant shear stresses, but passage of air through a shock is a dissipative 








process that reduces total pressure and increases entropy. Thus when a shock appears in the flowfield around a 
body, the dissipation in the shock itself contributes to the drag through the pressure term in Equation 6.1.1. A 





shock can also interact with the boundary layer on the body surface, causing a thickening of the boundary layer 
and an increase in the viscous form drag, an effect we'll consider in more detail in Section 7.4.8 in connection 
with transonic airfoils. Here we'll concentrate on the more direct contribution to drag of the shock dissipation 
itself, 

By invoking conservation of momentum for steady flow through a control volume surrounding a body, 
Oswatitsch (1956) derived the following formula for the drag: 
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Assumptions: 
1. Conservation of momentum, 
2, Steady flow. 
3. No mass or energy flux through body surface. 
4. Viscous stress negligible on outer control surface. 
5, Farfield disturbances accounted for only to first order. 

Tognaccini (2003) derived a higher order version of this formula with terms to second order in (S ~ Sx) 
Note that Equation 6.1.11 represents the shock drag only if the shock is the only source of entropy inerease in 
the flow. This requirement is not satisfied in real viscous flows because of entropy generation in the boundary 
layers and viscous wake. Still, this equation is often used for estimates of the contribution of the shock to the 
drag, In calculations of this kind, the control volume is taken to surround only the shock itself, so that only 
the entropy increase through the shock itself is integrated. This is somewhat justified, given that the integrand 
represents the flux of entropy excess, and in upstream and downstream regions where no entropy is being gen- 
crated, the flux is constant. But it ignores the fact that in real flows, the streamtube that passes through the shock 
will eventually be entrained into the boundary layer and/or the wake, where further entropy will be generated, 
Use of the formula in this way ignores nonlinear interactions between the entropy-generation mechanisms in 
the shock and the viscous layers. 

In Section 3.11, we also discussed how a shock can be represented in a computational fluid dynamies (CFD) 
solution in potential flow, in which the flow is treated as isentropic and irrotational. In such representations of 
shocks, there can be no entropy change, so Equation 6.1.11 cannot be used directly. The fictitious momentum 
jump that is generated ata shock in such flow solutions is sometimes used as an estimate of the shock drag, but 
itis significantly in error, as discussed by Steger and Baldwin (1971). The best alternative is to interrogate the 
calculated flow conditions upstream of the shock (the perpendicular Mach number), to use the normal-shock 
relations to calculate what the entropy jump would be, and then to use that as the input to Equation 6.1.11 

















6.1.5 Examples of Flowfield Manifestations of Drag in 
Simple 2D Flows 


Here we apply the principles developed above to a thin flat plate and a 2D airfoil to illustrate the manifestations 
of drag in flowfields with and without pressure gradients. For these two examples, we have carried out CFD 
calculations and ploted several quantities relevant to the drag to show how they vary with distance along the 
flow. The calculations are fora chord Reynolds number of 10’ and are based on boundary-layer equations (spe- 
cifically the computer code developed by McLean, (1977)), which should be valid except for some flow details 
near the trailing edges. The quantities plotted are 
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The quantities 20/e and Ips are both valid farfield expressions for the drag, according to Equations 6.1.7 and 

6.1.10, respectively, so both are expected to approach the total drag asymptotically at large distances down- 

sire 


6.1.5.1 Thin Flat Plate 


For discussing viscous drag in external flows, this is the simplest case. As illustrated in Figure 6.1.4, boundary 
layers form on both sides of the plate, laminar at first, followed by transition to turbulence. At the trailing edge, 
the boundary layers merge to form a wake that continues downstream. Because the plate surface has no pro- 
jection in the x direction, the pressure contribution to the drag in Equation 6.1.1 is zero, and the drag on the 
plate is entirely skin friction. Thus IcF at the trailing edge is equal to the total drag coefficient. Also, because 
‘we have assumed no pressure disturbance in our calculation, Icr and 2 @/e are equal all along the plate and into 
the wake. So for this very special case, the Treffiz-plane drag Equation 6.1.3 is applicable at any station in the 
flow, not just in the farfield. The enstrophy integral [rns shows that dissipation has accounted for about 92% of 
the drag by the time the trailing edge is reached and that the drag is essentially completely accounted for about 
50% chord downstream of the trailing edge. 


Figure 6.1.4 Computed flow-field quantities for turbulent flat-plate flow, R= 10”, Calculations by P.P. Sulli- 
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6.1.5.2 Two-Dimensional Airfoil 


‘The assumed pressure distribution and computed flowfield results for a hypothetical 2D lifting airfoil are shown 
in Figure 6.15. 


Figure 6.1.5 Computed flow-lield quantities for turbulent flow on a hypothetical lifting airfoil, R= 107. Cal 
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‘The differences between this and the flat plate, resulting from the strong pressure disturbance of the airfoil, 
are immediately apparent. The sum of IcF at the trailing edge is only 70% of the total drag; the remainder is 
the form drag. (Remember that the form drag is a viscous effect, since 2D, incompressible potential flow would 
have zero drag.) 

JENS at the trailing edge accounts for about 90% of the drag, slightly less than the corresponding 92% for the 
flat plate. Again, we need go only 50% chord downstream of the trailing edge before dissipation has accounted 
for essentially all of the drag.! 

Fora symmetrical, nonlifting airfoil or a slender axisymmetric body, the pressure gradient effects would gen- 
rally be weaker, and we would expect the results to be intermediate between those of the lifting airfoil and the 
flat plate. 


6.1.6 Pressure Drag of Streamlined and Bluff Bodies 


We've discussed three flowfield mechanisms that contribute to pressure drag: 


1. Viscous effects in the nearfield, either the relatively subtle displacement effect of an attached boundary 
layer or the much stronger effect of a separated boundary layes 


2. The global effects of lif in 3D (induced drag); and 
3. Energy dissipation in waves, either shocks or gravity waves. 





The first mechanism involves immediate dissipation into heat in the viscous layers near the body surface and 
just downstream. The last two are largely “inviscid” in their nearfield manifestations, but they too eventually 


produce dissipation into heat. 





There is a common tendency to think of pressure drag in terms of the local surface pressures on parts of the 
surface and to think that the pressures can be manipulated by design of the surface shapes, in an essentially 
inviscid way, so as to influence the pressure drag. In this way of thinking, there is a simple criterion for as- 
sessing design changes that affect the pressure distribution: Low pressures on forward-facing surfaces and high 
pressures on afi-facing surfaces lead to low drag, and vice versa. This could lead us to think, for example, that 
it would be favorable to place an engine inlet so that it imposes higher-than-ambient pressures on an adjacent 
afi-facing surface. Another example might be to think that it would be favorable to place a blister fairing in an 
area on the surface where the pressure gradient is positive (increasing pressure in the flow direction) so that the 
‘volume of the fairing experiences a favorable “buoyancy” effect 

But this kind of thinking is mistaken more often than not, A simple counterexample shows why it is unreli- 




















able in general. Consider a body in an inviscid potential flow with no shocks and no shedding of vorticity. The 
pressure drag in this case must be zero, the result known as d’Alembert’s paradox, as we saw in Section 5.4. The 
erroneous line of thinking says we ought to be able to put a blister fairing on a part of this body where the pres- 
sure gradient is positive, and thereby reduce the drag. But because we're starting from zero drag, the drag would 
have to become negative, which is impossible. So in global terms, we see that the addition of a blister fairing in 
this simple case cannot reduce the pressure drag, nor increase it, for that matter. Looking at it locally, in terms, 
of the local pressures on the surface, the blister fairing may indeed produce a favorable incremental buoyancy 
effect on its own surface, but the pressures elsewhere on the body must change in response to the addition of 
the fairing so as to cancel that effect and make the total pressure drag zero again. Such pressure changes on the 
rest of a body will often be subtle and difficult to see on a pressure plot, but they can act over lange areas of the 
surface and cannot be ignored. 

So in a simple inviscid ca 
affect the pressure drag. In more general situations in which the pressure drag is nonzero, the same mechan- 
ism can still come into play, in which a change to the pressure distribution on one part of the body is offset 
by changes diffusely distributed over the rest of the body, with the result that there is little or no change to the 
total pressure drag. The key point to remember is that a change to the pressure distribution on the surface can- 























with no shocks or vortex shedding, changes to the pressure distribution cannot 


not change the pressure drag unless one or more of the pressure-drag-producing mechanisms in the flowfield 
is affected. So for purposes of understanding how a change in the surface pressures might affect the pressure 
drag, it can be very misleading to think just about the surface pressures themselves. One must consider how the 
change might affect either the viscous dissipation in the field, the lift distribution, or the strength of any shocks, 
It is good to be in the habit of asking “where in the field is the drag being ‘produced,’ and how is this change 
likely to affect that process?” Even if the result of asking that question is uncertainty, that answer is preferable 
to being misled by oversimplified reasoning, 

In Sections 5.2 and 5.3, we discussed the distinction between streamlined bodies with attached flow all the 
‘way to a reasonably sharp “tail,” and bluff bodies with large regions of separated flow at the back. For stream- 
lined bodies, skin-friction drag dominates. In the 2D lifting-airfoil example above, we saw that skin-friction 
drag accounted for roughly 70% of the total, with pressure drag due to boundary-layer displacement accounting 
for roughly 30%, a breakdown that can vary depending on the thickness ratio, the lif, and the detailed pres- 























sure distribution, Pressure drag tends to be a smaller fraction in axisymmetric flow than in 2D planar flow. The 
pressure-drag fraction for a commercial-airplane fuselage, for example, is typically less than 10%. Because the 
skin friction is such a dominant part of the drag for a streamlined body, for purposes of drag estimation it is 
often convenient to relate the total drag to an idealized skin-friction drag through a form factor, which we'll 
discuss in Sections 6.2.1 and 7.4.2. 

As we saw in Section 5.2, there is a range of possible nonstreamline flow patterns in which separation occurs, 
other than at a sharp tail, either because an otherwise streamlined body is at an angle of attack or because the 
body shape isn't amenable to streamline flow. Separations of the 3D open type (Sections 4.1.4 and 5.2.2) don't 
by themselves form recirculating “deadwater” wakes, but they do result in the shedding of vortex sheets that 
tend to roll up into streamwise vortex cores. Examples of this type of separation are seen on the highly upswept 
aft fuselages of military transport airplanes and along the sides of the sloping roofs of some hatchback cars, 
‘The pressure drag that results from such separations can be quite high and is similar to the lift-induced drag of 
‘wings, which we'll discuss in detail in Sections 8.1 and 8,3. 

Classic bluff-body flow is characterized by separation of the closed type that produces a substantial recireu- 
lating wake. For a body with separation of this type, skin friction tends to be only a small fraction of the total 
drag, Pressure drag dominates because of the strong displacement effect of the large separated region, and the 
frontal area of the body becomes a more relevant reference quantity than the wetted area or the skin friction. 
‘The pressure drag of a bluff body depends on the thickness of the separated wake, which depends on both the 
cross-sectional area of the body and the location of separation. When separation takes place at sharp edges in 
the pattern we discussed in connection with Figure 5.2.2c, the separation location is independent of Reynolds 
‘number and surface condition, and for all but very low Reynolds numbers, the drag coefficient will tend to be 
nearly independent of Reynolds number. 

On bodies with smooth contours such that separation is not fixed by sharp edges, the flow pattern and the 
drag vary more strongly with Reynolds number and can be influenced by surface roughness. For example, Fig- 
ture 6.1.6a shows the drag coefficient of a smooth sphere over a wide range of Reynolds number. At very low 
Reynolds numbers, it follows the Stokes-flow solution (creeping flow, in which inertial effects are negligible) 


Rel 
for which Cd ™ Ra”, Above Ra 1, inertial effects become significant, and the drag diverges upward from 
the Stokes solution. At Ru = 50 there is a small separated region behind the sphere, and at Ry ~ 130 the separ- 
ated region is longer and becomes unsteady. The variation of Cg with Ra is surprisingly smooth inspite of these 
changes in flow pattern 























































































































Figure 6.1.6 Drag behavior of a smooth sphere over a wide range of Reynolds number in incompressible flow 
(a) Drag versus R curve defined by data from numerous experiments plotted by Hocener (1968). (b) Surface 
pressure distributions for high Reynolds numbers with laminar and turbulent separation, plotted versus angle 
from the front stagnation point 
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At higher Reynolds numbers (up to about 4 = 10°), the boundary layer remains laminar to the separation 
point, Laminar separation occurs well forward, only about 80° from the front stagnation point, leading to a large 
separated wake with considerable unsteadiness and a roughly constant drag coefficient of about 0.5 over the 
range of Reynolds number from 1 x 10° to 4x 10°. Above 4 * 10°, the boundary layer transitions to turbulent 
upstream of separation, the separation point moves back to about 140°, and the drag coefficient drops abruptly 
to about 0.1. Figure 6.1,6b shows the surface pressure distributions for these cases with laminar and turbulent 
separation, compared with potential-flow theory. In both eases, separation reduces the level of the suction peak 
ahead of separation and produces a leveling off of the pressure downstream of separation, but the effects are 
‘much more dramatic in the laminar case, due to the earlier separation: Not only is the separated region wider, 
the pressure downstream of separation is lower. 


For bodies that exhibit this kind of behavior, the Reynolds number at which the separation switches from 
laminar to turbulent is often called the critical Reynolds number, and the abrupt drop in the drag coefficient is 
called the drag crisis. A golf ball is one such body, and its dimpled surface is a purposeful adaptation to the 
Reynolds-number range in which it flies. Over the range of speed achievable by even the strongest golfer, the 
Reynolds number is below the critical value for a smooth sphere. The purpose of the dimpled surface is to pro- 
voke early transition and thereby move the drag coefficient toward a lower post-crisis level. 











6.1.7 Questionable Drag Categories: Parasite Drag, Base 
Drag, and Slot Drag 


is often used to refer tothe entire portion of an airplane's drag other than induced drag, 
way into the dictionary (Websters, 1976). “Parasite drag” thus has a workable defini- 
tion, as long as we're willing to have it depend on a theoretical value for the induced drag. (Recall from Section 
6.1.3 that induced drag doesn't have a rigorous definition apart from the idealized theory.) But there is a semant- 
ic problem in that the term imputes a particular character to the drag that isn't logically justifiable. In general, 
“parasite” refers to something that is supported by something else and gives nothing in return (paraphrased from 
Websters, 1976). The viscous drag of the wings and fuselage of an airplane is a necessary byproduct of produ- 
cing lift, and housing structure and payload. These functions can't be said to “give nothing in return,” so calling 
their byproduct a “parasite” makes no sense. 

Ifa bluff body or 2D airfoil-like shape is “squared off” in back so that separation takes pla 
as illustrated in Figure 5.2.2c, the “additional” drag due to the squar 
problem with the term “base drag,” however, is that it has no defensible definition. Here are the three logically 
possible candidates I know of, along with the reasons why they don't work 

1. Define base drag as the portion of the actual drag that is somehow caused by the presence of the blunt 
base 


























Problem: While i's true that a body with a squared-off base tends to have higher drag than one that 
doesn't, there is no good way to isolate the portion of the drag that can be “blamed” on the base. Whether 
‘we assess the drag in terms of the stresses on the body surface (Equation 6,1,1) or the dissipation in the 
field (Equation 6.1.9), there is no rigorous way to divide cither the surface or the volume to decompose 
the drag. 

2. Define base drag relative to the drag of a comparable sharp-tailed body. 

Problem: There is no unique way to define the comparable body 
3. Define base drag as the det 
relative to ambient pressure, times the area of the base. 





it in the static pressure on the base (which does tend to be nearly constant) 


Problem: There is no reason why ambient pressure is the relevant reference, as we noted in Section 
6.1.3, In Section 6.1.6, we discussed how misleading it can be to try to infer differences in drag from local 
static pressures, and this situation is no exception. That this definition doesn't work is evident from two 
counterexamples. We'll see in Section 7.4.1 that a streamlined airfoil typically has a region of positive 
Cp (pressure higher than ambient) near the trailing edge. We could truncate the airfoil within that region 
and have positive Cp on the base, and the current definition would then assess negative base drag, which 
makes no sense. The example of a sphere is also instructive. A sphere doesn't have a squared-off back 
end, but it does have a large separated region in the back. Note that in the case of turbulent separation in 
Figure 6.1.6b, the surface Cp in the separated region is positive. But it certainly doesn't make sense to say 
that a sphere has negative base drag. 











So it seems that defining base drag in a rigorous quantitative way is hopeless. And without a workable defin- 
ition, “base drag” seems questionable, even just as a concept. 

Hoerner (1965) in his section IILS uses the term “base drag” but doesn't provide an explicit definition, He 
presents experimental values of “base drag” in his Figures 37 and 39 but doesn't specify whether they were de- 
termined by comparison with sharp-tailed baseline bodies (candidate definition 2 above) or by measurements 
of base pressure (candidate definition 3 above). In his Figure 38, he plots total drag for a series of bodies that 
ne, which suggests that he is thinking in terms of candidate definition 2. Whatever 
the definition, he proposes that “base drag” is determined by a “jet-pump mechanism,” which is supposed to 
‘work as follows (paraphrased): 

















‘The “jet” is the outer flow, “placed like a tube around the space behind the base,” and it “mixes with the 
to pump it away,” thus reducing the base pressure. The separated boundary layer has an 
sulating” effect that reduces the effectiveness of the jet pump. The longer the forebody, the thicker will 
be the boundary layer that separates from the edge of the base and the less effective the jet-pump mechan- 
ism will be in reducing the base pressure, The “base drag” thus correlates with a parameter related to the 
fineness ratio of the forebody and decreases with increasing fineness ratio. 











The data presented by Hoemer support the correlation reasonably well, but I propose that it is not for the 
reason that he supposes. The problem with Hoemer’s explanation is that it ignores the dominant role of the outer 
inviscid flow in determining the pressures on the body. The separated shear layer that forms the outer boundary 
of the near wake can support very little pressure difference across it, so the base pressure must be essentially the 
same as the static pressure in the inviscid flow outside the boundary layer where it separates from the edge of 
the base. This static pressure is a result of the external inviscid flow, as influenced by the effective displacement 
shape of the forebody and the separated wake downstream, The thickness of the boundary layer at separation 
influences the effective shape of the wake to some extent, but the static pressure at separation, and thus on the 
base, is much more strongly driven by the overall shape and fineness ratio of the body, through the inviscid 
flow. So the correlation of the “base drag” with forebody fineness ratio is much more of an inviscid-flow effect 
than a result of any “jet-pump mechanism.” The data appear to be just as consistent with this explanation as 
with Hoerner's 

We've 
we'll discuss in 




















why base drag is a questionable concept. In a similar vein, airfoils with high-lift slots, which 
tion 7.4.4, tend to have higher drag than airfoils without slots, and the excess is sometimes 
referred to as “slot drag.” This terminology has the same problem: There is no good way to isolate the portion 
of the drag that can be “blamed” on the slot. The slot doesn't represent a mechanism that can produce pressure 
drag that is separate from the viscous drag. In a 2D inviscid, shock-free flow, a slotted airfoil has zero drag, just 
like any other airfoil. In the real world, a slot imposes strong pressure gradients and curvature effects on the 
boundary layers, as well as separation and reattachment if the slot has a “cove” (see Section 7.4.4, especially 
Figure 7.4.18). These are things that tend to increase the total viscous dissipation in the field, but they do not 
make slot flows in any way unique, and they do not define a lower limit on the amount of “additional” drag a 
slot must cause 











6.1.8 Effects of Distributed Surface Roughness on 
Turbulent Skin Friction 


ion 4.7, we briefly listed the various ways surface roughness can affect an aerodynamic flow. In this 
tion, we look at how surface roughness can increase turbulent skin friction, which can influence total drag even 
‘when there is no change in transition or separation. We'll look at basic physical explanations of how the skin- 











friction increase comes about, the associated scaling issues, and empirical data for different types of surfaces. 
Then, in Section 6.2.2, we'll ook at methods for using this kind of information in drag estimation. 

In turbulent flow, surface roughness elements that are sufficiently lange are known to cause significant in- 
creases in area-averaged skin friction, It seems intuitively obvious that they should, but explaining how this 
happens is trickier than one might expect. The roughness elements are like small bluff bodies immersed in 
the highly nonuniform and unsteady flow at the bottom of the boundary layer, and they are often so closely 
spaced that the flow around each element is strongly affected by neighboring elements. The physical explan- 
ations offered in most of the classical sources tend to be incomplete at best and sometimes contradictory (se 
Bradshaw, 2000). But before we address explanations, let's look at how these skin-friction increases have actu- 
ally been observed to behave, first in the idealized situation of uniform roughness along the entire length of a 
flow and then locally in more-general flow situations. 











“The effects of two different types of roughness on the average skin friction scefficient CF of-a turbulent 
flat-plate boundary layer are plotted in Figure 6.1.7. The solid roughness curves are for standard sand-grain 
roughness, which consist ofa single layer of densely packed grains of uniform diameter ky and was the focus 
of many early investigations of roughness effects both in pipes and boundary layers. Curves are shown for thre 
different grain sizes relative the length of the plate. These are idealized curves based on the pipe-flow measure 








iments of Nikuradse (1933), see Figure 20.21 in Schlichting (1979), for example), converted to flat-plate CF 
by the “equivalent-flat-plate method" that well discuss in Section 6.2.2. Stating at a low Reynolds number, 
cach curve follows the smooth-surface curve (nominally the same as the turbulent curve in Figure 43.1) up to 








acritical Reynolds number and then diverges from it and eventually levels off. Before CF hevels off, it dips 
toa minimum about 5% below the final value. This general progression has led to the definition of three re- 


gimes: a hydraulically smoath regime bofore the diveiRence, a fully rough regime in which CJ is independent 
of Reynolds number, and a cranstionally rough regime in between, As pointed out by Bradshaw (2000), itis 
unfortunate that this “transition” terminology came to be applied to roughness in turbulent flow, as it risks con- 
fusion with laminarto-turbulent transition, which is unrelated. But itis frequently used inthe literature, and for 
lack of anything better, well continue to use it 
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Standard sand-grain roughness is a highly artificial kind of surface, and surfaces more representative of those 
usually found in real-world applications don't generally show the same kind of behavior in the transitional re- 
gime. A well-known example ofa real-world surface is documented in the measurements by Colebrook (1939) 
in commercially rough pipes, which served as part of the basis for the famous Moody’ chart for resistance in 
pipe flow (Moody, 1944). The dashed curves in Figure 6.1.7 are flatsplate roughness curves derived in the same 
‘way as the sand-grain curves (solid), but based on Colebrook’s pipe duta instead of Nikuradse’s, In Colebrook’s 
curve-fits, the drag ofa rough surface approaches the smooth-surface curve only asyinptotically with deereasing 
Reynolds number, and there is no critical Reynolds number below which the effect of roughness is taken to be 
zero, so that there is no hydraulically smooth regime, strictly speaking. However, there is a fully rough regime 
in which CF is independent of Reynolds muinber, just as there is for standard sand-grain roughness, CF in the 
transitional regime does not dip below the fully-rough value, as it did in the standard-sand-prain case. 

For a real-world surface, there is generally no unique physical seale length corresponding to the grain dia- 
meter that we used for uniform sand grains. As a substitute for defining a length scale based on roughness geo 
retry, Schlichting proposed the concept of equivalent sand-grain roughness (see Bradshaw, 2000), in which the 
surface is characterized by the roughness height ky of the standard sand-grain roughness that would produce the 
same skin-frition coefficient in the fully-rough regime. Obviously, knowing the equivalent sand-grain-rough- 
ness height fora surface provides a reliable indication of its drag behavior only in the fully rough regime, be- 
cause different kinds of surfaces have different behaviors in the transitional regime. 

The relationship between the equivalent sand-grain height ky and the actual physical height h of the rough- 
ness varies greatly, depending on the nature of the surface. Even ifthe height of the roughness elements is uni- 
form, the drag depends strongly on the shape ofthe elements and on the density of the surface coverage. Waigh 
and Kind (1998) correlated data for uniform roughness elements of various shapes (c.., spheres, cylinders, reet- 




















angular blocks) and with a wide range of coverage densities and found that the ratio ks/h varied from 0.1 to 
almost 30 depending on shape and area coverage. 

When the height of the roughness elements is not uniform, there is no single height h to characterize the 
surface, so an average measure such as Ra (the average of the absolute value of the deviation from the mean sur- 
face) or krms (the rms deviation) is often used, usually measured in practice by a stylus profilometer. We should 
expect the ratio ky/Ry or ky/krms to vary depending on the nature of the surface, but not over as wide a range 
as ky/h does for roughness of uniform height. Much of the variation in the ks/h values correlated by Waigh and 
Kind was due to the wide range of surface coverage. When coverage is sparse, the drag penalty is reduced, but 
soare Ra and krms, So that using Ra or kms instead of h partly compensates for this effect. But the ratio ks/Ra or 
kky/kems still varies depending on the nature of the surface. 

Basic roughness geometry is another factor that must be kept in mind when using Ra or kins. These average 
‘measures are typically considerably smaller than the maximum element size (diameter). This is because max- 
imum deviations are, of course, larger than average deviations, and diameter is larger by another factor of 2 
because it is a peak-to-peak measure rather than a deviation from the mean, A careless error that sometimes 
arises is to forget this and to take Ra or kims to be interchangeable with ks. This can lead to a serious underestim- 
ation of the roughness effect, because Ry and kems are typically almost an order of magnitude smaller than ks. A 
simple geometric argument shows that this is te even for standard sand-grain roughness. If we ran a stylus pro- 
filometer over a standard sand-grain surface, the stylus would rarely penetrate into the crevices between grains 
to more than about a half grain diameter below the peaks, because of the relatively blunt shape of the stylus, and 
the resulting Ry or krms Would be a small fraction of the grain diameter. 

{In Figure 6.1.7, we looked at the global effect of roughness in the idealized case of a flat plate with roughness 
that is uniform over the whole surface. In flow situations that are more general, with roughness distributions 
that may be nonuniform, we must deal with the effects of roughness locally. Unless the characteristics of the 
roughness change too suddenly as we move along the surface, the local effect is closely determined by the rela 
tionship between the roughness geometry and the mean velocity profile in the wall region of the boundary layer, 
which we discussed in Section 4.4.2. As we saw there, for a smooth surface, this wall-region velocity profile 
is very close to being a function only of the viscosity and the shear stress at the surface. The velocity profile 
expressed in wall variables is then universal, and the functional relationship u* = fen(y*) is known as the Jaw 
of the wall, which applies to the viscous sublayer and the logarithmic region, as illustrated in Figure 4.4.6, The 
effect of roughness on this local velocity profile is to shift the logarithmic portion of the velocity profile down- 
ward by a constant Au’ as shown in Figure 6.18. 

















































Figure 6.1.8 Shifl, due to rou thmic portion of a turbulent wall-region velocity profile 
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‘The size of the shift depends on the roughness Reynolds number k”, with a functional relationship Au*(k*) 
that depends on the particular roughness geometry, The logarithmic velocity profile is then given by: 
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where x and B are the same as they were for a smooth surface. Roughness thus adds one parameter, &*, and one 
function, Au’ (&*), to the problem, 

‘The functional relationship Au’(k*) is a fixed characteristic of the particular roughness geometry, and the 
value of Au” in a particular situation is the dominant factor determining the local inerease in skin friction cocf- 
ficient, AC¢. In general, the larger the shift Au", the larger ACr will be. But because Cris generally normalized 
by a velocity outside the wall region (Ue or Us. usually), ACf also depends to some extent on the global flow 
conditions. To estimate the rough-surface Cf in a given flow situation, the first thing we need to know is the 
function Au’ (k*) for the surface in question, Then we need to use that information to estimate AC. The function 
Au‘(k*) can be incorporated into a turbulence model for use in detailed CFD calculations, or the effect of the 
roughness can be estimated for a flat-plate flow that is assumed to be similar to the target application. In Section 
6.2.2, welll discuss both of these approaches in more detail 

‘The shift functions Au’ (k*) for three types of roughness are shown in Figure 6.1.9, including standard- 
sand-grain and Colebrook's commercially rough pipe surfaces, whose global flat-plate behavior as a function 
of Reynolds number was shown in Figure 6.1.7. What these shifls mean in terms of ACyCr as a function of k* 
depends on the global flow situation. ACH/Cr for the particular case of a flat-plate boundary layer at a length 
Reynolds number of 10’, is shown in Figure 6.1.9b. Looking first at Au‘(k*) for the standard sand-grain rough- 
ness, we sce that the divergence from smooth-surface behavior takes place at about &” = 5. The fully rough 
regime starts at about £* = 70, after which Au“(k*) increases in a straight line. The length scales k for the other 
roughness types are the equivalent sand-grain roughness heights, defined so that the curves match the standard- 
sand-grain curve in the fully rough regime. 














Figure 6.1.9 Local behavior of three types of distributed roughness. (a) Log-law shifts. (b) Relative change in 
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‘The question of whether the drag penalty for standard-sand-grain roughness is actually zero up to k” = 5 has 
not been settled, The experimental data on which the curve-fits are based show considerable scatter. Bradshaw 
(2000) has pointed out that a curve-fit in which there is no finite hydraulically smooth regime, for example, Au” 
02(k") for k” <7, would fit the data just as well as the curve in Figure 6.1.9a does. The Cr increase at k* 
might be a couple of percentage instead of zero, but is still small compared with about 20% for commercial 


pipes. 








The Au* and ACF curves of Figure 6,1,9 make it even more clear what a wide range of behavior different 
types of surfaces can display in the transitionally rough regime and why the concept of equivalent sand-grain 
roughness doesn't apply there. To show that the standard-sand-grain and commercially rough pipe curves don't 
bracket the range of possible behavior, I included Hama's (1954) curve for glass beads with a Gaussian size 
distribution, which is seen to lie far outside the range defined by the other two types. The nonuniform element 
size might lead one to expect behavior intermediate between uniform sand and commercial pipe roughness, but 
instead this surface shows behavior that is roughly twice as far from commercial pipes as the standard-sand- 
grain surfaces are, and Hama's curve-fit defines an even wider hydraulically smooth regime. I have seen no 
convincing explanation for this in the literature. The message we should take from Figure 6,1,9 is one of caution 
regarding roughness in the transitional regime. In the neighborhood of k* = 10, the Crinerease can be anywhere 
from near 0 to about 30%. This high level of uncertainty is unfortunate, as the transitional regime is the range 
of the greatest practical importance in aeronautical applications. There is much less uncertainty in the fully 
rough regime, but roughness in that range is very rarely tolerated in applications because Cris nearly double its 
smooth-surface value at the start of the regime and goes up from there. 

Now that we've seen what the behavior looks like, how do we explain it physically? The specifies, such as 
the details of the different roughness curves in the transitional regime, seem to be beyond the reach of simple 
qualitative explanations. But we should at least be able to explain the general trend: Whether or not there is a 
finite hydraulically smooth regime in which the effect is zero, the drag increment eventually “takes off” and 
increases monotonically for larger roughness Reynolds numbers. Explanations for this that have appeared in the 
classical sources are often fuzzy and in some cases obviously incorrect. 

In one category of explanation, a major distinction is drawn between the sublayer and the rest of the boundary 
layer outside it. It is assumed to be obvious that roughness elements that are submerged in the sublayer should 
have little or no effect and that the farther the elements protrude outside the sublayer, the more drag they should 
cause. But a detailed argument as to why this should be so is not offered. Some versions are clearly under the 
influence of an erroneous interpretation of a “laminar sublayer,” while in others it is ambiguous as to how the 
sublayer is being interpreted. Here is a sampling: 

+ Hoerner (1965): “there is always a comparatively thin sublayer within which stable laminar flow is pre~ 
vailing. As long as the protuberances of a rough surface are deeply enough submerged within the sublay- 
er, the surface is, therefore, hydrodynamically equal to a smooth one.” 

+ Schlichting (1979): “It is clear that roughness will cause no increase in resistance in cases where the 
protrusions are so small (or the boundary layer is so thick) that they are all contained within the laminar 
sublayer” 

+ White (1991): 
friction.” 









































-ven a small roughness will break up the viscous sublayer and greatly increase the wall 


Hoerner seems to have been misled by the terminology into thinking the flow in the sublayer is actually 
“laminar” and presumably steady ("stable"). We saw in Figure 2.1 that the flow in the sublayer is far from lam- 
inar, and we've noted that the only thing “laminar” about the sublayer is that the Reynolds stress is effectively 
zero due to the effect of the wall in constraining the turbulent motions that are large enough not to be damped 
much by viscosity (see Section 4.4.2 and Equation 4.4.2), Schlichting doesn't explicitly refer to “laminar flow” 
in the sublayer, but it is implied that there is something different about the sublayer. White uses the more mod- 
em “Viscous” to designate the sublayer, but he doesn't explain what he means by “break up.” If the sublayer 
isn’t laminar, what is there about it that is prone to being broken up? In any case, whether these explanations are 
based on correct interpretations of the sublayer or not, they don't provide much of a physical explanation as to 
‘why the skin friction increases when the roughness elements protrude outside the sublayer. 























Another category of explanation hinges on the type of flow around the roughness elements and its dependen- 
ce on the local Reynolds number. The general line of argument is that the skin friction begins to increase when 
the flow around individual roughness elements leaves the very low Reynolds number regime and begins to dis 
play a separated or unsteady wake. Smith and Kaups (1968) make an argument of this type. First, they draw an 
analogy between the roughness elements and isolated bluff bodies in free air. They show that in the part of the 
boundary layer where the velocity profile is linear, the local roughness Reynolds number is related to k* by Rk 
= kuwiv = (k*)?, where uk =u at y = k. Thus the critical roughness height k* = 5 corresponds to Rk = 
which isolated bluff bodies begin to develop a substantial and perhaps unstable wake.” They also point out that 
25 is the minimum Rk “that first affects transition in laminar flows,” though this presumably has no bearing on 
the turbulent-skin-friction issue. So the onset of the shedding of unsteady wakes from the roughness elements 
seems to correspond to the onset ofthe skin-friction increase in a turbulent boundary layer. But then Smith and 
Kaups acknowledge that the analogy with bluff bodies in free air doesnt seem to apply to the behavior of the 
drag curves. In the range of Reynolds number where unsteady wake shedding begins, the drag coefficient of a 
sphere, for example, does nothing remarkable, and in fact, it is decreasing smoothly with Reynolds number, not 
increasing (see Figure 6.1.6). In view of this, Smith and Kaups conclude 























Hence the drag increment of roughness does not relate directly to the drag of bluff bodies at low Re in a 
free stream, Instead the drag begins to be significant when a substantial wake region develops or when this, 
wake region becomes unstable. 


They leave it at that and don't explain how the onset of unsteady wake shedding is supposed to produce a 
change in the drag curve for a rough-wall boundary layer, while it doesn't for isolated bluff bodies. 

In addition to the fact that it doesn't really explain the skin-friction increase, this argument has an incon- 
sistency that Smith and Kaups overlooked. The argument for the correspondence between k” = 5 and Rk = 25 
makes sense in the context of an isolated roughness element exposed to a linear velocity profile that has not 
been disturbed by nearby roughness elements. Yet the k* = 5 threshold is derived from the skin-friction curve 
for standard-sand-grain roughness, in which the grains are tightly packed together on the surface. For this type 
of surface, most of each grain is shielded by adjacent grains, and the average deviation of the surface contour 
from the mean is much less than the grain diameter k. Thus the effective Reynolds number of the protuberances 
is much less than 25 at the &* =5 threshold where the drag curve deviates from that of a smooth surface. In view 
of this, it seems likely that there is no unsteady wake shedding involved in the onset of the skin-friction increase 
for standard-sand-grain roughness. 

So we see that the two main explanations that have been offered don't explain the skin-friction increase in a 
satisfying way. Is there a better way to explain it? 1 think there is. But we should expect to be able to explain 
it only in loose, general terms. After all, we're dealing with complicated three-dimensional roughness shapes 
immersed in the complex turbulent flow at the bottom of a boundary layer. 

| propose that the general trend of inereasing drag with increasing k* is related to the height of the roughness 
elements relative to the thickness of the viscous sublayer and that it has nothing to do with changes in the wakes 
of the roughness elements. Two key features of the sublayer play roles: the shape of the mean velocity profile, 
and the distribution of Reynolds shear stre 
ize before we dive into the details: 




















‘The explanation is conveniently divided in two parts. To summar- 





1. When roughness elements are submerged in the sublayer, where the mean-velocity profile is approxim- 
ately linear, their effects needn't increase the area-averaged skin friction, because the boundary layer can 
“adjust” to their presence with nothing more than a shift in its effective origin. This should be true regard- 
less of what flow regime the roughness elements find themselves in, for example, whether the wakes are 
separated or not, or unsteady or not. A shift in effective origin is consistent with the equations of motion, 





as well find below, and it can prevent an increase in skin friction by keeping the average velocity of the 
flow around the roughness elements low. 





2, When the roughness height is increased, and the elements are no longer sufficiently submerged in the 
sublayer, a shift in the effective origin can no longer prevent an increase in skin friction, Taller roughness 
elements would require a larger shift in effective origin, and a thicker layer of low-velocity fluid would 
have to be maintained to prevent an increase in skin friction, But turbulent mixing prevents the main- 
tenance of suficiently low velocities over a thicker region. Recall from our discussion of Equation 4.4.2 
that effective turbulent mixing (as embodied in the Reynolds stress) is damped by viscosity near the wall, 
but that the damping is able to keep the Reynolds stress near zero only over a thin region (the sublayer) 
So when roughness elements reach a certain size, sufficiently low velocity cannot be maintained across 
their whole depth, and turbulent mixing will raise the average velocity around them, increasing the av- 
erage skin friction, This explanation is supported by the success of the “discrete element” approach to 
predicting roughness drag (see Taylor, Coleman, and Hodge, 1984). In this approach, the drag of rough- 
ness elements is assumed to be affected by the turbulence physics (the local Reynolds stress) in just the 
‘way I've proposed here, through the shape of the mean-velocity profile. 

The idea of a shift in effective origin for small roughness is supported by a physical argument that starts, 
with an idealized Couette flow. Consider the parallel flow between two flat plates, the lower one stationary and 
the upper one moving to the right as illustrated in Figure 6.1.10. For the smooth-surface case in part (a), this is 
the same flow situation we considered in our discussion of the basic effects of viscosity in Section 3.6 (Figure 
3.6.2a). The shear stress is constant across the gap between the plates, and we'll assume the flow to be laminar, 
So that the velocity profile will be linear, and the Reynolds stress will be zero, as in the sublayer. In part (b), we 
have added roughness to the lower plate, and now the flow near the rough surface is nonuniform on the scale of 
the roughness elements. Some short distance above the tops of the elements, however, the flow becomes prac- 
tically uniform in both horizontal directions, and we can adjust the speed of the upper plate so that the velocity 
gradient Gw/dy in the uniform part of the flow is the same as it was in the smooth-surface case in part (a). The 
shear stress across the part of the gap not occupied by roughness elements is now the same as in the smooth- 
surface case, and the shear forces per unit area on the two plates are the same as well. So if the velocity gradient 
a short distance above the tops of the roughness elements is the same as it was in the smooth case, the skin 
friction will also be the same, and there will be no drag penalty due to roughness. The only difference will be a 
shift in the apparent origin of the mean velocity profile, defined by extrapolation of the velocity profile to zero, 
as indicated by the dashed line in part (b). And note that we didn't have to assume anything about the type of 
flow that surrounds the roughness elements, other than that it didn’t result in transition to turbulence across the 
centire gap in this idealized laminar example. 

































Figure 6.1.10 Laminar Couette flow like that of Figure 3.6.2a, illustrating the probable effect of surface rough 
ness ina flow with a linear m ‘a) Smooth wall. (b) Rough 
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Now consider the same comparison between a smooth surface and a rough surf 





ut in a boundary layer, 
which can be either laminar or turbulent, The situation is illustrated figuratively in Figure 6.1.11, with the 
smooth case shown in part (a). In the rough case in part (b), we assume that the roughness elements are well 
submerged in the region where the velocity profile is nearly linear, and where the Reynolds stress is negligible 
(the viscous sublayer in the turbulent case). Then we know from the Couette-flow argument above that the re 
lationship between the skin friction and the velocity gradient at some distance above the tops of the roughness 
elements is unchanged by the roughness. And then if the velocity profile above the tops of the roughness is 
a shifted version of the profile in the smooth case, the skin friction in the two cases will be the same. In the 
Couette-flow case, we could force the velocity profile to be a shifted version of the smooth wall profile by ad- 
justing the speed of the upper wall, But why should such a simple shift apply in the case of a boundary layer? 
For a plausible answer, consider the equations of motion. 














Figure 6.1.11 Boundary-layer velocity profiles illustrating the probable effect of roughness elements that are 
submerged within the region where the profile is linear. (a) Smooth wall. (b) Ro 
locity profile well above the tops of the roughness elements is the sam 


a small shift in the apparent origin, The size of the roughness elements is exaggerated for clarity 
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‘The displacement thickness of the boundary layer would be affected by such a shift, and the interaction with 
the outer flow could therefore change the pressure distribution imposed on the boundary layer, but in most ex- 
ternal flow situations this will be a very small effect. (In a pipe or duct flow, the effect wouldn't be so small 
because such flows are sensitive to small changes in the effective area of the duct.) What is more important 
for our purposes is that the integrand in the definition of the momentum thickness (Equation 4.2.11) vanishes 
when the velocity goes to zero, so that the shift in origin would not affect the momentum thickness to a signi- 





s it was in the smooth-wall e 

















ficant degree. Thus a simple shift of the velocity profile, with no change in either the skin friction or the mo- 
‘mentum thickness, is consistent with the rough-wall flow satisfying the same integrated momentum balance as 
the smooth-wall flow, as expressed by Equation 4.2.10. Furthermore, in the region well above the tops of the 
roughness, the shifted velocity profile of Figure 6.1.11b should satisfy the differential equations of motion in the 
same way the smooth-wall flowfield of Figure 6.1,11a does, provided the roughness doesn't directly affect the 
Reynolds stress. The conclusion from this arm-waving line of argument is that roughness elements sufficiently 





submerged within the linear part of the velocity profile should cause no significant increase in skin friction, and 
only a small shift in the apparent origin of the boundary layer. 

But when roughness elements are not sufficiently submerged in the viscous sublayer, a shift in origin can no 
longer prevent an increase in skin friction, as we argued in item (2) above. We also noted that this explanation 
is supported by the “discrete element” approach to predicting roughness drag in Taylor, Coleman, and Hodge 
(1984). In this approach, the flow domain that has roughness elements protruding into it is divided into thin 
slices parallel to the nominal base of the rough surface, as illustrated in Figure 6.1.12. In each slice, the flow is, 
treated as 2D in plan view, and the effects of the roughness elements protruding through the slice are act 
ted for in terms of flow quantities averaged over the planform area of the slice. Based on the geometry of the 
protrusions, an average clement diameter and the average flow area blocked by protrusions are calculated. The 
average flow velocity in the slice and the average mass flow are related through a reduced cross-sectional area 
that accounts for this blockage. In each slice, the average drag of the roughness elements is calculated from 
the local average dynamic pressure and a drag coefficient that depends on the Reynolds number based on the 
local average velocity and the average element “diameter” at that value of y. Nothing magic is assumed regard- 
ing how this drag coefficient varies with Reynolds number. The turbulent shear stress exerted across interfaces 
between slices is determined by a conventional mixing-length model for smooth-wall turbulent boundary lay- 






























cers, which is not modified to account for roughness, 

Figure 6.1.12 In the “discrete-clement” approach to predicting roughness drag by Taylor, Coleman, and Hodge 
1984), the flow domain into which roughness elements protrude is divided into thin slices parallel to the nom. 
inal base of the rough su 





Flow quantities averaged over slices parallel to base 
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When all is said and done, the theory predicts that Cyincreases when roughness elements protrude outside 
the sublayer, and agreement with experiments for various rough surfaces is fairly good. The “complicated” drag 
curve of a given rough surface is thus found to be predicted fairly well by simple local physics and geometry, 
and detailed bookkeeping of the effects of the nonlinear mean-velocity profil. 

So the success of the “discrete element” approach seems to support the proposal that a shift in the effectiv 
origin of the boundary layer prevents a significant increase in skin friction when roughness is sufficiently small, 
but not when roughness is too large to be sufficiently submerged in the sublayer. And the fact that predicting 
even the gross features of the Ceversus-k* curves requires detailed bookkeeping calculations offers an excuse 
as to why our “simple” qualitative argument can explain only the existence of a smooth regime and the sign of 
the trend above that, but not the shapes of the curves. 



























6.1.9 Interference Drag 


Aerodynamic interference between aircraft components can alter the total drag compared with what would be 
estimated for the components in isolation. Drag increases are much more common than drag reductions (“favor- 
able interference”). Whatever the sign, such increments are often referred to as interference drag. This termin- 
ology incurs the same problem we encountered above in our discussion of “base drag” and “slot drag”: there 
is no rigorous way to define the baseline for comparison. Separate airplane components, by themselves, don't 
generally form closed bodies that can be realistically “flown” in isolation for a baseline drag evaluation. And 
even if they could, the flow around them in isolation wouldn't be representative of a reasonable baseline condi- 
tion, because the components were designed to fly in conjunction. Thus interference drag is not a “component” 
of drag with a physically rigorous definition. But it does make sense in the context of drag estimation, where 
‘we can accept a looser definition of the baseline in terms of “what would be estimated” (usually by handbook 
methods) for the drag contributions of the separate airplane components, before any accounting for interference, 

Taking this looser definition, interference drag can comprise contributions from induced drag, shock drag, 
and viscous drag. Changes to induced drag and shock drag are the only interference mechanisms that look ef- 
fectively “inviscid” in the near field. The mutual inviscid buoyancy effect that occurs when two bodies with 
‘volume are “flown” in proximity is not properly considered interference drag, as we concluded in Section 6.1.3 
In a shock-free inviscid flow, such effects would always add up to zero for the total configuration, Again, as we 
saw above in connection with pressure drag, the total drag can change only if one or more of the drag-producing 
sd. Now let's look specifically at the viscous contribution to interference drag. 

Fora classical aircraft configured according to the Cayley ideal (see Kiichemann, 1978) with relatively high- 
aspect-ratio wings and distinct fuselage and tail surfaces, much of the viscous drag is generated in boundary 
layer and wake flows that are generally similar to the simple flows discussed in Section 6.1.5. Over large por- 
tions of the fuselage surface, the boundary layer behaves qualitatively like that on an axisymmetric body. Even 
if the wings are swept, the flow over the airfoil sections is nearly 2D in the sense that flow quantities change 
relatively slowly in the spanwise direction. (With sweep, the wing boundary layer is 3D in the sense that sub- 
stantial cross-flow generally develops, but 2D in the sense of slow spanwise change. We discussed this type of 
behavior in theoretical terms in Section 4.3.5, and we'll look at the behavior on wings in more detail in Section 
8.6.2.) The generation of viscous drag in these flows follows the qualitative pattern of the airfoil flow in Figure 
6.1.5, in that pressure drag is a relatively small fraction of the viscous drag, more of the dissipation takes plac 
in the boundary layer than in the wake, and the dissipation in the wake is essentially complete within a relatively 
short distance. 















































Aerodynamic interference between aircraft components generally increases the viscous drag over what the 
components would experience if the simple flow patterns described above prevailed. The viscous part of this in- 
terference results mainly from strong three-dimensionality and local 3D separations that occur at tips and junc~ 
tions. Figure 4.5.1a schematically illustrates the “necklace vortex” type of separation that 
root junctions. Even a junction with a strakelet or fillet that does not produce a distinct separation, as shown 
in Figure 4.5.le, still induces strong three-dimensionality in the fuselage boundary layer, which probably still 
produces a drag increase. 

The drag penalties associated with such vi Three: 
dimensional NS calculations can reproduce such flows as necklace vortices at least qualitatively, but the fidelity 
of turbulence models is not good enough that we should expect accurate quantitative assessments of the asso- 
ciated drag penalties. Assessment of these effects therefore often relies on testing or on empirical correlations 
‘which are necessarily rather crude. The most extensive collection of correlations is in Hoerner (1965). 

Another source of viscous drag is surface exerescences and roughness. The total drag associated with such 
items is not limited to the forces on the items themselves, but is usually increased by the effects of aerodynamic 











cous interference effects are difficult to isolate and asses 

















interference with the rest of the configuration, The flowsields around these items produce changes in the skin- 
friction on the surrounding surface that can be either positive or negative, but the net change in the pressure 
drag of the rest of the configuration is generally positive. The resulting “magnification” effect on the drag due 
to an item is usually larger than what would be expected just because the item might be immersed in a part of 
the flowfield where the local velocity is greater than that of the freestream. 

One theoretical model for these effects is that of Nash and Bradshaw (1967), and the example from their 
paper is shown in Figure 6,1,13. The theory is 2D and is based on some very crude simplifying assumptions. In 
the general 3D case, estimates of the magni based on this 2D theory should be regarded as very 
uncertain, 

















Bradshaw (1967) of an exerescence on an airfoil, showing how the 


Figure 6.1.13 Example from Nash ar 
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Another model for this kind of effect, really more of a rule of thumb, is based on the idea of work done, 
and is even more crude than Nash-Bradshaw, but is not restricted to 2D. Lf the local flow field surrounding the 
cexerescence has an identifiable local “freestream” velocity different from the global freestream, the rate of work 
done against the part of the total drag that we can blame on the exerescence should be close to the local drag 
force on the exerescence (in the local flow direction) times the local flow velocity, not the frvestream velocity 
This suggests a magnification factor of (qlocal/qx)'* for the total drag. The difference between the force on the 
exerescence (this time resolved in the global drag direction) and the magnified drag increment would presum- 
ably be mostly pressure drag on the larger body, due to the source effect of the viscous wake of the exerescence. 
‘An idealized example that supports this rule is shown in Figure 13 of Drela (2009). 

We've looked at two crude models for a magnification effect on the drag of an excrescence, Nash-Bradshaw 
and a local-q!* model. Both of these models suggest that the total drag increment does not depend on the dir- 
cction of the local flow in which the excrescence is immersed, only the local velocity magnitude. For example, 
wing edge where the local flow direction is vertical should produce the 
were placed somewhere else on the airfoil where the local 























an exerescence located on an airfoil | 
same total drag increment as if the same excrescen: 
velocity magnitude is the same. Thus even if the local drag force on the excrescence is perpendicular to the 
global drag direction, the excrescence will still cause a drag penalty. 








6.1.10 Some Basic Physics of Propulsion 


As we noted in the introduction to this chapter, the purpose of propulsion is generally to control the total flight- 
direction force on a vehicle, for example, to make it zero for steady, level flight or to make it a net propulsive 
force for climbing or accelerating flight. Thus although propulsion systems often affect other components of the 
acrodynamic force to some extent, their effect on the flight-direction component is usually the largest one and 
the one we're most interested in. In this section, we'll ouch on only the most basic physics of propulsion and its 
effects in the external flowfield, A more detailed discussion of the different types of engines and their internal 
flows is beyond the scope of this book 

‘The total aerodynamic force in the flight-dir 
way whether propulsion is present or not, and the analysis that we applied to drag at the beginning of Section 
6.1.4 also applies to situations with propulsion, with one caveat that is usually minor. The exhaust gasses of 
‘most propulsion systems include some mass of fuel that was not part of the flow from upstream, but this is usu 
ally small compared to the mass of the flow affected by the propulsor. Thus Equations 6.1.2 and 6.1.3 apply to 
situations with propulsion, with only a small error due to the neglect of fuel mass addition. When we applied the 
theory to pure drag in Section 6.1.4, we saw that drag implies a wake with a net deficit in momentum flux and: 
or pressure. In cases with propulsion, we'll see a combination of viscous wake and propulsion plume that will 
have a combined net deficit or excess in momentum-flux and/or pressure, depending on how much propulsion 
is being applied. For example, when the total flight-direction force is zero, as required for steady level flight, 
the net deficit would be zero, 











tion affects the momentum balance in the flowfield in the same 

















Whether the wake and propulsion plume are separately distinguishable depends on the how close to the 
vehicle we look and on the degree to which the propulsion system is integrated with the rest of the configur- 
ation. And there is a spectrum of possibilities for the degree of propulsion integration, with the two extreme: 
illustrated in Figure 6.1.14. At one end of the spectrum is the Cayley concept of a classical aircraft (see Kii- 
chemann, 1978), which assumes that the propulsion system is distinct from the rest of the configuration. The 
aireraft wake and the propulsion plume are distinct in the near field, and this distinctness provides one basis, 
for determining separate drag and thrust. At the other end of the spectrum we have the Ackeret ideal, in which 
propulsion is integrated with the configuration to such an extent that the propulsion system energizes only the 
air that has experienced losses in the boundary layer, and no viscous wake or propulsion plume remains to pro- 
duce further dissipation, Assigning separate thrust and drag in this ease is problematic. The Ackeret ideal makes 
no provision for making up the induced losses associated with lif in 3D, which we'll discuss in Section 8.3. 
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On the spectrum between these two ideals, real aircraft fall much closer to the Cayley than to the Ackeret 
However, there is always some interference between the propulsion system and the rest of the aircraft, such as 
the interference effects of propeller slipstreams, the complicated mixture of propulsion effects and drag effects 
on the surfaces of bodies or nacelles near jet exhausts (the “boat-tail drag” associated with narrowing of a body 
ahead of a jet nozzle, for example), and the interaction of propulsion inlets with the rest of the flowfield 

Much of the theory of propulsion deals with propulsors as isolated thrust producers, as they would be in the 
Cayley ideal. When an isolated propulsor produces thrust, according to Equation 6.1.3 its exhaust plume must 
have a net excess of momentum flux and/or pressure. In a simple propulsion plume without circumferential 
velocities, the pressure far downstream must decay to freestream pressure, as we assumed in our analyses of 














simple viscous drag in Section 6.1.4. In this case, only an excess of velocity remains, as in the Cayley “propul- 
sion plume” sketched in Figure 6.1.14. When a propulsion plume retains significant circumferential velocities, 
as in the case of a single-rotation propeller, the plume will have a pressure deficit consistent with centrifugal 
effects, and fora given thrust this must be accompanied by a correspondingly larger excess in streamwise velo- 
city. Note that this is not the same issue as the energy loss due to “swirl” that we'll discuss later in connection 
with induced efficiency. 

To produce a plume with an excess in momentum flux, the propulsor must add energy to the flow through 
some combination of mechanical work and heat addition. The possible combinations range from work only (a 
propeller with no exhaust gas added to the flow) to heat only (a ram jet). The most practical modern propulsors 
are open propellers and turbofans, both of which use rotating airfoil-shaped blades to transfer mechanical work 
to and from the flow. 





If the situation is nominally steady in the long term and we ignore or time-average fluctuations associated 
with the passage of propulsor blades, we can distinguish a propulsion streamtube in which the flow is acted on 
directly by the propulsor. For a propeller, itis the streamtube that passes through the dise swept by the propeller 
blades, and for a ducted engine such as a turbojet or turbofan, it is the streamtube that enters the inlet. Defining 
a propulsion streamtube identifies the part of the field that is most directly affected by the propulsor, and in 


‘which the most important changes in total-pressure and total-temperature take place. When work is done on the 
fluid in the propulsion streamtuie, it increases both the total-pressure and the total-temperature of the stream. 
Heat addition further increases the total-temperature but reduces total-presstre (see Shapiro, 1953, Section 7.2). 
Unsteady fluctuations (due to blade passage) that extend outside the propulsion streamtube can affect total-pres 
sure, but these effects are usually small and are ignored in the simpler theories. Downstream of the propulsor, 
there is generally turbulent mixing between the propulsion streamtube and the external flow, redistributing total- 
pressure and total temperature, but these effects are also usually neglected in the theories. 

To delve into the physics issues further, le’s consider the open propeller, the simplest propulsor in terms of 
basic physies, with no duct and no heat or mass addition to deal with. 

The simplest and oldest theories for propellers ignore the details of the propeller itself and use control- 
‘volume analysis to predict average velocities in the propulsion streamtube and to make rough estimates of pro- 
peller performance trends, such as how efficiency varies with the thrust loading coefficient (defined shortly 
in Equation 6.1.18). The flowfield assumed in these sorts of theories is illustrated in Figure 6.1.15, with the 
propulsion streamtube running from left to right. The flow is assumed to be axisymmetric, steady, inviscid, and 
incompressible, The discrete effects of passing propeller blades are ignored, and nothing is assumed about the 
shape of the propeller required to produce the integrated effects. The theories can be thought of as representing 
either the time average of a real flow, or the flow in the limit as the number of blades goes to infinity and their 
chord goes to zero, They incur significant error by neglecting discrete blade effects, and of course they cannot 
predict differences due to different numbers of blades, 























Figure 6.1.15 Illustrations of the idealized propulsion streamtube and propeller actuator dise assumed in 
actuator-dise theories for propellers. The contraction of the propulsion streamtul 
downstream are indicated approximately to their correct scales for the indicated thrust loadings. (a) Moderate 
thrust loading, t= 0.2, typical of cruising flight, (b) High thrust loading, t= 1.2, typical of climbing flight 
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‘The propeller itself is represented by an idealized actuator disc across which the pressure increases as a result 
of the work done by the propeller, and the tangential velocity can change to account for circumferential velocity 
(swirl) in the downstream flow. No change in axial velocity occurs across the disc, as required by mass conser- 
vation in incompressible flow. The pressure jump across the disc is assumed uniform for simplicity. The axial 
velocity just upstream and downstream of the disc is also assumed uniform, though we'll see later that this isn't 
realistic. Because the jumps in axial velocity and axial momentum flux are zero, momentum conservation re 
quires that the integrated pressure jump equal the thrust. The assumption of axisymmetric flow means that there 
is no mechanism for pressure forces to produce changes in circumferential velocity and thus dictates that cir- 








cumferential velocities must be zero upstream of the actuator disc. The integrated flux of moment of momentum 
‘must therefore be zero upstream of the disc. Changes in circumferential velocity and in the flux of moment of 
‘momentum can take place only as jumps across the disc. The integrated flux of moment of momentum down- 
stream of the disc must equal the torque applied by the propeller, and continuing downstream it must remain 
constant, 

For purposes of physical understanding, actuator-dise theory is useful because it indicates the general time- 
averaged shape that the propulsion streamtube must have, to satisfy both mass and momentum conservation, 
For the idealized propeller flowfield we're considering, the axial momentum balance requires axial velocity 
higher than freestream at the propeller dise and even higher still in the propulsion streamtube downstream. The 
propulsion streamtube must therefore contract as illustrated in Figure 6.1.15. The theory indicates that half the 
change in axial velocity occurs upstream of the dise and half downstream, with the streamtube area decreasing 
inversely with the velocity. The degree of streamtube contraction and the level of excess velocity downstream 
both increase with increasing thrust loading and are shown approximately to scale in Figure 6.1.15. Part (a) 
corresponds to a moderate thrust loading typical of a single-engine light plane cruising, and part (b) to a high 
loading typical of climbing. 

The velocity field we've assumed requires the bounding surface of the propulsion streamtube downstream of 
the actuator disc to be a vortex sheet across w 

















there is a jump in the velocity vector. Associated with the 
jump in longitudinal velocity is a circumferential vorticity component, and associated with the jump in circum- 
ferential velocity is a longitudinal vorticity component. The vortex lines in the bounding sheet are thus helical, 
and the vorticity in the sheet is uniformly distributed circumferentially. The real distribution of vorticity pro- 
duced by the propeller blades is of course complicated and unsteady. 

An early version of actuator-dise theory that doesn't account for swirl is eredited to Rankine in 1865 and was, 
‘motivated more by nautical than aeronautical applications. Later elaborations on the theory account crudely for 
swirl and for the integrated effects of the viscous drag of the propeller blades, as described by von Mises (1959), 

Discussions in the literature (including that in Von Mises, 1959) generally fail to mention a problem with 
simple actuator-dise models, and it has to do with the axial velocity where the bounding vortex sheet abuts the 
edge of the actuator disc. We've assumed no jump in axial velocity across the disc, but the jump in total-pressure 
across the dise will generally dictate a jump in axial velocity across the vortex sheet that abuts the edge of the 
disc, Spalart (2003) has proposed that a spiral singularity in the shape of the vortex sheet at the edge of the disc 
might solve the problem. This is not a settled issue. 

Moving beyond the idealized actuator-dise models, a detailed discussion of the physies must include the ef- 
fects of the discrete, rotating blades. As the propeller moves forward and rotates about its axis, its blade tips 
follow helical paths as illustrated in Figure 6.1.16, The ratio between the distance traveled in one revolution 
and the diameter is called the advance ratio, J= Vindp, where V is the forward velocity through the air mass, 
nis the rotations per unit time, and dp is the propeller diameter. Blade sections inboard of the tips move along 
helices with the same pitch but smaller radii, thus moving at steeper angles relative to the circumferential direc 
tion, In the reference frame of a blade section, the flow approaches the section from a direction determined by a 
combination of the section's helical motion and the disturbance velocities produced by the propeller. Preferably, 
the blades are twisted to account for all of this, so as to keep each section at a favorable angle of attack to the 
local relative flow and to produce a favorable distribution of loading along the blade, We'll see later how one 
theoretical estimate of the “optimum” load distribution is determined 










































Figure 6.1.16 A propeller moving axially through the air mass at velocity V, rotating at » revolutions per unit 
time, The propeller tips trace helical paths as shown. The ratio between the distance traveled in one revolution 





and the diameter is known as the advance ratio, J= V/ndp 
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An intuitive starting point for understanding how a propeller works is to think of it as a screw. This is an 
image that has been with us for a long time: In the early days an aeronautical propeller was called an airscrew, 
and a nautical propeller is still sometimes referred to as a screw. Imagine the propeller as a short section of a 
machine screw being turned by some applied torque and thus moving itself along a threaded hole and applying 
thrust against something that resists its axial motion. (Or, instead of a threaded hole and a machine s% 
sine the helical tip path of Figure 6.1.16 as a rigid, stationary rail along which the propeller tip slides. And the 
rail analogy needn't be limited to the propeller tip. We can just as well imagine any section along the span of the 
blade sliding along its corresponding helical rail.) Further, imagine that there is no mechanical friction. Without 
friction losses, and with the propeller reacting against a stationary thread or rail, the input work done in a given 
time by the turning torque and the output thrust work done against the axial resistance would be equal, and the 
propelier efficiency (thrust work out/shaft work in) would be 100%. Of course in a fluid, especially a viscous 
fluid, propeller efficiency must be less than 100%, and fora given thrust, forward speed, and rotation speed, the 
torque required is always greater than it would be for the idealized screw. 

We can think of the required additional torque as comprising two parts, one to make up for viscous loss, and 
‘one to make up for induced lass. The viscous loss is due to the viscous drag of the blade sections, the same thing 
as the profile drag of an airfoil, which we'll discuss in Section 7.4.2. In the rail analogy, mechanical friction 
between the blade and the rail would be analogous to sectional viscous drag, The induced loss results from the 
propeller’s setting air in motion, both axially and circumferentially, and thus leaving kinetic energy behind. To 
‘model the induced loss in our mechanical rail analogy, we would have to allow the rail to move (or “yield”) in 
the directions of both the thrust force and the torque, and thus to absorb some of the work done by the turning 
torque. Holding the same rotation speed and forward speed would then require a steeper helix angle, and greater 
torque would be required to make up for the loss and deliver the same thrust. Acrodynamically speaking, the 
induced loss is analogous to the induced drag of a wing of finite span, which we'll discuss in Section 8.3. Note 
that this decomposition of the additional torque into viscous and induced parts is not exact and can only be es- 
timated with idealized models, the same situation we pointed out with regard to drag in Section 6.1.3. 

A propeller blade acts like a lifting wing operating in a non-uniform flowfield in which the relative local 
velocity vector varies along the span. A schematic vector diagram of the situation seen by a typical section of 
the blade at radius r from the propeller axis is shown in Figure 6.1.17, The upper portion of the diagram shows, 























the components of the relative flow velocity seen by the section. First, the forward velocity V of the propeller 
and the circumferential velocity wor of the blade section combine to produce an effective local “undisturbed 
freestream” velocity vector Veit. Next we take into account the local inviscid disturbance velocity produced 
by the propeller at the location of the section, which we call Ving because it is often referred to as the “induced” 
velocity. When Vind is added to Vette, the resultant is the total effective local flow velocity vector Vest. The 
effect of Ving is generally to increase the axial velocity and decrease the circumferential velocity seen by the 
section. 











Figure 6.1.17 Schematic d nd forces seen by a propeller blade section at 
radius r from the propeller axis. The section is moving from right to left with flight velocity V/and upward 
with circumferenti 
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‘The lower portion of Figure 6.1.17 illustrates three versions of the resulting force components on the section, 
with and without the effect of Vina, and with and without the effect of viscous drag d. First, note that the local 
sectional lift is defined as the component of the sectional force perpendicular to the local relative flow direction 
(in contrast with the global definition we introduced in Section 5.4, where total lift was the component of the 
total aerodynamic force perpendicular to the global frvestream). Note further that the axial component of the 
local sectional lit contributes to the thrust, and the axial component of the sectional drag subtracts from thrust. 
For this comparison, the lit components are varied so as to hold the net sectional contribution to thrust constant, 
at the value indicated by the horizontal arrow at the bottom of the diagram. The circumferential components of 
both lift and drag contribute to the torque that retards the propellers rotation. The net circumferential compon- 
cents contributing to the torque are indicated by the downward arrows at the lower left. The three versions of the 
force vector are: 





eller), the lift vector fide is perpendicular to the effective local “undisturbed freestream” velocity vector 
Wests. This situation is analogous to having the section slide along a stationary frictionless rail, and with no 





"ideal™ E the idealized sation with no “induced velocity Gvhich would apply inthe limit of zao Toad on the pro= 


mechanism for any loss all of the work done against the resisting torque shows up as thrust work at an effi- 
iency of 100%, 
"Tnviseld: The inviscid “induced” velocity Viag i How included, and the resulting iN vector /is now perpendicular to the 
local effective flow velocity vector Vest. Note that holding the sectional contribution to thrust constant requires 
the magnitude of finy to be larger than that of fgeul. Compared to the “ideal” case, the resisting torque has 
_fereased, and even in this case with zero viscous drag the efficiency is less than 100%. 
*Viscous"|When both the inviscid “induced” velocity and a viscous-drag component d are included, the resultant is the 
jotal sectional force vector f. Note that to maintain a constant net contribution to thrust, the lift magnitude has 
had to increase further, that i, the magnitude of ig is larger than that of figy- This would produce a larger Vind, 
fand to be strictly correct, (i and ln should be shown as having slightly different directions. But in practical 
tuations, in which d tends to be small, this isa small effect, so it s ignored in the diagram. Compared to the 
“inviscid” case, viscous drag has increased the resisting torque. further reducing efficiency 























Note that holding the net sectional thrust constant in these comparisons simplified the vector diagram a bit, 
but was not essential. Instead, we could have held the magnitude of the lif vector constant, for example. In that 
case, including the effects of Ving and d would have increased the required torque less but decreased the thrust, 

‘The directions of the resulting force vectors would be the same, as would our conclusions regarding efficiency. 

With the diagram in its present form with net thrust held constant, the longer vertical arrows on the lower left 
for the “inviscid” and “Viscous” cases represent the additional torque required fora given thrust, relative to that 
required to turn the “ideal” screw. But keep in mind the caveat above, that this decomposition of the additional 
torque into an “induced” part and a viscous part is an idealization. In the view illustrated in Figure 6,1.17, this 
‘would be reflected in the fact that in a real flow the “induced” velocity Vind cannot be defined exactly, but only 
through the use of an idealized inviscid model, 

The flow produced by the propeller is quite three-dimensional and unsteady. The flow around and down- 
stream of each blade has much in common with the flow around a 3D wing, which we'll discuss in Section 
8.1.1-3. Propeller blades and 3D wings both shed vortex sheets from their trailing edges. In both cases the sheets 
start out streaming back in the local flow direction, and as they progress downstream they deform and roll up 
at the outer edges to form “tip vortices.” In the case of a propeller, the vortex sheets and the tip vortices fol- 
low roughly helical paths, but relative to the helical paths of the propeller tips in Figure 6.1.16, the tip vortices 
generally migrate aft faster and migrate inward, consistent with the increased axial velocity of the Flow and the 
‘general contraction of the propulsion streamtube illustrated in Figure 6.1.15 

The torque exerted by the propeller introduces angular momentum into the downstream flow in the form of 
circumferential velocities that tend to be everywhere in the same direction as the propeller rotation. This cir- 
cumferential motion is loosely referred to as “swirl,” a term that can be misleading because itis easily confused 
with the axial vorticity, Although the swirl tends to have the same sign everywhere, itis easy to show that axial 
vorticity of both signs must always be present. If we ignore the radial velocity, which is usually small in pro- 
peller flows, the axial vorticity is given by 
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where ug is the circumferential velocity. Moving from the axis outward, up must first increase from zero and 
then return to zero outside the slipstream, and a, must have opposite signs in the regions of increase and de- 
crease. And this is consistent with an even stronger statement about the axial vorticity, which is that the in- 
tegrated axial vorticity over @ any constant-x surface that cuts the entire propulsion streamtube must be zero. 
This can be established by applying Stokes’s theorem to any closed contour that surrounds the entire propul- 
sion streamtube, combined with a capping surface bounded by the closed contour, where the capping surface 
bulges out in front (upstream) of the propeller and cuts none of the downstream propulsion streamtube. The flow 
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everywhere on such a 
be zero, so that the 





ipping surface is irrotational, and the integrated vorticity flux through it must therefore 
‘culation around any closed contour outside the propulsion streamtube is also zero, This 
point is not always correctly understood. There have been depictions incorrectly showing propeller streamtubes, 
as having net axial vortex strength that “induces” circumferential velocities at locations outside the propeller 
streamtube (Loth and Loth, 1984, for example). Actually, we've just shown that this ean't happen, Zero net axi- 
al vorticity in the propeller streamtube means that there can be no such effect extending outside the propeller 
streamtube. Further, it means that in the idealized case of a time-averaged, axisymmetric propeller flow there 
can be nonzero swirl velocities only inside the propulsion streamtube, and only in the part downstream of the 
propeller. 

‘The fact that the propeller streamtube carries zero integrated axial vorticity means that the blade tip vortices, 
must be offset by vorticity of opposite sign inside the streamtube. For efficient propeller designs, the vorticity 
feeding the tip vortices is shed close to the blade tips, and the offsetting vorticity of opposite sign is shed from 
the inboard portions of the blades, For an idealized isolated propeller with no fusclage or nacelle behind it, the 
vorticity shed inboard gathers downstream into a vortex core similar to the tip vortex behind a 3D wing that 
‘we'll discuss in Section 8.1.2. In real propeller installations, this inboard vorticity forms a kind of shell stream- 
ing back along the outer surface of the fuselage or nacelle. 

Between the inboard and outboard regions of shedding, there is usually a significant expanse of the blades’ 
radius from which relatively litle vorticity of either sign is shed. There is thus an annular region in the propeller 
streamtube in which there is little vorticity and the flow is similar to that around a potential vortex, with the 
circumferential velocity up going roughly as Ii 

We've seen that a propeller flowfield is complex, with contorted, moving vortex sheets and tip vortices, and 
complicated unsteady distributions of axial and circumferential velocity. But despite the complexity, we can use 
a simple dimensional argument to predict how propeller performance should scale, and idealized models to pre~ 
dict the major performance trends. The dimensional argument is as follows. At low Mach numbers and high 
Reynolds numbers, the dependence on Mach number and Reynolds number should be weak. For a propeller of 
a given shape and operating at a given advance ratio, the flowfield in dimensionless terms is effectively determ- 
ined, regardless of the geometric scale or the velocity level, and the pressure disturbance anywhere on a blade 
clement will scale closely with V2, Then the following dimensionless performance measures should depend al- 
‘most exclusively on propeller shape and advance ratio: 


g Thrust loading: r = T/qs,, 






































gxay Torque coefficient: x = M/qs, dp, 


Shaft power loading: ¢ = P/qVs 
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thrust power out/shaft power in TV/P 
where sp is the propeller dise area. Actually predicting values for these coefficients requires calculating the de- 
tailed forces on the propeller blades, which can be done to various levels of fidelity under the general rubric of 
blade-element theory 

The problem blade-element theory deals with is similar to that of predicting the spanwise distribution of lift 
(the “spantoad”) of a 3D wing, which we'll discuss in Section 8.2. Just as in the case of a wing, the load on 
a section of a propeller blade influences the flow direction scen everywhere along all the blades and thus in- 
fluences the loading at all blade sections. In the simplest blade-element theory, this influence is ignored, and 
blade section loadings are calculated based on undisturbed local conditions, an approximation valid in the lim- 
it of light loadings (see von Mises, 1959). Then there are more-accurate potential-flow theories for wings and 
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propellers, in which this nonlocal influence is inferred from the vorticity distribution in the wake, that is, the 
veloci by the wake vorticity are calculated using the Biot-Savart law. In such theories, the vortex 
sheets are usually assumed not to distort and roll up at their edges, which for a propeller means that a helical 
screw shape is assumed for the vortex sheets. Prandtl (in Prandtl and Betz, 1927) derived approximate expres- 
sions for the velocities “induced” by such sheets, which have been used in both analysis methods (calculating 
the loading on blades of a given shape) and design methods (calculating the twist of the blades so as to produc 
a given loading). Betz (also in Prandtl and Betz, 1927) showed that the loading that produces the minimum in- 
duced loss fora given thrust, diameter, and advance ratio produces a velocity field that ideally should not distort 
the assumed helical-screw-shaped vortex sheets (i.c., a velocity field compatible with “rigid” but not stationary 
vortex sheets), and Goldstein (1929) derived exact potential-flow solutions for these cases, for propellers with 
e “optimum” load distributions that have been used for the 














two blades or four blades. Goldstein's solutions define 
design of propellers for minimum induced loss (see Drela, 2006), which should come close to maximizing ef- 
ficiency overall, Although the potential-flow solutions on which these designs are based are exact, the physical 
‘model is not, because it assumes an idealized configuration of helical vortex sheets of fixed pitch, ignoring the 
overall contraction of the propulsion streamtube and the sheets’ distortion and rollup into tip vortices 

Now we'll culations to explore how propeller efficiency varies with thrust loading and ad- 
vance ratio for propellers designed to meet Goldstein's minismum-induced-loss blade loadings. The QMIL code 
(the design version of the QPROP analysis code, see Drela, 2006) takes the number of blades, thrust loading, 
advance ratio, and propeller blade airfoil characteristics as inputs, and designs the propeller to meet an approx- 
imate version of the appropriate Goldstein blade loading. Design outputs are the distributions of blade chord and 
pitch angle. Flow solution outputs include distributions of forces on the blades, radial distributions of “induc 
velocities, both at the blade locations and circumferentially averaged, total torque and power, and induced and 
total efficiencies. Blade section viscous drag is taken into account in the calculations or not, as desired. For the 
plots presented below, cases were calculated for several dense arrays of (t, J) pairs, and curves of constant ef- 
ficiency and maximum efficiency were interpolated from the resulting database, Keep in mind that every point 
on any of these curves represents a different minimum-induced-loss propeller operating at its design condition, 
These are not performance curves for fixed propellers. 

First, le’s look at induced efficiency nj for two-bladed propellers designed and operating with no viscous, 
drag on the blades. Curves of constant nj are shown on a J-versus-t plot in Figure 6.1.18. Two basic trends are 
evident. First, induced efficiency decreases with increasing thrust loading. Second, induced efficiency decreases 
with increasing advance ratio (and the associated lower rotation speed and higher torque). Both trends an 
sistent with a simple momentum-versus-energy interpretation, The “payoff” (thrust) is proportional to the ex- 
cess momentum imparted, while part of the “cost” (power required) is related to the kinetic energy left behind, 
A low thrust loading imparts a lower excess velocity and thus lower kinetic energy for a given momentum, and 
yields higher induced efficiency. Likewise, a low advance ratio corresponds to higher rotation speed for a given 
forward speed and diameter, which delivers the required power with lower torque, thus imparting less swirl, 
leaving behind less kinetic energy, and giving higher induced efficiency. In these inviscid calculations, maxim- 
um induced efficiency for a given induced efficiency. In t comes in the limit of zero advance ratio, as rotation 
speed goes to infinity, and torque goes to zero. Obviously this part of the trend won't hold up for blades with 
viscous drag, as we'll see next. 
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Figure 6.1.18 Curves of constant induced efficiency yy in terms of J versus + for two-bladed propellers with 
zero viscous drag on the blades. Calculated by the QMIL code (Drela, 2006) 
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We saw in Figure 6.1.17 how viscous drag increases the resisting torque when thrust is held constant, re- 
ducing efficiency. Now, before we look at the results of detailed calculations, les think about how we would 
expect the effect of viscous drag to vary with advance ratio J. Two limiting cases are informative: 

[Low A typical blade element advances along a helix with a shallow angle relative to the circumferential direction. The see] 
tional lift (in Figute 6.1.17) lines up closely with the thrust dreetion and contebutes nearly 100% to theust. This 
‘minimizes the blade lift frees required for a given thrust, and provided the blade chord is sized so thatthe section 
loperates near its maximum liftvdrag ratio, this also minimizes the viscous drag forces. But fora given distance of for- 
Iward travel by the propeller, the distance traveled by the section is large, so that even the relatively small viscous 
lirag forces produce a large energy loss and a large loss of effcienc 

High typical blade element advances along a helix with steep angle (neatly 90°) relative tothe cirunaTerental diree- 
tion, The sectional lift (! in Figure 6.1.17) lines up close tothe circumferential direction and contributes litle to 
Hhrust. I'he helix angle is too close to 90°, the viscous drag will more than cancel the small thrust contribution from 
‘the Li, and net positive thrust will be impossible. Even if we back off on the helix angle enough to get some net pos- 
hive thrust, the lift required fora given thrust wil be large, and so will the viscous drag. Efficiency will be low even 
though the distance traveled by the section is only slightly longer than the forward travel ofthe propeller. 


























So with the inclusion of viscous drag we expect efficiency to drop off strongly for either extremely low or ex- 
tremely high J. Between these two extremes there should be a favorable range where we avoid the high loss due 
to cither excessive distance traveled or excessive lift required. It’s not that the losses due to viscous drag will be 
negligible, just that welll avoid excessive losses. 

Now let's look at what detailed calculations predict for the effects of viscous drag. Recall that for each cal- 
culated operating point QMIL designs a propeller to a particular radial distribution of lift along the blades, that 
is, the load distribution given by the approximated Goldstein solution for minimum induced loss for that oper- 
ating condition. When viscous drag is to be included, an arbitrary radial distribution of sectional viscous drag 
versus sectional lift can be specified. On a well designed propeller, the chord distribution would be tailored so 
that each section operates near its maximum sectional lifdrag ratio. Thus for generic calculations a constant 
sectional lilidrag ratio is not a bad assumption, and for these calculations, a constant ratio of 50 was enforced 
everywhere along the blades. The resulting curves of constant overall 1 for two-bladed propellers are shown on 














a J-versus-r plot in Figure 6,1.19. The corresponding i curves are included for comparison. They are slightly 
different from those in Figure 6.1.18 because the blade viscous drag constitutes a negative contribution to the 
thrust, so that for a given total the inviscid part of the thrust must be larger, and the induced losses are greater 
than in the inviscid eases. First, note that m is everywhere lower than nj, as it should be, given that an additional 
loss mechanism is included. Note also that the efficiency drops off dramatically for low values of J, as we ex- 
pected above. The maximum efficiency for a given t now occurs at nonzero advance ratio. Over the practical 
range of J shown in Figure 6.1,19, we see no sign of the dramatic drop-off in efficiency that we expect for very 
high values of J. 












Figure 6.1.19 Curves of constant overall efficiency 1 (solid) in terms of J versus t for two-bladed propellers, 
calculated by QMIL (Drela, 2006) for a blade-scction lift/drag ratio of 50. The corresponding constant-ni 
curves (long dashed) are included and are slightly different From those in Figure 6.1.18 because blade viscous 
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Figure 6.1.20 summarizes the maximum-efficieney trends, showing nmax and the corresponding J at max 
as functions of t. This makes clear the relationship between higher induced velocity and reduced efficiency as 
thrust loading increases. It also shows how the optimum advance ratio decreases as thrust loading increases, 
Going to four blades instead of two increases efficiency slightly and increases J at nmax. It makes intuitive sense 
that having more blades decreases the losses due to discrete blade effects and would favor slower rotation speed 
for a given forward speed, that is, higher advance ratio, 











Figure 6.1.20 Trends for the point of maximum efficiency as functions of t, for two-bladed and four-bladed 
propellers, calculated by QMIL (Drela, 2006) for a blade-section lift/drag ratio of 50) 
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For a practical perspective, the operating points for some propellers in real applications are indicated in Fig 
ture 6.1.19. The points for a light plane cruising and climbing are the same ones for which the ideal propul- 
sion streamtubes were sketched in Figure 6.1.15. The Human-Powered-Aircraft (HPA) point shows the result of 
seeking very high efficiency, that is, a very low thrust loading and high advance ratio. The light plane accepts 
‘more of a penalty in efficiency to avoid having to use a larger-diameter, slower-turning propeller, which would 
require a longer landing gear and a gearbox to reduce speed between the engine and propeller. 





Figure 6.1.21 shows the induced axial and circumferential velocities, at the blade locations and cireumferen- 
tially averaged, calculated for t= 1.0, 1 = 0.5, which is near the operating condition for a lightplane climbing as 
shown in Figure 6.1.19. Itis clear that the axial velocity is not constant as is assumed in the simple actuator-dise 
theories. The averaged circumferential velocity goes roughly as I/r from r/R = 0.3 to 0.8, which is consistent 
with the flowfield we described earlier in which most of the vorticity shed from the blades is shed in an inner 
region near the axis and an annular outer region. 








Figure 6.1.21 Radial distributions of induced velocities for a two-blade 








od and operating att 




















1,0, = 0,5, calculated by QMIL (Drela, 2006) for a blade-secton lift 
03 
2 
5 oe 
8 Cheutrenit 
i 
Zon 
Sl nes: blade location 
Dashed ines: circumferential averaged 
oo 
oo as v0 
aR 





For flight at high-subsonic and supersonic speeds, turbojets and turbofans have been strongly preferred over 
‘open propellers. The reasons for this involve several aspects of how speed affects the different propulsion sys- 
tems. 

First, consider the factors affecting energy consumption by an open propeller. For a given flight mission, 
practical airframes tend to have optimum lift-to-drag ratios that fall within a narrow range regardless of the tar- 
get speed, and propellers tend to have practical optimum efficiencies that also fall within a narrow range. Thus 
the amount of shaft work required to drive an airplane of a given weight over a given distance is roughly fixed. 
Furthermore, piston and turbo-shaft engines tend to bum a roughly fixed amount of fuel per unit of work done, 
regardless of the target rate (power level) for which they're sized. So far, this indicates that the amount of fuel 
required for a given mission should be relatively insensitive to the target speed up to the point where compress- 
ibility effects begin to reduce propeller efficiency. And there are other considerations that come into play, such 
as the fact that higher speeds favor higher cruise altitudes, and the effects of altitude on engine efficiency and 
con the power available from an engine of a given size and weight. The upshot is that the use of conventional 
‘open propellers has mostly been limited to cruise Mach numbers below 0.60. 

Turbojets and turbofans allow operation at higher Mach numbers because their inlets slow the flow down 
before it encounters the rotating blades. But these engines don't just allow operation at higher speeds, they actu- 
ally favor it because of the way their fuel consumption varies with speed. They don't share the open propeller's 
characteristic of requiring a roughly fixed amount of fuel per unit of thrust work. Instead, they favor speed (or 
are penalized for low speed), a bit like a pure rocket propulsion system. A pure rocket tends to require a fixed 
amount of fuel per unit thrust per unit time, regardless of speed, so that the fuel required for a given thrust over 
a given distance decreases with increasing speed, as 1/V. Because turbojets and turbofans are air-breathing, they 
don't favor speed quite as much a pure rocket. The fuel consumption for a given thrust over a given distance 
varies approximately as V°? for the turbojet and as VS for the modern high-bypass-ratio turbofan. Thus 
even the turbofan favors flight at high subsonic Mach numbers, where airfoils should be designed specifically 
for transonic flow, as we'll discuss in Section 7.4.8, and wings are usually swept, as we'll discuss in Section 8.6. 

Even a turbofan tends to operate at relatively high thrust loadings, in the neighborhood of 0.6 in cruise, com- 
pared with 0.2 for the open propeller of a light plane in Figure 6.1.19. The other major difference in the flow- 
field is that while an open propeller producing positive thrust always speeds the flow up ahead of it, a ducted 





























engine can slow the flow down before it enters the fan, Part of this deceleration takes place ahead of the inlet, 
and part inside. The result is that the pressure ahead of the fan is higher than freestream, a situation that is pos- 
sible only because of the presence of the inlet duct. To support the high pressure inside, the inlet duct carries a 
load radially outward, effectively acting as a ring-shaped wing lifting outward. Deceleration of the flow ahead 
of the fan is essentially taking place in the large-scale flowfield of this ring-wing. We'll discuss airfoil and wing 
flowfields in detail in Sections 7.3.4 and 8.11 

So the flow ahead of a turbofan in cruise actually slows down ahead of the fan: And while the propulsion 
streamtube ahead of an open propeller always contracts, the “captured streamtube” of a turbofan in cruise starts 
off smaller than the inlet and grows larger approaching the fan, as sketched in Figure 6,1,22. However, at the 
low forward speeds and higher thrust loadings typical of takeoff and initial climb, the captured streamtube of a 
turbofan starts off larger than the inlet and contracts, more like that of an open propeller. 
























Figure 6.1.22 Sketch showing the general character of the inlet and exhaust streamtubes of a turbofan engine 
‘operating at a thrust loading typical of cruise, The flow entering the engine slows down as it approaches the in 
let, and the inlet streamtube grows larger, Athi hrust loadings typical of takeoff and climb, the opposite 





ppens, more like the propeller streamtubes of Figure 6.1.15 





Inet tow Turbotan engine Exhaust flow 


‘The actuator dise approach can be extended to compressible flow and to include heat addition. For modeling 
ed engines, the duct must generally be included. Actuator-dise modeling of ducted engines is used mainly 
in CFD applications, as we'll discuss in Section 10.4.6 

This concludes our treatment of isolated propulsors. Now let's return to the fully integrated ideal. Propulsion 
according to the Ackeret ideal as in Figure 6.1.14 can also be called boundary-layer propulsion, in which the 
boundary-layer air leaving the tail or trailing edge is reenergized to freestream total head, so that the dissipa- 
tion that would otherwise take place in the wake (at least the part associated with the viscous drag) would be 
prevented. The airfoil example in Figure 6.1.5 indicates that the potential power saving might be equivalent to 
climinating on the ordet of 10% of the viscous drag. Propulsion systems in some nautical applications (ships, 
submarines, and torpedoes) take at least some advantage of this effect. But the concept has never found an ap- 
plication in aeronautical practice because it would require distribution of propulsion energy from an engine to 
points throughout the airframe (all along the wing trailing edge, for example), and the resulting intemal losses 
and extra weight and complexity would more than offset the benefit. 

There is one vehicle configuration where such penalties would be minimal, and that is a body of revolution, 
as might be used for a lighter-than-air (LTA) airship or an underwater vehicle. Goldschmied (1982) developed 
a design for such a body that carried the concept of boundary-layer propulsion a step further, combining 
boundary-layer propulsion with boundary-layer control by suction to prevent separation. The body was designed 
to produce a pressure distribution similar to that of the Griffith-type laminar-flow airfoils (see Thwaites, 1958), 
with the pressure recovery concentrated over a single suction slot where most of the boundary-layer air is re 
moved. There is no adverse pressure gradient on any of the external surface of the body, as there would have to 




















be on the aft portion of a conventional body designed to achieve attached flow passively. The body shape and 
incompressible potential-flow pressure distribution are sketched in Figure 6.1.23 


Figure 6.1.23 Shape and incompressible potential-flow pressure distribution of a self-propelled body of re- 
volution using a combination of boundary-layer control and boundary-layer propulsion, (Based on Gold: 








Suction slot 

The suction air is pressurized by a fan and expelled through a central exhaust pipe at the tail. Because the 
boundary layer on the tailcone develops at very low velocity and in a favorable pressure gradient, its mom« 
deficit when it reaches the tail (the exhaust-nozzle exit) is small, and the exhaust air needs very little momentum 
excess to make up for it. Thus if the tail pipe is sized properly, the body ropulsion with an exhaust 
total head only slightly above that of the freestream, and, in principle, the body comes very close to achieving 
the ideal of Ackeret propulsion. Goldschmied's experimental results verified that attached flow was achieved at 
a suction flow rate consistent with the criterion that all boundary-layer air with total pressure lower than the stat- 
ic pressure on the downstream attachment surface must be sucked away (Taylor's criterion, see Thwaites, 1958). 
They also seemed to indicate that self-propulsion was achieved at the predicted low exhaust total pressure, but 


there was an unresolved discrepancy between the drag determined by the force balance and that determined by 
the wake surveys. 
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6.2 Drag Estimation 


Predictions of viscous drag range from crude, preliminary estimates to predictions based on very detailed (and 
often laborious) calculations, usually combined with experimental test results. What level of prediction is appro- 
priate depends of course on the purpose. In the initial stages of pretiminary design, estimates based on empirical 





correlations are often sufficient. In the final stages of development, very accurate predictions can be needed, for 
example, to support performance guarantees. At this stage, a great deal of effort is usually justified, including 
very careful model testing and extrapolation to full scale, making use of the best CFD tools available. Between 
these extremes, particularly with regard to detailed design and design optimization, lies a gray area wher 
right balance between empiricism, testing, and computation is difficult to define. 

CED is playing an e1 ing role in the detailed design process, and with good reason. In general, C! 
is reasonably successful at predicting the pressure distribution on an aircraft, at least near the cruise condition 
‘where the flow tends to be well-behaved. CFD-based inverse design and optimization methods now make it easy 
to design shapes that produce good aerodynamic performance, and this has speeded up the design process con- 
siderably. However, the evaluation of the drag of a configuration, especially the viscous drag, is currently one 
of CFD's weaker suits (along with the prediction of separated-flow phenomena). While CFD drag predictions 
can provide a useful indication and are improving rapidly, a good deal of caution is still in order. For example, 
current turbulence models shouldn't be relied on to provide very accurate predictions of swept-wing flow, as 
‘we'll see in Section 8.6.2. For some time to come, testing, and the experience of the designer, will continue to 
play a role in drag evaluation during detailed design. 























6.2.1 Empirical Correlations 


6.2.1.1 Flat-Plate Skin Friction 
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impler a flow is, the more likely it is that it can be represented by an empirical correlation involving only 
dimensionless parameters. For viscous drag prediction, the simplest flows are those in which the drag is 
dominated by laminar or turbulent skin friction, and pressure gradients are mild enough that flat-plate flow is a 
good model. For slender fuselage-like bodies or thin flying surfaces at very low angles of attack, flat-plate skin 
friction can provide a very reasonable viscous-drag estimate. In Section 4.3.1, we discussed flat-plate boundary 
layers in some detail. For purposes of drag estimation, we use the average skin friction coefficient given by 
Equation 4.3.1 for laminar flow and Equation 4,3.2 for turbulent flow. These curves are plotted in Figure 4.3.1, 
along with curves for flows that transition from laminar to turbulent at a range of locations, For a flow that is 
either all laminar or mostly turbulent, only the wetted area and length Reynolds number need be known. For 
flows with transition, an accurate estimate is difficult, because the drag depends strongly on transition location, 
as is clear in Figure 4,3.1, and the transition location is sensitive to pressure gradients, surface imperfections, 
and freestream turbulence (sce Section 4.4.1). For high subsonic speeds and above, an adjustment for Mach 
number should be applied, such as the one given for turbulent flow by Equation 4.3.7 and illustrated in Figure 
434 











6.2.1.2 Airfoils with Significant form Drag 


Moving up the complexity ladder, we come to effectively 2D wing sections with significant thickness and/or lift 
in subsonic flow. Of course, if there is flow separation, the drag can increase dramatically, and no simple correl- 
ation can be expected to work. Even if the flow remains attached all the way to the trailing edge, the significant 
pressure gradients associated with thickness and lift require correction to the flat-plate skin friction. First, the 
average skin friction is different from that on a flat plate, and second, the form drag must be added. These two 
effects are generally lumped together into an empirical form factor applied to the corresponding flat-plate skin- 
friction drag. In Section 7.4.2, we'll look at how the form factor varies with lift for a typical subsonic airfoil, 
Correlations relating form factors to airfoil geometric parameters can be found in several sources (see Hoerner, 











1965, and the ESDU, 1990, data units). Such simple correlations for profile drag are risky, as illustrated by the 
following example. An airfoil with a Stratford recovery pressure distribution (zero skin friction throughout the 
pressure-rise region; see Smith, 1975) can have a very low skin-friction drag, which would be at least partly 
compensated for by a relatively high form drag. The distinction between this and a more conventional airfoil 
‘would be missed by any simple correlation scheme based on airfoil geometry. 


6.2.1.3 Full Configurations 


Preliminary-design methods for estimating the drag of an entire configuration make use of the above ideas for 
estimating the drag contributions of the major components (i.e, flat-plate skin friction corrected by an appro- 
priate form-drag factor) and then add induced drag, interference drag, and the other viscous-drag contributions 
such as junctions, excrescences, and so on. Probably the most wide ranging compilation of empirical data on 
‘which to base estimates of all these contributions is Hoerner (1965). More recent data and theoretical deriva- 
tions can be found in the ESDU (1990) data units, 











6.2.1.4 Excrescence Drag 
The drag contribution of small excrescence items such as fastener heads, steps, and gaps depends strongly on 
how deeply the object is immersed in the boundary layer. In the correlation of these effects, the height of the ob- 
ject can be scaled in two distinctly different ways, that is, relative to boundary-layer wall variables or boundary 
layer thickness. It is important to use a correlation that is scaled in the way that is appropriate to the situation at 
hhand, as illustrated in Figure 6.2.1 
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If the object occupies a small fraction of the boundary layer thickness, the height should be expressed in 
terms of wall variables h* = hug, because the velocity profile in the near-wall region correlates best with these 
variables. If the object protrudes higher than about 10-20% of 6, it is more appropriate to use a correlation in 
terms of y/8. Once a suitable correlation has been found in the literature, it should be assumed only to give the 
local effect of the excrescence. To estimate the effect on total drag, a correction for the “magnification” effect 
of pressure gradients should be applied, such as the one by Nash and Bradshaw (1967), or the local-q!> model, 
both discussed in Section 6.1.9, 








6.2.2 Effects of Surface Roughness on Turbulent Skin 
Friction 


In Section 6.1.8, we looked at the behavior of the turbulent skin friction for various types of rough surfaces and 
discussed physical explanations for the skin-friction increase. In this section, we'll look at how empirical data 
from one situation can be applied in other situations for purposes of drag estimation. 





6.2.2.1 Scaling of Roughness Effects 


While it is often important to be able to assess the drag impact of deviations from a smooth surface condition, 
it is rarely practical to measure the effects in place in the actual application. Instead, we must usually rely on 
‘measurements made in other flow situations, usually in ground-based test facilities. Most such measurements 
are made in simple flow situations, such as a turbulent boundary layer on a flat plate in a wind tunnel or towing 
tank, a pipe or channel flow, or flow between rotating concentric cylinders. In such experiments, skin-friction 
levels with and without roughness may be measured directly or inferred from pressure and/or flowfield m 
the use of the resulting increments for drag estimates in flow situations different from 
experiment requires some analysis. Below we look at the theoretical basis for two different 








urements, In any ca 
that of the bas 
ways of doing the required analysis, one using detailed CFD calculations and the other based on an equivalent 
flat plate. In Section 6.1.8, we looked at curve-fits based on some of the available empirical data for several 
types of roughness, and in Section 6.3.2, welll look at typical data for riblets. 

We wish to estimate the drag increment due to a particular surfa exposed to a turbulent boundary 
layer in the flow environment of some practical application. We have available experimental measurements of 
the skin friction of the surface in question, preferably taken in some simple flow situation such a flat-plate flow, 
pipe flow, or rotating-cylinder test rig. Getting accurate increments from the experiment generally requires that 
measurements were also made for a reference smooth surface. To use such experimental results for estimation 
purposes, we must first put the measured smooth-to-rough increments in a form that is universally applicable 
and then convert them into increments for the application in question. In this section, we describe the theoretical 
basis for two practical ways of doing the required analysis 

The effect of a given rough surface on the flow depends on the flow conditions, particularly the Reynolds 
number. What complicates the situation, and the basic reason that analysis is required, is that the drag increment 
due to roughness depends on both the local roughness Reynolds number and the global Reynolds number of the 
flow, and that we can't generally match both of them between a generic experiment and a specific application. 
The best we can usually hope for is to match the roughness Reynolds number, since the drag increment has the 
strongest dependence on it, and to adjust by analysis for the unavoidable mismatch in the global Reynolds num- 
ber and for differences in other variables such as Mach number. As we saw in Section 6.1.8, the local roughness 
Reynolds number is defined by k” = kus/v, where k is a length scale characterizing the size of the roughness 
elements, and uc is the “friction velocity.” which as we saw in Section 4.4.2 is the velocity scale of choice for 
the “wall region” of a turbulent boundary layer. The global Reynolds number can be characterized in different 
‘ways depending on the situation, for example, in terms of Rx, Ro, oF Rye. 

‘The approaches outlined here are applicable to compressible flows, but we assume that the flow around the 
roughness elements themselves is not locally “compressible.” The local density and temperature in the wall re 
gion may be significantly different from freestream, but the local Mach number applicable to the roughness, say 

("= uy/a, is assumed to be small, so that the single parameter k* suffices to correlate the local roughness effect. 
This assumption is probably valid for most applications with small roughness levels in the transonic and low 
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supersonic regimes. For stronger compressibility effects, we would presumably reach a point where something 
like M* should be included as a correlation parameter in addition to k’. 





It is clear that for the results of a generic experiment to be useful, the measurements must cover a sufficiently 
wide range of k* to include what will be encountered in the application. One way to do this is to run the experi- 
‘mental rig ata fixed overall Reynolds number and vary the size of the roughness, while keeping the character of 
the roughness the same. But because itis difficult to accurately reproduce a given surface texture at more than 
cone scale, this is very rarely attempted for surfaces other than standard sand grains. Instead, the usual way is to 
use a single rough surface and to vary k* by varying the overall Reynolds number in the test rig. In either case, 
the results of such an experiment can be expressed fairly directly as a smooth-to-rough inerement ACras a func 
tion of k", where each value of k* corresponds to a particular value of the overall Reynolds number, say Rg 
What we need now is a way to adjust ACr for the fact that at a given k*, Ra*, and possibly other flow variables 
in the application will generally be different from what they were in the experiment. To start, we recall from 
Section 6.1.8 that the one universal local effect of roughness is to shift the logarithmic part of the wall-region 
velocity profile by an amount Au” that depends on k, as expressed in Equation 6.1.16. 

The variation of Au as a function of k*, that is, the log-law-shift function Au” (k"), is a universal character- 
istic of the particular roughness shape in question, and within the limitations of the Law-of-the-Wall approxim- 
ation, is independent of the type of flow (¢.g., boundary layer, duct, pipe) as long as the Law of the Wall applies 
to it, What is most useful to us is that Au’ (k*) is also independent of the overall Reynolds number of the flow 
and that it ean, with some calculation, be related to ACE. 

We will discuss two ways of relating Au® (k*) to ACr: a “turbulence-modeling approach” for detailed CFD 
calculations, and an “equivalent-flat-plate approach” for preliminary estimates. 























6.2.2.2 The Turbulence-Modeling Approach 


In this approach, we modify a turbulence model so that when it is used in CFD calculations, the flow solutions 
‘match the known Au” (k*) for the roughness in question. We then use the modified turbulence model to calculate 
the flow in the experiment or target application with and without roughness and thus to predict ACj. The advant- 
age of this method is physical fidelity. It takes into account whatever level of flow complexity can be handled by 
the CFD code and provides as accurate an estimate of ACfas the turbulence model is capable of. Furthermore, 
the total drag calculated by the CFD code contains an estimate of how ACF affects the viscous pressure drag 
of the body through the change in displacement thickness. The disadvantage of this approach is that it requires 
modifying a CFD code and running detailed CFD calculations. 

Turbulence models that allow accurate jon of a turbulent 
flow generally have an explicit dependence on the distance y from the wall, usually expressed as y*, This fune- 
tional dependence on y* is typically tailored so that numerical solutions using the model match experimental 
velocity profiles in the Law-of-the-Wall region, including the viscous sublayer and the logarithmic region. The 
algebraic eddy-viscosity model of Mellor (1967) as used in the 3D boundary-layer code by the author (McLean, 
1977) is one example of such a model 

A CED solution for a turbulent flow can be made to simulate the effects of surface roughness through a 
simple modification to the turbulence-modeling part of the calculation. The modeling equations themselves are 
not changed. Only the value of y* input to the near-wall part of the model is modified by a shift Ay added to 
the geometric y*. When a Ay” shift is applied, the resulting flow solution no longer realistically represents the 
flow at the very bottom of the near-wall region, where part of the volume in the real flow domain is occupied 
by roughness elements. However, the logarithmic part of the calculated velocity profile experiences a shift Au* 
like the shift in a real flow with roughness, and the skin friction increases by the right amount. With the right 
input for Ay*, the shift Au* can be made to match the Au” that a real flow would have at the same k”. When 











culation of the mean flowfield in the near-wall 1 














that is done, the calculated ACr, relative to a baseline calculation for a smooth wall, should closely match ACE 
for the corresponding real flows 

‘Thus what is needed is a way to determine the right Ay* to input to the turbulence model so that flow solu- 
tions match the Au* (k*) behavior for the particular type of rough surface in question. This is made easier by 
the fact that the near-wall turbulence model determines a unique relationship between Ay” and Au‘, which in 
practice can be determined numerically by a series of flow solutions with different constant input values of Ay” 
‘When both the Au"(Ay*) behavior of the turbulence model and the desired Au" (k*) behavior for the roughness 
in question are known, it i just a matter of interpolation to define a function Ay” (k") to be used to determine 
the input Ay*. In the author's 3D boundary-layer code, Ay” (K") functions for several different types of rough- 
ness are included in the code in the form of numerical tables. For a calculation of a flow over a rough surface, 
the user specifies which of the roughness functions is to be used and inputs the roughness size k as a function of 
location on the surface (it needn't be constant). Every time the eddy-viscosity subroutine is called in the course 
of such a calculation, the friction velocity ur is known from the previous iteration of the flow solution, k* is, 
calculated based on the local k, and the corresponding value of Ay" is determined by numerical table lookup. 

The Au’ (Ay*) behavior of Mellor's eddy-viscosity model is shown in Figure 6.2.2. The resulting Ay* (k*) 
curves corresponding to the Au” (k") roughness curves of Figure 6.1.9a are plotted in Figure 6.2.3. Note that 
‘over the entire transitional roughness regime (k* > 70) the Au’ values in Figure 6.1.9 never exceed 8, so that 
Ay’ is nearly the same as Au’, and Figure 6.2.3 is therefore very similar to Figure 6.1.9. 











Figure 6.2.2 Illustration of how the logarithmic wall-region velocity profile, as calculated with a typical n 
wall turbulence model, responds to an input Ay. This Au‘(Ay") response is used to determine Ay" (K") curv 
like those shown in Figure 6.2.3 that can be used to predict roughness effects. These calculations used the al 
gebraic eddy-viseosity model by Mellor (1967) 
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Figure 6.2.3 Illustration of Ay"(k") curves that can be used in a near-wall turbulence model to simulate the ef 






























fects of roughness. These curves are the result of combining the Au’ (k-) roughness curves of Figure 6.1.9 with 
the Au"(Ay") response of the turbulence model in Figure 6, 
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6.2.2.3 The Equivalent-Flat-Plate Approach 


In this approach, we define an equivalent-flat-plate flow to represent the experiment or target application, and 
then calculate the development of the equivalent-flat-plate flow with and without roughness, thus determin- 
ing AC&. In these calculations, we use an explicit relation between Au” (k*) and Cr that is valid locally for a 
flat-plate boundary layer, in combination with the von Karman momentum integral equation and an empirical 
smooth-Wall skin-friction law that defines the local skin-friction coefficient for the smooth case. The roughness 
size k and even the type of roughness can vary with location along the plate, The advantage of this method is 
that it does not require running detailed CFD calculations. The disadvantage is that the accuracy of predicted 
Cf increments is compromised by the neglect of flow features in the application that are different from a flat- 
plate flow, for example, the effects of pressure gradients or three dimensionality. A further disadvantage is that 
it provides no estimate of the effect of ACron pressure drag, 

For flat-plate flow, we have the following approximate relation between Cr and Au (see Hama, 1954, for a 
derivation) 
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‘which holds not atthe same x station in the flows over the rough and smooth walls, but at stations where the two 
flows have the same Rs*. Because the shape factor H of a flat-plate velocity profile varies slowly with Reyn- 
olds number and is only weakly affected by roughness, stations with the same Rj also have approximately the 
same Ro, and in practical calculations, we will find it more convenient to assume that Equation 6.2.1 applies at 
constant Ro. Our other two basic equations are the von Karman momentum integral equation specialized for a 
flat plate: 
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and a smooth-wall skin-friction law: 











3M2,)- 
where Cfi(smooth) on the right-hand side is not an analytic expression, but instead has to be evaluated by inter- 
polation from a numerical table derived to be consistent with the expression for local turbulent skin-friction as 
a function of Rx, Equation 4.3.5 
For purposes of calculating the smooth equivalent-flat-plate flow, Equation 6.2.2 is integrated as follows: 
Rey 


Cy(smooth)(Ro(smooth), Moc) = Cyi(smooth)(Ro(smooth))(1 + 0. 
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For purposes of calculating the rough equivalent-flat-plate flow, Equation 6,2.1 can be solved for Cough), 
and Equation 6.2.2 can be integrated as follows: 
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‘The numerical table to be used for Equation 6.2.3 and for the value of Cismoosh) on the right-hand side of 
Equation 6.2.5 is generated by numerical integration of Equation 6.2.2, with Cr from Equation 4.3.5. Note that 
Cisnooxt) 0m the right-hand side of Equation 6.2.5 is evaluated at Rerough) in keeping with the discussion above 
regarding how Equation 6.2.1 should be applied. 

‘The numerical calculations required to implement this method can be programmed in a spreadsheet. A fixed 
array of points in Rx is set up, and the solutions far both a smooth wall and rough wall are advanced step by 
step by trapezoidal integration, Note that Equations 6,2.3 and 6.2.4 for the smooth case and Equations 6.2.5 and 
6.2.6 for the rough case represent circular references, that is, Ci{smootiy fom Equation 6,2.3 is used on the right- 
hand side of Equation 6.2.4 but also depends on the result (left-hand side) of Equation 6.2.4, In a spreadsheet, 
these circular references can be resolved by automatic iteration. 

Figure 6.2.4 shows an example of such a calculation, for an all-turbulent flatplate flow at Ry, = 107 with 
roughness only over a portion of the length (0.2 < x/L < 0.4), At the start of the rough region, the local Cr in- 
creases by about 30%. At the end of the rough section, Cr decreases to a level slightly below that of the smooth 
baseline because the roughness thickened the boundary layer more than in the smooth case. In terms of integ- 
rated skin friction, this “undershoot” effect offsets only a small fraction of the drag penalty of the roughness. 
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Figure 6.2.4 Local turbulent Cy for a flat plate at RL = 107 with ness only over a portion of the length 
(0.2 <x/L < 0.4), calculated by the equivalent-flat-plate method implemented in a spreadsheet 
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6.2.3 CFD Prediction of Drag 


As we saw in Section 6.1, drag involves subtle higher-order phenomena in the flowfield. Thus it is more difficult 
to compute accurately than the other force components, and it places higher demands on the accuracy of the 
‘numerical method and on the adequacy of the grid, Well defer further discussion of these issues to Chapter 10. 





6.3 Drag Reduction 


Efforts to reduce aerodynamic drag can be aimed at the lift-induced drag, the shock drag, the skin-friction drag, 
or the viscous pressure drag. Reducing one component of the drag often entails compromise with the other drag 
components or with nonaerodynamic considerations. In this section, we'll concentrate mainly on the skin-fric~ 
tion drag, but first let's put all the components in perspective: 

+ Lift-indueed drag: In Sections 8.3 and 8.4, well discuss the induced drag and how reducing it generally 
requires inereasing the effective span and thus the structural weight of wings, and must therefore be sub- 
{ject to compromise. 

+ Shock drag: The wing is often the dominant contributor to the shock drag of an airplane in the transonic 
regime, and for high-aspect-ratio wings, the shock drag is largely attributable to the sectional behavior of 
the airfoils. The shock drag of a transonie airfoil depends on how well the airfoil was designed, Assum- 
ing good design, shock drag can generally be reduced by thinning the airfoil, which tends to increase the 
structural weight of the wing, or by increasing the chord, which can increase viscous drag. We'll look at 
these airfoil-design issues in more detail in Section 7.4.8 

cous drag: The dominant issues in viscous-drag reduction depend on whether the body is bluff or 
streamlined. 

In Section 6.1.6, a bluff body was defined as one that fails to produce attached streamline flow at the back end 

and instead has a lange separated wake. We saw that because of the large region of separated flow, the drag of 











such a body is relatively high and is mostly pressure drag. Still, such bodies can benefit from careful contouring 
forward of the bluff back end, so as to avoid early separation. This is why the front ends of some cars and trucks 
hhave become more slender and rounded as fuel mileage has become more important. 

The viscous drag of a streamtined body is mostly skin friction, but there is always some pressure drag due 
to the displacement effect of the attached boundary layer. Reducing the wetted area by shortening the body ean 
reduce the skin-friction drag, but it ends to increase the pressure drag. Generally speaking, a major goal of good 
design of the body shape is to optimize the trade between skin-friction drag and pressure drag, subject to all of 
the nonaerodynamic considerations that apply. We'll see how this applies to airfoil design in particular in S 
tion 7.4, Finally, there are various ways of reducing the skin friction directly, which is where welll concentrate 
the rest of this section, 














6.3.1 Reducing Drag by Maintaining a Run of Laminar 
Flow 


In Figures 4.3.1 and 4.3.2, we saw that laminar skin friction is much lower than turbulent skin friction and that 
delaying the transition of the boundary layer from laminar to turbulent should therefore be a powerful means of 
drag reduction. To delay transition, we must generally do something to delay the onset and reduce the growth of 
the instabilities that beset the laminar boundary layer. In Section 4.4.1, we discussed the associated theory and 
saw that instability growth is strongly affected by the pressure gradient and can also be influenced by distributed 
surface suction. 

There are three main approaches to implementing laminar flow for low drag: 








+ Natural laminar flow (NLF): Instabilities are controlled through the pressure distribution alone 
+ Laminar flow control (LEC): Instabilities are controlled through a combination of the pressure distri- 
bution and distributed suction 
+ Hybrid laminar flow control (HLFC): A specialized technology for swept wings, in which LFC is ap- 
plied only in the leading-edge region of a swept wing, and NLF persists for some further distance aft, 

In practice, the distributed suction required for LFC or HLFC is usually approximated by suction through 
closely spaced narrow slots or small round holes. 

The application of NLF to drag reduction on 2D airfoils is discussed in Section 7.4.6, and laminar flow on 
swept wings is discussed further in Section 8.6.2. State-of-the-art design for laminar flow generally requires 
doing calculations of instability growth rates and integrated growth factors, using the theory discussed in Sec~ 
tion 4.4.1, Implementing laminar flow in high-Reynolds-number applications generally requires very smooth, 
wave-frve surfaces, which can be difficult to produce and maintain 








6.3.2 Reduction of Turbulent Skin Friction 


Like death and taxes, turbulent skin friction on major parts of a vehicle's surface is practically unavoidable. Both 
through the direct sheer force at the wall and it's indirect effect on pressure drag, it accounts for a substantial 
fraction of the drag of most airplanes and water-born vessels. In Section 6.1.8, we saw that surface roughness 
can increase turbulent Cr, so that simply making the surface smooth enough to avoid this penalty is the first op- 
tion that should always be considered. Beyond that, to reduce Crbelow the smooth-surface level, many schemes 
have been proposed and tested, but most either don't work or are impractical for one reason or another. Because 
being proposed and rejected doesn't prevent their being proposed again and again, it's good to be familiar with 




















the things that have already been rejected and the reasons why they didn’t work, To this end, I've compiled the 
following list (Table 6.3.1) of turbulent-skin-friction reduction concepts, with brief explanations of their pur- 
ported mechanisms and their actual workability: 
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list, only riblets have been shown to have a chance of working in practice, so let's discuss them 


6.3.2.1 Riblets 


Riblets are a pattern of tiny, alternating ridges, and grooves aligned longitudinally (approximately in the dir- 
ection of the flow). They reduce turbulent Cr by a modest amount by inhibiting the lateral turbulence motions 
near the bottom of the boundary layer, primarily the motions associated with the near-wall streamwise vortices, 
which are associated with the streaks in the sublayer (see Figure 2.11). Inhibiting the near-wall vortices slightly 
reduces the overall production of turbulence in the boundary layer. 

The effect scales with turbulent-boundary-layer wall variables, just like the effects of surface roughness in 
the transitional regime that we looked at in Sections 6.1.8 and 6.2.2. The Cr reduction correlates with s*, the 
ridge-to-ridge spacing in wall units, and typical behavior is shown in Figure 6.3.1. In this example, Cris reduced 
over a range of s* up to about 23, a range that varies somewhat depending on the particular riblet profile, The 
peak Cr reduction is around s* = 14, which also varies somewhat with the profile. The behavior of the effect 
in the range of low s* below about 5 is not well established by the data, just as we saw in the case of surfac 
roughness in Section 6.1.8. At high s°, Cr increases above the smooth-surface value, much as it would with 
surface roughness. The optimum spacing of about 14 wall units means that riblets must typically be quite small, 
just as the permissible roughness of a surface is small. We'll lok at a specific sizing example next. 

















Figure 63.1 Typical turbulent-Cy reduction by riblets as a function of the dimensionless spacing 
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‘The general shape of the curve in Figure 6.3.1, with a Crreduction over a midrange of s” and a Cr increase 
at high s*, reflects a competition, as s* increases, between increasing effectiveness of the ridges in inhibiting 
lateral motions, and inereasing penetration of high-velocity fluid into the grooves. How this competition plays 
cout seems to be strongly related to how the dominant scale of the sublayer vortices in the instantaneous flow- 
field varies relative to s as s* increases. Based on direct numerical simulation (DNS) calculations of the tur- 
bulent flowfield, Choi, Moin, and Kim (1993) point out that the vortices’ average diameter is d” = 30 and that 
they tend on average to be centered at y* ~ 20. They present a schematic diagram, reproduced here in Figure 
6.3.2, indicating that at high s*, the vortices are able to settle farther into the grooves and to bring high-velocity 
fluid close to the groove walls, thus increasing the average shear stress. This also seems to be reflected in the 
time-averaged flow in an interesting way. Suzuki and Kasagi (1993) found, based on flowfield measurements, 
that there isa time-averaged downward flow into the middle of the groove coupled with upward flow along the 











groove walls, The patter is very weak in the drag-reducing range of s*, but it becomes much stronger in the 
ddrag- increasing range, as shown in Figure 6.3.3, 


Figure 6.3.2 Schematic dia 
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‘The drag-reduction effect of riblets seems to be fairly forgiving of misalignment of the ridges in yaw. There 
have not been many measurements of the yaw effect, so there is no well-established curve. A few degrees of 
misalignment seems to make litle difference. The drag reduction is roughly half gone at 15°, and completely 
gone at about 30°, With this level of tolerance, groove alignment is not a major pra 
tions, 

‘The effects of profile shape on the Cr reduction are known almost entirely through experimental investig- 
ations, with the most extensive single collection to be found in Bechert et al. (1997). It has been found that 
sharp and narrow ridges are favored. For ridges with a triangular cross section and a depth ratio h’s = 0.5, the 
dependence on the included angle at the ridge is as shown in Figure 6.3.4. The Cr reduction is maximum for a 
0° -included-angle “razor blade” ridge and decreases to less than half the maximum at 60°. A profile with a 30° 
included angle, as shown in Figure 6.3.5, gives up a little performance but is a more practical compromise than 
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Figure 6.3.5 Riblet profile with flat valleys and ridges with 30° included angle 


‘The effects of riblets on the near-wall turbulence have been studied using DNS calculations, but only at rel- 
atively low Reynolds numbers (see Choi, Moin, and Kim, 1993, for example). Besides DNS, there is no quant- 
itative theory that deals with these effects at the level of the actual turbulence physics and explains how the 
Cr reduction varies as a function of the riblet profile. The closest thing we have to a theory is the concept of 
protrusion height, which is defined as follows. Consider the riblet profile to be immersed at the bottom of a 
theoretical laminar shear flow at very low Reynolds number (Stokes flow). Far above the tops of the ridges, the 
flow is uniform in horizontal planes, and the vertical gradient of the velocity is uniform. Extrapolating the linear 
velocity profile to zero defines an effective origin that is always found to be between the bottoms of the grooves 
and the tops of the ridges. The protrusion height tp is the distance that the ridges protrude above this effective 
origin, as shown in Figure 6.3.6, The idea of protrusion height has been used in two different ways. Bechert and 
Bartenwerfer (1989) correlated turbulent Cr reduction with the protrusion height calculated for flow parallel to 
the ridges (streamwise protrusion height). Lucini, Manzo, and Pozzi (1991) noted that the cross-flow protrusion 
height is always greater than the streamwise protrusion height and used the difference between the two to cor- 
relate turbulent Cr reduction, The applicability of these theories to the actual physies is questionable, but both 
correlate with the observed qualitative trends. For example, they both predict that sharp ridges are best and that 
Crreduction effectiveness increases with decreasing included angle at the ridges. 























Figure 63.6 The protrusion height is defined as the vertical distance between the riblet ridge and th 
origin of an idealized Stokes flow (the point of zero velocity extrapolated from the uniform velocit 
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Choosing the appropriate ridge spacing and estimating the drag reduction for a particular riblet application 
can be done to varying levels of accuracy. A rough estimate can come from a plot like Figure 6.3.1, if one is 
available for the riblet profile in question, combined with an estimate of the average s* for the surface, based 
con the dimensional s for the riblets and the average turbulent Cy from Equation 4.3.2, But Cy'Ctsmoodh for a rib- 
let surface varies with Reynolds number and other aspects of the flow conditions, and more accurate estimates 
require using the same kinds of calculations outlined for distributed roughness in Section 6,2.2. For many ap- 
plications, the equivalent-flat-plate approach can be adequate, but detailed CFD calculations with a turbuler 
‘model modified to simulate the particular riblet profile can provide more accurate accounting for complications 
such as pressure gradients and 3D flow. 

When experimental data are available for the riblet profile in question, they are usually expressed in terms 
of ACHCfimoorh, a8 a function of the Reynolds number that was varied in the test facility. With appropriate cal 
culations applied to the situation in the test facility, AC/Crsmoarh (R) can be converted to Au” (s°). This can be 
used directly in the equivalent-flat-plate approach as described in Section 6,2.2. Figure 6.3.7 shows the Au” (s*) 
curve derived in this way from experimental data for the riblet profile of Figure 6.3.5, 
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In Section 6.2.2, we described how Au’ (s*) data for a rough surface can also be converted to a Ay" (s*) table 
for inclusion in a turbulence model for CFD calculations. In the case of riblets, such a conversion isn't generally 
required because their Au” values are small and are generally in the linear part of the Au*(Ay") response curve 
for near-wall turbulence models, where Au’ = Ay*, as can be seen in Figure 6.2.2, The Au’ (s") curve of Figure 
6.3.7 can therefore also be used directly, without conversion, as the Ay" (s°) curve for inclusion in a turbuler 





model, We also noted in Section 6.2.2 that using detailed CFD calculations to predict ACf due to roughness has 
the advantage that the indirect effect on pressure drag is also predicted. The same advantage applies to using 
CED to predict the effects of riblets. In applications of riblets to bodies with pressure gradients, the effect on 
pressure drag is typically a significant portion of the total drag reduction. 
The fact thatthe riblet effect scales with turbulent-boundary-layer wall variables makes the use of riblets in 
applications surprisingly simple. First, turbulent Cr tends to vary slowly along the length of a surface, and s* 
0.5 











varies as Cf, which varies even more slowly. Thus it turns out that a single riblet spacing can be used along 
the length ofa long aerodynamic surface, and the average Cr reduction can be nearly equal to the maximum that 
could be achieved with a variable spacing. To illustrate how this works, Figure 6.3.8 shows the Cr reduction as 
a function of riblet spacing at 3 and 100 ft from the leading edge of a flat plate at a Reynolds number of 1.7 
million per foot, typical of flight at Mach 0.85 at 35 000 ft. In this example, a spacing of between 0.003 and 
0.004 in. works well over the whole length. This example also gives an indication of how much AC#Camooth 
varies with length Reynolds number, and thus illustrates the inaccuracy that can be incurred by using a single 
CriComoorh curve like the one in Figure 6.3.1 to make drag estimates. 








Figure 6.3.8 Turbulent-Cyreduction by riblet profile of Figure 6.3.5, as a function of spacing, calculated for a 
lat plate at Mach 0.85 and a Reynolds number of 1.7 million per foot 
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‘The fact that optimum riblet spacings tend to be so small raises a host of practical issues. Producing sharp 
ridges on such a small scale is difficult, and whatever material the ridges are made of, durability is a problem, 
So far, the favored approach is to mold the profile into a plastic or elastomeric appliqué that can then be applied 
to the surface. But covering large areas of an airplane's surface with “tape” poses many problems, and this tech- 
nology has not yet found its way into routine service on airplanes, though it may in the future. 


| Note that Ips and 20/c should agree far downstream, but that in this case, the diserepaney at x/e = 2 is lar- 
ger than it was for the flat plate in Figure 6.1.4. Presumably this is due to cumulative integration error, which 
could be reduced by grid refinement. The trailing-edge region was very likely the major contributor to the 
error buildup, since the calculations were in the direct mode, and the trailing-edge singularity was simply 
glossed over. 





Chapter 7 


Lift and Airfoils in 2D at Subsonic Speeds 


In a way, lift is the most visible of the aerodynamic forces. We see heavier-than-air animals and machines flying 
through the air every day, and something has to be holding them up there. Of course, we can predict the exist- 
ence of aerodynamic lift mathematically by solving equations of motion for the flow around the lifting object. 
‘The accuracy of such predictions depends on the level of fidelity of the equations we choose to solve and varies 
with the type of liting-surface shape and with the flow situation. Some types of lifting flow are easier to predict 
accurately than others. In principle, however, if we had the computing power available to carry out a direct nu- 
‘merical simulation (DNS) solution of the Navier-Stokes (NS) equations for the flow, we would be able to predict 
any lifting flow, 2D or 3D, with high accuracy. So in one sense, the physics of lift is perfectly understood: Lift 
happens because the flow obeys the NS equations with a no-slip condition on solid surfaces. 

On the other hand, physical explanations of lif, without math, pose a more difficult problem. Practically 
everyone, the nontechnical person included, has heard at least one nonmathematical explanation of how an airfoil 
produces lift when air flows past it. Such explanations fall into several general categories, with many variations. 
Unfortunately, most of them are either incomplete or wrong in one way or another. And some give up at one 
point or another and resort to math. This situation is a consequence of the general difficulty of explaining things 
physically in fluid mechanics, a problem we've touched on several times in the preceding chapters 

In the real world, lifting flows are never precisely two dimensional, even when we try to make them so, as we 
do in so-called “2D” wind-tunnel testing, It seems like it should be possible to produce precisely 2D airfoil flow 
in a wind tunnel: Just mount a 2D airfoil model so that it spans the space between parallel tunnel sidewalls. But 
in reality 2D flow is practically impossible to achieve because of viscous effects on the tunnel sidewalls and in 
the junctions between the model and the sidewalls, and results of “2D” wind-tunnel testing are always question- 
able to some extent. On many flight vehicles, however, wings are of high enough aspect ratio that the local flow 
at stations over most of the span behaves at least qualitatively like the 2D ideal, Thus exploring the physics and 
doing some of our design work in the ideal 2D world makes sense. Even trying to simulate 2D flow in the wind 
tunnel can be useful in spite of the generally imperfect results. In this chapter, we'll concentrate on nominally 2D 
flow because it's simpler, and we can learn a lot that is generally applicable. 

In this chapter, we'll start with the easy part: the mathematical prediction of lift through solutions of equations 
of motion, and the closely related (and still mathematical) explanations of lift in terms of circulation and vorticity. 
Then we'll look at physical explanations of lift in 2D, starting with a discussion of the strengths and weaknesses 
of many of the explanations already in circulation. With these cautionary tales in mind, we'll try to develop our 
own “best we c i explanation of lif in 2D. Then we'll discuss some of the major physics and design 
aspects of airfoils. In Chapter 8, we'll extend the discussion from 2D to 3D. 















































7.1 Mathematical Prediction of Lift in 2D 


‘The earliest attempt that we know of to predict lift mathematically was Newton's theory for the lift of an inclined 
flat plate. Unfortunately, Newton got it wrong, but that is forgivable, given that his theory predates any rational 
theory of continuum fluid dynamics by more than a 100 years. Newton assumed a “bullet” model for the flow, 
as shown in Figure 7.1.1, in which particles do not interact with each other before they strike the forward-facing 
surface of the body, and no particle strikes the afi-facing surface, a model whose shortcomings we've already 








discussed in Section $.1 


Figure 7.1.1 Newton's model for the lifting flow around an inclined flat plate (an application of the “bulle 
Jel” of Figure 5.1.1) 





























Assuming that the particles that strike the plate transfer the perpendicular component of their momentum 
to the plate and retain the parallel component, Newton predicted that lift is proportional to the square of the 
angle of attack, for small angles. The square relationship arises because the theory predicts that lift is propor- 
tional to both the number of particles intercepted per unit time and the momentum absorbed from each particle 
and that both increase with angle of attack. Later welll see that in continuum lifting flows, we get a linear re- 
lationship (ideally) between lift and angle of attack, largely because the angle of attack has very little effect on 
the amount of fluid per unit time that the lifting surface effectively interacts with. So the square relationship 
is simply wrong, and for reasonable angles of attack, the magnitude of the lift predicted by Newton's model is 
‘much too small and was cited even into the late 1800s as a reason why heavier-than-air flying machines would 
never be possible. 

To get the right answer, we must model the continuum behavior of the fluid correctly. I've already claimed 
that a DNS solution of the full unsteady NS equations does this and should, in principle, predict any lifting flow 
with high accuracy, This claim is untested, however, because such a calculation has yet to be carried out for 















any Reynolds number typical of an aeronautical application. For routine calculations with current computers, 
‘we must scale our ambitions back to solutions of the Reynolds-averaged Navier-Stokes (RANS) equations with 
turbulence modeling (see Section 3.7). At this level of fidelity, we can predict lift with reasonable accuracy, 
provided that the airfoil or wing is nicely shaped, has a reasonably sharp trailing edge, and is at a low enough 
angle of attack that the flow stays attached to both surfaces at least to within a short distance of the trailing edge, 
Fortunately, most airfoils that are of practical interest meet these requirements, and the attached-flow regime 





covers much of the flight envelope of most flight vehicles, so that this predictive capability is highly useful 

As the angle of attack is increased, however, and boundary-layer separation moves forward on one surface, 
the accuracy of RANS predictions generally deteriorates, primarily because turbulence models are less accurate 
for separated flows than they are for attached boundary layers. As the angle of attack increases further, the sep- 
arated region becomes larger yet, the real flow becomes increasingly unsteady, and most numerical schemes for 





the steady RANS equations will at some point fail to converge to a steady solution. Obtaining realistic solu- 
tions for flows with large separated-flow regions requires solving for at least the larg unsteady motions 
associated with the separation. It is not enough simply to solve the unsteady Reynolds-averaged Navier-Stokes 
(URANS) equations. The calculation procedure must somehow enforce a proper distinction between the lange 
scale motions that can be computed and the small-scale turbulence that must still be modeled. Large-eddy sim- 
ulation (LES) and detached-eddy simulation (DES) are approaches that are under exploratory development, and 
‘well look further at them in Chapter 10, but they are not yet in routine use. 

At the next step down in fidelity from steady RANS solutions with turbulence modeling, we find the various, 
vviscous-inviscid coupling schemes in which the flow is divided into an outer inviscid region and an inner bound- 
ary layer. With the right kinds of coupling and solution schemes, such methods can predict much of the same 
class of flows that ean be predicted by RANS, including flows with small separated regions, and within the 
range where they can produce converged solutions, their accuracy can be comparable to that of RANS solu 
tions. The widely used ISES and MSES codes (Drela and Giles, 1986; Drela, 1993) are examples of this class 
of methods. A disadvantage of coupled methods is that they tend not to handle geometric complexity as well as 
RANS, especially in 3D. 

Even viscous-inviscid coupling solutions require extensive computation and have been practical only sinc 
the carly 1970s. Before that, flowfield prediction for airfoils was restricted to inviscid flow. The loss of fidelity 
incurred by the neglect of viscous effects depends on the type of airfoil and the flow conditions. At low Reyn- 
olds numbers, boundary layers are thick and usually have major effects on the pressure distribution, In the tran- 
sonic regime, the pressure distribution is extremely sensitive to the effective shape of the airfoil and is there 
fore sensitive to the displacement effect of the boundary layer. But for airfoils with sharp trailing edges in the 
altached-flow regime, at moderate-to-high Reynolds numbers, and outside the transonic regime, predictions of 
Lift and pressure distributions from inviscid-flow theory can be adequate for many purposes. In Section 7.4.1, 
‘we'll look at this issue further, using computational examples to assess the magnitude of viscous effects on lift 
and pressure distributions in incompressible flow at moderately high Reynolds numbers, 

The easiest way to obtain solutions for inviscid flow is through potential-flow theory, which for much of 
the twentieth century provided our only means for predicting the iN and pressure distributions of airfoils in 
2D flow. As simple and powerful as potential-flow theory is, however, applying it to lifting flows gives rise 
to a couple of interesting mathematical difficulties. The first difficulty is in representing a lifting flow at all in 
terms of a velocity potential in the manner defined by V = V 6 (see Section 3.10 for an introductory discus 
sion of potential-flow theory). Two requirements must be satisfied. First, if a potential function is to represent 
a continuous velocity field, the potential must be continuous and have continuous first derivatives. Second, the 
Kutta-Joukowski theorem, which well discuss in detail in Section 7.2, tells us that we must have circulation 
around the airfoil if we are to have lift. These requirements conflict: A single potential function that is continu- 
ous throughout the domain surrounding the airfoil cannot represent a flow that has nonzero circulation. This, 
follows from the definition of the velocity as the gradient of the potential. The line integral of the velocity on a 
contour from any point A to any other point B must be equal to the change in the value of the potential between 
the two points. If there is nonzero circulation on a closed contour from point A back to point A, then the po- 
tential must have two different values at point A. Thus if we are to be able to represent flows with nonzero 
circulation, we must relax the requirement for continuity of the potential by defining a branch cut from some 
point on the surface of the airfoil to infinity, as shown in Figure 7.1.2, across which a jump in the value of the 
potential, but not the first derivatives, can take place. Note that the jump in potential across the cut is equal to 
the circulation around the airfoil and must therefore be the same everywhere along the cut. Note also that for 
any given velocity field with circulation, it doesn't matter where we put the branch cut. The only requirement is 
that there be a cut. 


















































Figure 7.1.2 Illustration of a branch cut to allow a velocity potential to represent a flow with circulation 
around an airfoil 


branch cut 





Even afier we've introduced a branch cut to allow for flows with circulation, another difficulty remains. The 
potential jump across the branch cut is now a free parameter in the problem that our potential equation and 
boundary conditions are not sufficient to determine, A solution exists for any value of the potential jump and 
the circulation. Thus the lift, which is the main thing we seek to predict, is indeterminate, Figure 7.1.3 illustrates 
this problem, showing streamline patterns for the same airfoil shape with different values of circulation, all of 
‘which satisfy the potential equation and the boundary conditions. Kutta (Durand, 1967a) proposed a resolution 
to this indeterminacy, observing that the only physically reasonable solution is the one in which the flow leaves, 
the trailing edge smoothly, as in Figure 7.1.3b, This criterion for choosing the preferred value of the circulation 
is known as the Kutta condition. Note that it resolves the non-uniqueness of the potential-flow solution only if 
the airfoil has a single sharp trailing edge 











Figure 7.1.3 Sketches of potential-flovy streamline patterns around the same airfoil shape with different values 
of circulation. (a) Zero circulation; zero lift. (b) Circulation such that flow leaves trailing edge smoothly; some 
LN. (c) More circulation; higher lift than (b) 
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Over the many years since Kutta introduced it, there has been much discussion of what the Kutta condition 
really means, physically speaking. Some critics have seen it as a mathematical artificiality and argued that the 
need for it demonstrates the physical inadequacy of potential-flow theory. The holders of this harsh view seem 
to be in a minority, however. The more prevalent view is that when a physical theory leaves out some physical 
effect, itis reasonable to adopt a rule or adjustment if it can be shown to effectively compensate for what was 
left out. In the case of potential-flow theory, what was left out is the combination of viscosity and the no-slip 
condition, It is often observed that viscous flow cannot generally negotiate a sharp comer, as in Figure 7.1 3a 
without separating, and that the presence of viscosity is therefore the reason that the flow patter of Figure 
.L.3b is the only physically reasonable one. In this view, the Kutta condition is seen as a perfectly reasonable 
proxy for one of the major effects of viscosity; that is, that viscous flows tend to separate from sharp edges. 

‘The compensation that the Kutta condition provides is not perfect, but it is quite effective. It resolves the 
indeterminacy of the lift and enables potential-flow theory to predict something close to the right lit-vers 
alpha curve and airfoil pressure distributions in the attached-flow regime, but it leaves the displacement effect 
of the boundary layer unaccounted for (see Section 4.1.3 for a discussion of the displacement effect in general, 
and Section 7.4.1 for examples of the effects of displacement on the lift curve and pressure distribution of an 
airfoil, 

Of course, an “edge” doesn't have to be perfectly sharp to provoke viscous-flow separation, and in the real 
world separation will still anchor itself near the trailing “edge” of an airfoil even if there is a considerable degree 























of rounding. Thus even if the trailing edge is rounded, 
with some uncertainty as to where it applie: 

So the Kutta condition is reasonably seen as accounting for the major effect of viscosity. A logical extension 
of this line of thinking is that lift would not exist without viscosity. It ean be shown, based on starting the flow 
from rest, that in the absence of viscosity, the nonlifting flow pattern of Figure 7.1.3a is the one that would 
occur (see Gentry, 2006). There is some experimental support for this conclusion, though it is not extensive, 
Fluids without viscosity exist only in the form of superfluids such as liquid helium, and these have been pro- 
duced in the laboratory only in small volumes in which the usual kinds of aerodynamics experiments can't be 
done, There has been one experiment in which a tiny propeller was suspended on a slender fiber in a flow of 
superfluid liquid helium (Donnelly, 1967). There was no detectable torsional deflection of the fiber, indicating 
that there was no lift on the propeller’s blades. I don't know how definitive this result is. Given the small s 
of the experiment, it’s unlikely that the trailing edges were very sharp on the scale of the blade chord. 

A possible alternative mechanism for the Kutta condition in gas flows is compressibility. Compressible flow 
around a sufficiently sharp trailing edge would expand to a vacuum condition, with no plausible way for the 
flow to reach the stagnation point on the other surface. Thus even in the absence of viscosity, we might still se 
the Kutta condition obeyed through the effects of compressibility, a possibility we consider in more detail in 
Section 9.15. 

In the early 


something like the Kutta condition still appli 
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ars of our discipline, even solutions for incompressible potential flow around general airfoil 
shapes required too much computation to be practical. As we noted in Section 3.10, analytic conformal mapping 
provides a way to generate solutions for fairly “complicated” shapes with practically no computing. By ap- 
plying this method, Joukowski (Durand, 1967a) was able to define some reasonably practical-looking airfoil 
shapes and predict their pressure distributions. Another simplification, developed by Munk around 1920 (Dur- 
and, 1967a), is the linearized inviscid theory, applicable in the limit of small thickness and angle of attack. We'll 
consider the linear theory further in Section 7.4.1, where we find that it provides interesting insights into the 
effects of shape and angle of attack on an airfoil’s pressure distribution. 





7.2 Lift in Terms of Circulation and Bound 
Vorticity 


A major relationship that can be derived from momentum conservation and kinematic considerations (cireula- 
tion and vorticity theorems) is that lift is always accompanied by circulation and vorticity, In Section 7.1, we 
saw how this relationship must be accounted for in potential-flow solutions for 2D airfoil flows. Itis also a key 
ingredient in quantitative theories of lift and induced drag in 3D, as we'll see in Sections 8.2 and 8.3. And it 
plays a role in a particular kind of explanation of lit in general, as we'll see below, though not the kind of phys- 
ical explanation welll be seeking in Section 73. 

‘The most basic statement of this relationship is the Kutta-Joukowski theorem (Joukowski, 1906). As origin- 
ally derived, it applies to lift in 2D, but it also applies to stations along the span of a 3D wing in the limit of 
hhigh aspect ratio. The theorem states that the lift per unit span on a 2D airfoil of any shape in a steady, inviscid, 
irrotational flow is proportional to the circulation I’ on a closed contour enclosing the airfoil: 








221! = PoP, 
where p and Us are the density and velocity at infinity. The contour on which I is defined can be any closed 
contour enclosing the airfoil, because the flow everywhere outside the airfoil surface is assumed irrotational, 





and Stokes's theorem (Equation 3.3.4) then requires that I" must have the same value regardless of what closed 
contour is chosen. In a real, viscous flow, the theorem should still apply with high accuracy, provided the con- 
tour is outside the boundary layer and doesn't cut the viscous wake too close to the trailing edge. 

Now, given that lift requires circulation around the airfoil, Stokes's theorem also requires that any closed 
contour enclosing the airfoil must have a net spanwise vorticity flux passing through it, equal to the circulation, 
This vorticity is referred to as bound vorticity because it is associated with the airfoil itself and is not convected 
away from the airfoil by the flow. Consider four ways that the bound vorticity can be thought to reside with the 
airfoil, in decreasing order of realism: 

1. Ina real, viscous flow with a physical boundary layer on the surface of the airfoil, the bound vorticity 
is the actual physical vorticity in the boundary layer, as illustrated in Figure 7.2.la, The bound vorticity 
is therefore distributed over some short distance off the surface into the flowfield. In a steady boundary- 
layer flow, vorticity is replaced by convection from upstream and diffusion from above or below as fast 
as itis convected away by the flow, so that itis as if the vorticity were stationary, and we can still think 
of it as bound vorticity (see Section 4.2.4 for a discussion of the vorticity “budget” of a boundary layer). 











2, In an inviscid flowfield like we assumed in the derivation of Equation 7.2.1, the bound vorticity cannot 
reside anywhere in the interior of the field because the flow is irrotational. The vorticity must therefore 
reside on the airfoil surface, as shown in Figure 7.2.1b, It takes the form of an ideal vortex sheet, which is 
a sheet of zero thickness in which the vorticity is infinite, but the vorticity flux (strength) per unit width 
of sheet is finite, a concept we discussed in Section 3.3.7. The strength of the sheet is equal locally to the 
magnitude of the potential-flow velocity at the surface, which is consistent with having the interior of the 
airfoil filled with fluid at rest and with the idea that a vortex sheet defines a velocity jump, as we saw in 
Section 3.3.8 

3. In either of options (1) or (2) above, the vortex sheets on the upper and lower surfaces consist of vor- 
ticity of opposite signs, and their effects are partially offsetting. What really counts out in the field is the 
sum of the upper and lower surface contributions, or the net vorticity at each longitudinal station along 
the chord, which in some models of the flow is taken to reside in a vortex sheet on a camber line between 
the upper and lower surfaces, as illustrated in Figure 7.2.le. This picture simplifies things considerably 
and is usually what is meant when the term “bound vorticity” is used. Well find that thinking just of the 
net vorticity makes it easier to think about what happens in the flowfield around a 3D wing, which we'll 
take up in Section 8.1.2. The picture also applies naturally to an airfoil with zero thickness, in which case 
the vorticity strength is equal to the magnitude of the velocity difference (jump) between the upper- and 
lower-surface flows, 























4. In some highly simplified models that are used when only the farfield effect is important, the bound 
vorticity is represented by a single vortex, usually placed at the quarter chord, as shown in Figure 7.2.1 








Figure 7.2.1 Illustrations of the bound vorticity associated with a lifting airfoil, represented in different ways, 
in order of decreasing physical fidelity. (a) As the vorticity in the physical boundary layer of a real viscous 

flow, (b) As an ideal vortex sheet on the surface itself, in an inviscid flow. (c) As the net vorticity of the upper 
and lower surfaces, located on a camber line between the surfaces, (d) Asa single vortex at the quarter-chord 
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Of course, the viscous wake downstream of the trailing edge in 2D flow also contains vorticity, but of op- 
posite signs in the upper and lower portions of the wake. At any longitudinal station along the wake, the net 
vorticity (integrated over the thickness of the wake) is thus a difference between contributions of opposite sign, 
‘The near wake of a lifting airfoil usually has some curvature and therefore a pressure difference and a velocity 
jump across it, both usually small, This means that the net vorticity convected past the trailing edge is small 
but not exactly zero. As the wake straightens out downstream, the net vorticity in it must go to zero, For this, 
to happen, any net vorticity that was there in the near field must be destroyed by viscous diffusion between the 
vorticity of opposite signs in the upper and lower portions of the wake. Then practically no net vorticity is con- 
‘ected out of the near field by the wake. The global situation is as if all the vorticity resided close to the surti 
(the bound vorticity), and there were no other vorticity in the field, just as it was for the inviscid-flow case. 
‘The usual derivation of Equation 7.2.1 invokes momentum conservation applied to a control volume with 
its inner boundary at the airfoil surface and its outer boundary far enough away that the velocity field can be 
approximated by the combination of the uniform freestream and a single vortex of strength I located on or near 
the airfoil, representing the integrated bound vorticity on the airfoil surface. The original derivation assumed 
incompressible flow, but it is sufficient to assume subsonic flow and small disturbances in the farfield 
So conservation of momentum in control-volume form, combined with Stokes’ theorem, tells us that lift must 
mpanied by circulation and bound vorticity. Note, however, that Equation 7.2.1 is just a relationship 
between the lift and the circulation, and that it doesn't predict what the lift or circulation will be for a particular 
airfoil shape and flow condition. To predict the lift, we must still solve for the flowfield to some level of fidelity, 
as discussed in Section 7.1. And, of course, Equation 7.2.1 doesn't explain what causes the circulation, 














7.2.1 The Classical Argument for the Origin of the Bound 
Vorticity 


An argument to explain the origin of the circulation and thus the existence of lift is given by Prandtl and Tietjens 
(1934) and by Batchelor (1967). It follows the airfoil through the process of a start from rest and relies more on 
observation of experimental flow visualizations and on circulation and vortex theorems than on direct physical 
reasoning, The argument can be paraphrased as follows: 


With the air initially at rest relative to the airfoil, the circulation around any closed contour enclosing the 
airfoil is zero, The air is then suddenly put into “uniform translatory motion” (motion that is uniform in 
the limit in the farfield). One of Kelvin’s theorems states that when a nonviscous fluid is suddenly put into 
uniform motion, the circulation around any closed contour is unchanged, so that the circulation around the 
airfoil is still zero. Immediately after this sudden start, the velocity field looks like the steady potential-flow 
solution without circulation, as in Figure 7.1.34, At this point, the same argument comes into play that was 
used to support the Kutta condition that determines the lift in steady potential flow: The flow around the 
sharp trailing edge has infinite velocity, and now, because air actually has a small amount of viscosity, the 

















flow separates smoothly from the trailing edge, Prandt! and Tietjens state that as a result of the separation, 
a “surface of discontinuity,” or vortex sheet, begins to shed from the trailing edge. According to one of 
Helmholtz's theorems, this vorticity must be convected with the flow, and it will therefore be carried down- 
stream, This sheet rolls up into what is called the starting vortex. Prandt! and Tietjens don’t explain why the 
separation from the trailing edge leads to the shedding of a vortex, but appeal instead to flow-visualization 
photos that show the vortex forming. The photos also show that the formation of the starting vortex is ac- 
companied by the formation of a circulatory flow around the airfoil in the direction opposite to that of the 
starting vortex. Prandtl and Tietjens point out that this is consistent with another one of Kelvin’s theorems, 
which requires that the total circulation around the airfoil and the starting vortex continues to be zero, and 
that the individual circulations around them must therefore be equal and opposite. Finally, the flow around 
the airfoil settles into a steady state with nonzero circulation, and the existence of lift follows from the 
Kutta-Joukowski theorem 




















Note that this scenario is more of a description of the process by which circulation is established than itis, 
an explanation. To the extent that itis an explanation, itis more logical and mathematical than physical, as all 
the crucial steps along the way are justified by mathematically derived theorems: Kelvin, Helmholtz, and Kutta 
Joukowski. The theorems are correctly applied, so the logical inferences are correct. But they do amount more 
to logical inferences than to physical explanations 

A further shortcoming of this argument as an explanation of lift in general is that it concentrates on a partic 
ular time sequence by which lift can be established (an impulsive start from rest at a fixed angle of attack) and 
;plains” only one aspect of the final steady state (the circulation). One might wrongly infer from the Prandtl- 
and-Tietjens scenario that the final steady-state lift depends on the details of the initial time history. But the final 
steady state is nearly always a unique “stable attractor” that is the end point of any one of an infinity of time 
histories (impulsive starts, gradual starts, varying angle of attack, etc.). Thus the final steady state is in a sense 
‘more fundamental than any of the possible starting sequences, and a more satisfying explanation would deal 
directly with it and show us why it does what it does. And this would require establishing more details than just 
the circulation 


























‘The Prandtl-and-Tietjens scenario falls short of being a real physical explanation in other ways as well. First, 





it assumes the existence of the starting vortex and supports it only by appealing to experimental flow visualiz~ 
ations. Just how or why the vortex forms is never explained. Then it strays into questionable cause and effect 
‘when it says that “Owing to the formation of the starting vortex, the velocity field is changed...” This implies 
that vorticity is somehow a cause of the velocities that occur elsewhere, which reflects an incorrect interpreta 
tion of the Biot-Savart law, as we saw in Section 3.3.9. Otherwise, the Prandtl-and-Tietjens scenario, as presen- 
ted, neglects to assign any cause-and-effect relationships or at least fails to make a distinction between logical 
inference and physical cause. 

‘The general order in which the argument is presented leads the reader to infer that lif is a result of the form- 
ation of the starting vortex. The overall logical inference is true, that if a starting vortex was shed, then there 
‘must be lift on the airfoil, But this particular inference works just as well in the opposite direction: If there is lift 
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on the airfoil, then a starting vortex must have been shed. The general direction of physical cause and eff 


such that it would be closer to the truth to say that the lift foree is the prime mov 
result of it, not a cause. 

Batchelor's version of the explanation also refers to experimental flow visualizations, but it dwells in greater 
detail on the initial phase of the formation of the starting vortex, and it makes a more convincing argument that 
the shedding of vorticity is a necessary consequence of viscosity. Overall, however, it also implies that the shed- 
ding of the starting vortex somehow causes the establishment of the circulation on the airfoil. 

A close analogy to the relationship between lift and the starting vortex is the relationship between a bear 
walking through the woods after a fresh snowfall, and the paw prints he leaves behind in the snow. The pres- 
ence of the prints allows the logical inference that a bear has passed by since the snowfall. But this works in the 
opposite direction as well: Knowing that a bear has passed through soft snow allows the equally logical inferen- 
ce that prints must have been left. The logical inference can work either way, but the physical cause-and-effect 
relationship is clearly one-way: The passage of the bear caused the prints, but the prints did not cause the pas- 
sage of the bear. Like a paw print in the snow, the starting vortex is a mostly passive trace left behind by other 
physical events. It is not a cause of those events. 

In“The Origins of Lift,” Gentry (2006) recounts essentially the same scenario as Prandt! and Tietjens, but he 
‘goes on to describe some key features of the airfoil flowfield, such as the upwash ahead of the airfoil, the higher 
velocity over the upper surface, and the dowmwash behind the airfoil, as being caused by the “circulatory flow.” 
Actually, these features are just parts of the circulatory flow pattern, and it isn't logical to say they are caused by 
it. Assigning causation to “circulatory flow” in this way is also closely related to the idea that vorticity at one 
location can “cause” velocities elsewhere, which is incorrect, as we saw in Section 3.3.9. 





- and the starting vortex is a 


























7.3 Physical Explanations of Lift in 2D 


It's easy t0 explain how a rocket works, but explaining how a wing works takes a rocket scientist. 
—Philippe Spalart 

In this section, we seek to explain lift in 2D flows, in the context of continuum fluid mechanies, but without 
appealing to mathematics, both to further our own physical understanding and to have a satisfactory explanation 
that we can share with nonexperts. We've already alluded to what a difficult task this is, and because it is so 
difficult well end up devoting a lot of attention to it. Not only do we have to deal with the complexity of the 
physies, but we will also have to address an extensive collection of nontechnical lore that this topic has gener- 
ated over the years, most of which is deeply flawed. Because of this, we'll end up spending more time on the 
background than on the explanation itself. But allthis effort is justified by the general importance of the issue. 
An explanation for what causes lift is probably the single most important thing most laymen want to know about 
aerodynamics. 

First, welll look at some of the general characteristics of many of the explanations that are already in cireu- 
lation (no pun intended) and discuss their strengths and weaknesses. With that as background, we'll set down 
our “requirements” for a more satisfying explanation, and then we'll proceed to compile our “best” explanation, 
We'll divide this into a basic part that can be shared with a nontechnical audience, followed by some additional 
technical details, 

















7.3.1 Past Explanations and their Strengths and 
Weaknesses 


‘The purpose of this scetion is not to provide an exhaustive recounting of the explanations that have been offered 
in the past, but to look at some of the general lines of argument they share and to their strengths and 
weaknes 











7.3.1.1 A General Observation on the Nature of the Problem 


I propose that an underlying reason most of the explanations we'll discuss below fall short is that they set out to 
do more than is logically possible, given the nature of continuum fluid mechanics. In Section 3.5, we discussed 
how predicting what will happen in a fluid flow requires solving the equations of motion, something we can't 
generally do in our heads with sufficient precision to choose the “right” solution from the many kinematically 
possible flow patterns. Yet, in most of the proposed physical explanations of tiff, there is an implied assumption 
that a simple linear argument starting from a few basic principles can both predict and explain the existence of 
lif and that no prior knowledge of the characteristics of the flowfield is required. Well discuss this issue further 
‘when we set down our “desired attributes of a more satisfactory explanation” in Section 7.3.2. 














7.3.1.2 The Flowfield-First Fallacy 


‘A line of thinking that characterizes many of the physical explanations for lift that have been proposed is, 
something I call the “flowfield-first” fallacy. It shows up most seriously in Bemoulli-based explanations, but it 
creeps into other explanations as well. The general line of argument is first to determine, by some argument or 
other, what the flow around the airfoil does and then to deduce that the flow exerts a lift force on the airfoil 
‘There is no mention of whether the lift force influences what the flow does. It is not always explicit that the flow 
uses" the force, but causation is implied by the way the inferences run. What is implied is one-way causation 
of the kind that I argued in Section 3.5 is incompatible with continuum fluid mechanics, in which cause-and- 
effect relationships tend to be reciprocal. Any argument that claims to establish what a lowfield does, without 
ence to the forces that it exchanges with its environment, must be at least incomplete. Note that the math- 
ions of lift that we discussed in Section 7.1 don't share this failing because, in solving equations 
avior of the fluid, they determine the flowfield and the force together, taking 
into account the proper circular cause-and-effect relationships. 

So the flowfield-first approach is faulty at the outset, in assuming that we can determine key features of the 
flowticld that wil lead to a lift force, and that we can make the determination without knowing that the lift Fore 
is there. The Bernoulli-based explanations are the most serious offenders in propagating this fallacy, but they 
tend to have other faults as well, as we'll see. 



































7.3.1.3 Bernoulli-Based Explanations 


‘The key flow feature that Bernoulli-based explanations appeal to is a region of high velocity that forms over the 
upper surface of the airfoil, which is then said to imply, or even cause, low pressure on the upper surface, as a 
consequence of Bemoull’s principle. Causation is not always explicitly stated, but it is implied. We'll see later 
that lower pressure and higher velocity over the upper surface are indeed necessary for lift. But the implication 
that the high velocity causes the low pressure amounts to the same kind of one-way causation that we just saw in 
tion with the flowfield-first fallacy, applied now at another level of detail in the flowsield, and it is wrong, 














for the same reason. Again, one-way causation is simply not compatible with the physics. In this case, the high 
velocity and the low pressure are indeed related, but it is wrong to explain the causation as running only in one 
direction. And this error effectively dooms any explanation built along these lines. Because the low pressure is 
seen only as a result of the high velocity, and not as part of the cause, itis impossible to explain correctly how 
the high velocity got there in the first place. Most attempts to explain the high velocity without appealing to the 
pressure follow either of two main approaches, both unsatisfactory. 





7.3.1.4 Longer Path and Equal Transit Time 


This is an argument that is widespread in explanations aimed at the layman, In this approach, itis assumed that 
the upper surface of the airfoil is more convex than the lower surface, which is often true but not always, and 
that the path the air must follow around the upper surface is therefore longer than the path around the lower 
surface. It is further assumed that fluid parcels that are split apart at the leading edge to traverse the upper and 
lower surfaces must rejoin at the trailing edge as shown in Figure 7.3.1. Thus fluid parcels negotiating both 
paths must do so in equal transit times, and we conclude that the velocity over the upper surface must be higher 
than that over the lower surface. 
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Figure 73.1 Fluid parcels splitting at the leading 
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This explanation is wrong for several reasons that we'll address next, but first we should note that relative 
path length doesn't work well as an indicator of how much lift an airfoil can produce. First, lift can be produced 
with zero difference in path length. For an airfoil consisting only of a camber line (no thickness), there is an 
ideal angle of attack at which the flow attaches smoothly to the leading edge, and the upper- and lower-surfac 
flows see the same path length. For example, a camber line consisting of a segment of a circular are produces 
Lif at its ideal angle of attack of 0°. Then, even among airfoils that do have a difference in path length, the dif- 
ference tends to be no more than a small percentage. This is an order of magnitude too small for the path-length 
explanation to account for the lift that airfoils actually produce, as Craig (1997) has pointed out. Airfoils under 
real lifting conditions can produce much lower pressures and much higher velocities over the upper surface than 
any reasonable path-length difference can account for. So where does the path-length explanation go wrong? 
First, the assumption of equal transit time is wrong. There is no reason why fluid parcels that split at the 
leading edge must rejoin at the trailing edge. But to say more about relative transit times, we need to observ 
cone careful distinction regarding what fluid parcels we are going to follow to measure the transit time, In real 
viscous flows, we assume that the no-slip condition holds, with zero velocity at the solid surface, so that transit 
times for parcels passing close to the surface approach infinity. Even in ideal inviscid flows there is a similar 
problem. In practically all 2D airfoil flows, the initial attachment of the flow is at a stagnation point at which the 
velocity is zero and away from which the velocity initially increases linearly, and again, transit times for parcels 
passing close to the surface approach infinity. This is an example of the infinite delay effect for blunt-nosed 
obstacles in general that we discussed in connection with Figure 5,1,3c. To get around this difficulty, we must 
ure the transit time for parcels that start their journeys at some arbitrary distance above or below the stag- 
nation streamline upstream, and in the case of viscous flow, the distance should be chosen large enough so that 
the parcels remain outside the boundary layers on the upper and lower surfaces. When we do this, we find that 
































under lifting conditions, parcels that traverse the upper surface make the trip in less time and get to the trailing 
edge before the corresponding parcels that traverse the lower surface. Parcels that started close together near 
the attachment streamline ahead of the airfoil end up permanently displaced from each other after they pass the 
trailing edge, as shown in Figure 7.3.2. 








Figure 7.3.2 Fluid pi 
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flow that satisfies the Kutta condition 
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The equal-transit-time explanation is problematic on another level as well, and that is that it is not a real 
physical explanation. Simply saying that something must go faster than something else to get somewhere at the 
same time does not explain how it goes faster, for example, by identifying the physical force that accelerates it 
to a higher velocity 








7.3.1.5 Hump, Half-Venturi, or Streamtube Pinching 


As usually presented (sce Anderson, 2008, Section 5.19, for example), this approach also assumes that the upper 
surface is more convex than the lower surface. The argument then assumes a general flow pattern along the 
lines of what we discussed in Section 5.1, what I called the “obstacle effect.” The upper surface acts as a kind 
of “hump” or larger obstacle to the flow than does the lower surface, with the result that the streamlines over 
the upper surface are pinched together more than those over the lower surface. Then, as a result of streamtube 
‘mass-flux conservation, the velocity is higher. As an altemative to the “hump,” an analogy is sometimes drawn 
between the upper surface of the airfoil and the inner surface of a Venturi tube, but this is essentially the same 
argument. 
This explanation is better than the longer-path-length explanation in that the velocity difference that it might 
account for is not so limited. But as usually presented, it has two major flaws: 
1. It doesn't really explain how streamtube pinching comes about at all, let alone why itis greater over the 
upper surface than over the lower surface. Streamtube pinching is not a kinematic necessity, as we saw 
in Section 5.1 in the discussion of Figure 5.1.4, so a dynamical explanation for it is needed. Anderson's 
(2008) version offers only that the flow somehow “senses the upper portion of the airfoil as an obstruc- 
tion” and pinches down to go around it. 1 assume this is not meant to say that a fluid flow actually has 
some kind of remote-sensing capability, just that in pinching down the flow behaves as if it were sensing 
the presence of the airfoil. Still, this leaves unexplained what physical principle is at work in the pinching- 
down response. Really explaining streamtube pinching requires getting into the details of the dynamics, 
as we did in our discussion of the obstacle effect in Section 5.1 

















2, Appealing to mass-flux conservation (continuity) isn't very satisfying as a physical explanation for 
higher velocity. Conservation of mass is a fundamental physical principle, but at the flowfield level it is 
really more of a kinematic constraint than a dynamical relation (see Section 3.4.1). Really understanding 
why something speeds up requires looking at the forces. 

‘Some versions of this explanation argue that the airfoil needn't be more convex on the upper surface and that a 

positive angle of attack is sufficient to cause the leading edge to act as a hump and produce high velocity over 

the upper surface near the leading edge. The explanation by Eastlake (2002) is in this category. This version of 
the hump argument has some appeal in that it provides a basis for the variation of li with angle of attack, but it 

















still has the major fault of not providing a satisfactory explanation for how the streamtube pinching and the high 
velocity happen, We can also counter this argument with the observation that it doesn’t rule out the zero-lift low 
pattern of Figure 7.1,3a, in which the trailing edge also acts as a hump, producing high velocity on the lower 
surface near the trailing edge. 





7.3.1.6 Confusion Regarding Low Pressures 


Confused thinking about what low pressure actually means, physically speaking, seems to be widespread, and 
the confusion isn't limited to explanations of airfoil lift. We all tend to think intuitively of lower-than-ambi- 
cnt pressure as something that can exert a pull on surfaces that it touches. For example, Shevell (1989) uses a 
tornado as an example in his discussion of the low pressure in the core of a vortex, and states that “The low 
pressure is the force with which a tornado removes the roof from a house.” This of course can't be true in a 
literal mechanical sense. Even the lowest pressure reachable in the core of a tomado must still be positive in an 
and therefore cannot by itself be the force that lifts a roof, Ifa roof is lifted, itis lied by the 
pressure beneath it, The low-pressure air above the roof plays its part by not pushing down as hard as it ordin- 
arily would. The low pressure doesn directly provide the force that lifts the roof. 

The idea that low pressure can exert a pull finds its way into some airfoil explanations that discuss the low 
pressure on the upper surface. It is mostly explanations aimed at popular audiences that are guilty of this, and it 
is often seen in both the graphic illustrations and the words, 

In the graphics accompanying many explanations, the pressure distribution around the airfoil surface is plot- 
ted as an array of vectors (arrows) normal to the surface. The trouble is that the vectors’ magnitudes are made 
proportional to the local pressure difference, relative to ambient, so that high pressure is shown as arrows point- 
ing toward the surface, and low pressure is shown as arrows pointing away from the surface, as seen in Fig- 
ure 7.3.34. One could argue that this convention is perfectly fine for conveying quantitative information and 
that it shouldn't cause confusion for a technically literate audience, provided the basis is explicitly spelled out, 

the quantitative data could be conveyed more easily and clearly in a conventional Cartesian plot. 
enting the pressure as arrows with directions, the intent is clearly not just to convey data, but also to 
provide a physical feel for how the pressure acts as a force. In this regard, an illustration like Figure 7.3.30 is 
jing, at least to a nontechnical reader, because it gives the impression that the air in regions of low pres- 
sure is pulling on the surface. 





























Figure 7.3.3 Airfoil pressure distributions represented graphically as vectors. (a) Arrows proportional to the 
pressure difference p — p.. (b) Arrows proportional to the absolute pressure 
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To provide the physical feel that Figure 7,33a secks to provide, but to do it without misleading, is problem- 
atic, We could make the lengths of the arrows proportional to the absolute pressure, as in Figure 7.33b. In this 
case, we have had to assume the equivalent of a relatively high subsonic Mach number, so that the pressure 
differences are large enough to stand out relative to the magnitudes. And this is the only drawback to this type 
of presentation: It exaggerates pressure differences compared to what would actually occur, s 
aviation application at low Mach numbers where the pressure differences would be too small to s 

The words that accompany an illustration like Figure 7.33a are often as misleading as the illustration. The 
word “suction” is often used to refer to the pressures that are lower than ambient. As a technical usage, there is 
nothing wrong with this, as long as everyone understands that it just means “lower pressure than ambient.” But 
for a nontechnical reader, itis potentially confusing because it tends to evoke an image of the air pulling on the 
surface, like the arrows in Figure 7,33a. 

Another idea that is often put forward is that the upper surface produces most of the lift, because the negative 
pressure differences on the upper surface, relative to ambient, are on average larger in magnitude than the pos 
itive pressure differences on the lower surface. Of course, if we look at it in terms of the actual physical forces, 
it is more correct to say that the air pushing against the lower surface is responsible for all of the lift, and then 
some, and that the air over the upper surface helps out by not pushing down as hard as the lower-surface air 
pushes up. But the view in terms of differences from ambient also has some merit. After all, the absolute am- 
bient pressure would be there even if the airfoil were at rest, and itis the differences from ambient that result 
from the dynamics of the flow and are responsible for the lift. And it is true that the negati 
upper surface are generally larger than the positive differences on the lower surfa 

It is often implied that this is a general characteristic of the production of lift, which is only partly true. Ac- 
cording to the linearized theory we'll discuss in Section 7.4.1, lift results from the angle of attack and camber 
shape only, and airfoil thickness makes no contribution, to first order. For a cambered-plate airfoil (zero thick- 
ness) in the linear limit, lift is characterized by equal-and-opposite differences on the upper and lower surfaces, 
So for a very thin airfoil at a low lift level, the pressure differences associated with the lift are almost equal- 
and-opposité. But in most practical situations, both thickness and non-linear effects tend to reduce the pressure 
‘over most of the chord on both surfaces of the airfoil, so that the negative differences on the upper surface are 
actually larger than the positive differences on the lower surface. 
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7.3.1.7 Momentum-Based Explanations and the Coanda Effect 


In momentum-based explanations, it is generally argued that the airfoil produces a flowfield in which some of 
the air is “deflected” downward and thus has downward momentum imparted to it. To acquire downward mo- 
‘mentum, the air must have a downward force exerted on it by the airfoil, and thus, by Newton's third law, the 
airfoil must have an upward force exerted on it by the air. At the highest level, this general approach avoids the 
flowfield-first fallacy that mars most of the Bemoulli-based explanations. At least the mutuality of the force ex- 
change between the airfoil and the air is explicitly acknowledged. But most explanations of this type fall short 
of providing a complete explanation of how the airfoil accomplishes the downward deflection of the stream. 
‘Some momentum-based explanations emphasize that itis not just the lower surface of the airfoil that defl 
the flow, and that the flow pattern over the upper surface also contributes strongly to the overall downward de- 
flection. This general assertion is correct, but itis often followed by incorrect reasoning as to how the upper-sur- 
face flow does what it does, For example, Anderson and Eberhardt (2001) and Craig (1997) invoke the Coanda 
effect as the reason that the flow is able to follow the curved upper surface. This is problematic on more than 
one level: 
1. Applying the term “Coanda effect” to an airfoil flow is inaccurate and therefore confusing. The Coanda 
effect usually refers to the tendency of a powered jet flow (in which the jet has higher total pressure than 
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the surrounding uid) to attach to an adjacent solid surface and to follow the contour of the surface. Al- 
though the attached boundary layer on the surface of an airfoil is a shear layer, it is not the same as a 
powered jet, and is not usually considered an example of the Coanda effect. As we'll see below, there is a 
limited way in which something like the Coanda effect can be construed as playing a role in airfoil flows, 
but it is a bit ofa stretch, 











2. The Coanda effect is erroneously seen as implying that viscosity plays a direct role in the ability of a 
flow to follow a curved surface. Anderson and Eberhardt assert that viscous forces in the boundary layer 
tend to make the flow turn toward the surface, specifically, as they put it, that the “differences in speed 
in adjacent layers cause shear forces, which cause the flow of the fluid to want to bend in the direction 
of the slower layer.” Actually, there is no basis in the physics for any direct relationship between shear 
forces and the tendeney of the flow to follow a curved path. 

First, welll look at what the term “Coanda effect” properly encompass 
attachment” or “boundary-layer attachment” in ordinary aerodynamic flows really involves and how it differs 
from the Coanda effect 

The phenomenon that Coanda himself investigated, for which others later coined the term “Coanda eff 
vas limited to powered jet flows in which the jet is of the same phase (gas of liquid) as the surrounding fui 
and has higher total pressure. A relatively thin 2D or annular jet (a jet in the form of a sheet) has a tendency 
to bend and attach itself to an adjacent solid surface, and to follow the surface even if the surface has strong 
convex streamwise curvature. This tendency is a result of the jet’s entrainment of surrounding fluid and of the 
requirements imposed on the flow pattern by the continuity equation, 

The effect is illustrated in Figure 7.3.4, In (a), we see an isolated 2D jet flowing into otherwise quiescent 
air. Whether the flow issuing from the nozzle is turbulent or not, at high Reynolds numbers the jet downstream 
will be turbulent, and the important thing for our purposes is that a turbulent jet strongly entrains fluid from the 
surroundings as it spreads downstream. Outside of the turbulent jet itself, the fluid flows toward the jet, thus 
feeding the entrainment, The velocities required to feed the entrainment are not large, but they are important, as 
we'll see. In (b), we've introduced a solid surface adjacent to the jet, with the leading edge of the surface close to 
the edge of the jet, but with the rest of the surface curving increasingly away from the jet. Because we've placed 
the surface in a region that in the case of the isolated jet was nearly quiescent air, we might naively expect it 
not to have much effect on the high-velocity flow in the jet, and for the jet to continue to flow straight, as it 
did in (a). But blockage of the flow feeding the entrainment makes it impossible for the flow pattern of (b) to 
be sustained. The air between the jet and the surface is entrained faster than it is replaced from the surround- 
ings, and the flow quickly switches to the pattem in (c), where the jet bends to flow along the curved surface. 
‘The pressure field simultaneously adjusts (Remember circular cause and effect between velocity and pressure!) 
so that a pressure gradient normal to the local flow direction balances the centrifugal force associated with the 
curvature of the flow. So we see that even in a jet flow that exhibits the Coanda effect, the curvature of the flow 
is not a direct result of viscous forces (or their turbulent counterparts), but an indirect one, 








and then we'll consider what “flow 





























Figure 7.3.4 Illustration of the Coanda effect, (a) Isola 


ed free jet in oth 





snvise quiescent air. (b) Curved sur 


face added adjacent to the jet, but not altering the flow. (c) Jet attached to the curved surface 
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In ordinary aerodynamic flows without powered jets, low attachment has very little in common with the 
powered-jet effect that Coanda investigated and is really just the absence of boundary-layer separation. In Sec~ 
tion 4.1.4, we saw that boundary-layer separation from a smooth surface in a 2D flow generally requires rising 
pressure (an adverse pressure gradient) to stagnate the low-velocity fluid. Counteracting the effect of an ad- 


‘verse pressure gradient is the favorable viscous force by which the higher velocity fluid farther from the surfac 
drags the low-velocity fluid along. Boundary-layer separation thus involves a tug-of-war between the adverse 
pressure gradient and an opposing viscous force. At any given station along a surface subjected to an adverse 
pressure gradient, the pressure gradient will generally be winning the tug-of war locally, slowing the fluid near 
the wall, and reducing the velocity slope at the wall. How far the boundary layer perseveres into the adverse 
pressure gradient before it separates depends on the rate at which the pressure gradient wins and the velocity 
slope at the wall decreases. Until the slope of the velocity profile at the wall is brought to zero, the boundary 
layer remains attached, just like the corresponding inviscid flow would under the same conditions. Separation 
occurs only when the adverse pressure gradient has acted over a long enough distance to produce reversal of 
the velocity profile, Thus the role of viscous forces in maintaining boundary-layer attachment is to reduce the 
deceleration caused by the pressure gradient and to help the low-velocity fluid at the bottom of the boundary 
layer keep moving, and the viscous forces are needed only in situations where the pressure gradient is adverse. 
Viscous forces have nothing direct to do with causing the flow to tur and follow a curved surf 
‘There are two things that very likely have contributed to confusion regarding this issue: 
1. The boundary layer on the surface of the airfoil is effectively a sheet of vorticity. In Section 3.3.5, we 
saw that one of the kinematic properties of vorticity is that fluid parcels have a solid-body-rotation com- 
ponent to their motion, with angular velocity «/2. If we picture an airfoil oriented so that the flow is from 
loft to right, fluid parcels in the upper-surface boundary layer will have a solid-body-rotation component 
to their motion, in the clockwise direction. It seems intuitively natural that fluid parcels that are rotating 
will tend to follow curved paths (curved downward in this case). This is a pre-Newtonian sort of intu- 
ition, however, that has no basis in the physics (the meaning of “pre-Newtonian” is discussed at the end 
of Chapter 2), There is no connection between fluid-parcel rotation and curved paths in the flow. 









































2, There is an indirect association between surface curvature and the need for viscous effects in the main- 
tenance of flow attachment, Convex surface curvature is often, though not always, associated with an 
adverse pressure gradient, in which case favorable viscous forces are needed to prevent separation, But 
the viscous forces prevent separation by dragging fluid along in the direction of the local flow, not by 
directly contributing to the turning of the flow. 








If viscous forces make no direct contribution to the turning of the flow when the surface is curved, what 
actually causes the flow to tum? The answer to this question lies in the interplay between the velocity field 
and the pressure field, which works in the same way whether the fluid is viscous or not. When a flow turns to 
follow a curved surface, it is able to do so because the pressure field adjusts so as to provide the force needed 
to accelerate the fluid toward the center of curvature. Thus the centrifugal force generated when the flow fol- 
lows a curved path is countered by a pressure gradient perpendicular, or normal, to the local flow direction, The 
normal pressure gradient and the flow curvature have a reciprocal relationship in which they cause and support 
cach other simultaneously. This is just another aspect of the circular cause-and-effect relationship between the 
pressure and velocity fields that we discussed in Section 3.5 and that will figure heavily in the physical explan- 
ation for lift that we'll develop in Section 7.3.3. Note that the normal pressure gradient is perpendicular to the 
streamwise pressure gradient that we considered earlier and that it isthe streamwise pressure gradient that plays 
the important role in determining whether the viscous boundary layer separates or remains attached. 

So viscous forces play no direct role in ordinary flow attachment, contrary to Anderson and Eberhardt’s ex- 
planation, A good counterexample to the Anderson and Eberhardt argument is the flow around a rotating cir- 
cular cylinder with the freestream perpendicular to the cylinder axis. This is an example of a flow in which the 
tangential motion of the surface, due to rotation, affects the location of se ¢, the flow follows 
the curved surface farther around the side of the cylinder where the surface is moving with the flow, and it sep- 
arates earlier from the side on which the surface is moving against the flow. But if we apply the Anderson and 
Eberhardt argument to this flow, it predicts the opposite of what is observed. On the side where the surface is 


























‘moving with the flow, the viscous stresses are reduced or even reversed, and the ability of the flow to follow 
the curved surface would be reduced, according to their argument, but in fact it is enhanced. And vice versa for 
the other side of the cylinder. The observed effects on both sides are consistent with ordinary boundary-layer 
theory, which correctly accounts for the effects of pressure gradient and surface motion. 

We've looked in some detail at what the Coanda effect actually is, as it is usually understood to apply to a 
“powered” jet flow, and why it is not needed for ordinary flow attachment, But might there still be a way that it 
can properly be said to apply to airfoil flows? Perhaps, but it is at most a very limited way. Figure 7.3.5 shows 




















two candidate flow patterns around an airfoil at a moderate angle of attack. 
Figure 7.3.5 Candidate flow pattems around an airfoil at a moderate angle of attack. (a) Separation ahead of 
the trailing edge. (b) Attached flow to the trailing 
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In Figure 7.3.5a, the flow separates ahead of the trailing edge and doesn't reattach to the surface, and in Fig 
the flow remains attached all the way to the trailing edge. Ata low enough angle of attack, where the 
tached-flow pattern of (b) is the correct one, we could argue that what rules out the alternative separated-flow 
pattern of (a) is the same entrainment mechanism that is responsible for the Coanda effect. The separated shear 
layer of (a) entrains fluid faster than it can be replaced from downstream of the trailing edge. So for airfoils 
with attached flow to the trailing edge, we could say that it is something like the Coanda effect that rules out 
a separated-flow pattem. But this is not the same as saying that the Coanda effect is needed for the attached- 
flow pattern to be possible. The fact is that we needn't appeal to any viscous-flow mechanism, boundary layer, 
Coanda, or otherwise, to explain how flows can follow curved surfaces. Even ideal inviscid “flows” represen- 
ted by solutions to the potential equation have no trouble following curved surfaces, And in real viscous flows, 
the natural tendency of the boundary layer is to remain attached unless it is provoked to separate by an adverse 
pressure gradient that is too strong, as we saw in Section 4.1.4. 














7.3.1.8 The Water-Faucet Demonstration 


In some explanations that refer to the Coanda effect (Anderson and Eberhardt, 2001, for example), a “simple 
experiment" is cited as a demonstration. If a curved object, like a spoon or a water glass, is held tangent to a 
small vertical stream of water from a faucet, the stream will deviate from its original vertical path and follow 
the curved surface, as shown in Figure 7.3.6a, This effect is obviously not a result of the same turbulent-jet en- 
trainment that is responsible for the regular Coanda effect, Instead, it seems to be due to molecular attraction 
between the liquid and the solid and to the fact that the stream resists being tom apart, because of the surface 
tension at the water-air interface. These forces should be independent of the speed of the flow. Thus the amount 
of deflection they can produce should decrease as the speed of the stream increases, and, indeed, this seems to 
be the case. You can demonstrate to yourself that if the stream is sufficiently slow, the entire stream will follow 
the curvature of the glass, but if the stream is too fast, it will break up, and much of it will leave the surface of 
the glass without being deflected much, as shown in Figure 7.3,6b. In any case, such water-stream demonstra 
tions are not relevant to explaining how aerodynamic flows follow convex su 





















Figure 7.3.6 Water-faucet experiment that is sometimes proposed as a 


jemonstration of the “Coanda effect 
ly demonstrates molecular attraction and surface tension (Photos by the author) 
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7.3.1.9 A Momentum-Based Argument in Which Flow Turning Comes 
First 


A variation on the momentum-based angument is put forward by Weltner and Ingelman-Sundberg (2000) on 
their web site. It is noteworthy because it explicitly rejects the one-way causation from velocity to pressure that 
is common in Bernoulli-based explanations, but then implies one-way causation in the other direction, Their 
argument goes as follows (paraphrased): 
It is wrong to argue that the high flow speed over the upper surface of an airfoil “causes” the low pressure 
there because the pressure difference whose existence we're trying to justify must have been there in the 
first place to accelerate the flow to higher speed. So where does the pressure difference come from? It 
arises because the airfoil deflects the flow, or causes it to change direction. So the change in flow direction 
uses the reduction in pressure, which in turn causes, or at least implies, the increase in flow speed. 


This argument claims, in effect, that it is not correct to invoke a longitudinal acceleration (a change in speed) 
as the sole reason for a pressure change, but in the case of an airfoil flow, itis permissible to invoke the normal 
acceleration (a change in flow direction). The implied justification is that the primary effect ofthe airfoil surface 
is to force the flow to change direction and that it is therefore logical for the normal acceleration to precede the 
pressure change in the chain of cause and effect. 

This idea has considerable intuitive appeal, but it is not entirely correct. The problem is that the interaction 
of most of the flow with the solid surface is not as direct as this argument implies. Only one vanishingly thin 
streamtube (the stagnation streamline) actually comes into contact with the airfoil surface, and the normal ac- 
celerations of all other streamtubes happen out in the field, just like the longitudinal accelerations do. For most 
fluid parcels, there is no direct interaction with the airfoil surface, only with adjacent parcels, and in this situ- 
ation, there is no basis in the physies for making a distinction between the normal and longitudinal components, 

















leration. They are both just accelerations, and neither one has a one-way causal link to the pressure. 
The original argument correctly states that a change in flow speed requires a pressure difference. We can say 
the same thing about a change in flow direction: The only thing that can cause a change in the velocity vector 
is pressure gradient. Thus for the normal acceleration to happen, the normal pressure gradient must already 
be there. And then if we incorrectly limit ourselves to one-way causation, we leave unanswered the question 
of what causes the pressure gradient. A correct explanation must acknowledge circular causation between the 
pressure and velocity fields. 














7.3.1.10 The Bernoulli-versus-Momentum “Controversy” 


Despite their flaws, both the Bernoulli approach and the momentum approach manage to get at parts of the truth. 
‘we saw in Section 5.4, itis the pressure that transmits the lift force to any lifting body. And lift is invariably 
accompanied by low pressure on the upper surface and must therefore also be accompanied by clevated velocity 
outside the boundary layer, consistent with the Bernoulli explanation. Generating lift also requires deflecting 
the flow downward and imparting downward momentum, as in the momentum explanation. The Bernoulli and 
‘momentum explanations just appeal to different aspects of the same global phenomenon. The Bernoulli explan- 
ation is based on the near-surface flow and the surface pressure, while the momentum explanation is based on 
a manifestation of lift that extends into the far-field. They are not contradictory. However, having two different 
explanations that both seem “right” has led to some heated arguments, ly on some web sites that offer 
explanations of lift 

For example, there has been a tendency for advocates of either the Bernoulli approach or the momentum 
approach to argue that one is correct and the other is wrong, leading to a Bemoulli-versus-momentum (or 
Bernoulli-versus-Newton) “controversy,” as seen, for example, in much of the discussion accompanying the 
Wikipedia article on “Aerodynamic lift.” An alternative put forward by some other commentators is that both 
approaches are correct, but that they represent two separate mechanisms and two separate types of lift. The ex- 
planation on the ALSTAR instructional web site (Florida International University) is in this camp, According 
to this view, a flat plate at an angle of attack produces only “reaction lift,” and an airfoil with camber produces 
“Bemoulli lit” at zero angle of attack and adds “reaction lift” as angle of attack increases. The Bernoulli-versus 
‘momentum controversy and the Bernoulli-lifvreaction-lift distinction are false, of course. Lift is a phenomenon 
that always involves a seamless combination of pressure difference and momentum transfer. 

Another argument that is often made, as in several successive versions of the Wikipedia article “Aerodynam- 
ic Lift.” is that lift can always be explained either in terms of pressure or in terms of momentum and that the two 
explanations are somehow “equivalent.” This “either/or” approach also misses the mark. It's true that lift can be 
accounted for quantitatively either by the integrated pressure difference or by the momentum transfer. But such 
accounting doesn't constitute a satisfying physical explanation for how it all happens. A complete explanation 
must address all of the necessary aspects of the flowfield, and neither the Bernoulli nor the momentum approach 
is complete in this sense. As welll sce in Sections 7.3.3 and 7.3.4, a complete explanation must address both the 
velocity magnitude (Bemoulli) and direction (downward turning) because the flow we're trying to explain is not 
one-dimensional, but two-dimensional. 






























7.3.1.11 An Explanation Based on Flow Curvature 
Babinsky (2003) begins by explaining the relationship between streamtine curvature and the pressure gradient 
in the cross-stream (normal) direction, and he does so without any incorrect implication that the cause-and-ef- 


fect relationship is one way. He then presents graphic illustrations of streamline patterns in flows around air- 
foils, showing that under lifting conditions the streamlines above and below the airfoil are generally curved 


downward, The pressure gradient (low pressure to high) is thus upward, and given that the pressure far above 
and below the airfoil must be close to ambient, the pressure on the airfoil upper surface must be low, and the 
pressure on the lower surface must be high, so that there is lift. Babinsky further shows that ifthe airfoil is thick, 
the high pressure on the lower surface may not materialize, but the pressure difference between the upper and 
lower surfaces can still provide lift. This explanation is correct as far as it goes, but it is incomplete in that it 
doesn't explain how the pressure gradients in the streamwise direction are sustained 


7.3.1.12 Lanchester's Explanation 


1g early explanation was put forward by Lanchester (1907) and is paraphrased in the historical 
icomelli and Pistolesi, in Durand (1967). Lanchester first imagines a horizontal 2D flat plate (finite 
chord, infinite span) moving vertically downward, in effect a 2D planar parachute. There is, of course, a lift 
force on the plate, with low pressure above the plate and high pressure below, and air both above and below the 
plate is dragged downward. Because there can be “no permanent change of density or accumulation of matter 
im the lower strata of the atmosphere,” the downward current above and below the plate must be accompanied 
by upward currents around the edges of the plate, driven by the difference in pressure. This is the same general 
flow pattern that we discussed in Section 5.1 in connection with the “obsta Lanchester imagined this, 
motion to be associated with “a field of force established around the plane when the load was first applied: a 
field of force everywhere defined by the acceleration of the air particles.” 

Lanchester then considers adding a horizontal motion to the vertical motion, so that the plate becomes a 2D 
lider” descending along a sloped path. He deduces the resulting velocity field not by superposition of velo- 
cities, but by arguing that fluid particles passing through the same “field of force” that was there in the case of 
pure vertical motion 


























“will receive an upward acceleration as they approach the aerofoil, and will have an upward velocity as 
they encounter its leading edge. While passing instead under or over the acrofoil, the field of force is in 
the opposite direction, viz, [that is,] downward, and thus the upward motion is converted into a downward 
motion. Then, afier the passage of the aerofoil, the air is again in an upwardly directed field, and the down- 
ward velocity imparted by the aerofoil is absorbed.” 





Note that although the velocity field with only vertical motion was symmetrical fore and aft, with upwash 
off both the leading and trailing edges, the field in the presence of forward motion is asymmetric, with down- 
‘wash behind the trailing edge rather than upwash, Lanchester deduced from this flowfield picture that a slightly 
cambered airfoil, with the trailing edge turned down to enhance the downwash and the leading turned down to 





‘meet the oncoming upwash, should be superior to an airfoil with zero camber. Lanchester concludes that the 
vertical velocity of the air particles far ahead of and far behind the airfoil is zero, by the same argument as 
before, that a nonzero velocity would result in an accumulation of matter. He also concludes that there is no 
‘continual transmission of energy to the air” and that the drag associated with such a 2D lifting motion is zero, 
ignoring skin friction 

Lanchester’s explanation is intriguing for several reasons, The first is that it was developed so early in the his- 
tory of the field, before the Kutta-oukowski theorem was known and before potential-flow solutions for flows, 
around airfoils had been derived. Further, and to its credit, Lanchester’s explanation acknowledges a mutual re- 
lationship, rather than one-way cause and effect, between the velocity and the pressure (the “field of force”), 
and it provides an essentially correct account of some key features of 2D lifting flow: upwash ahead of the air 
foil, and downwash behind, decaying to zero in the farfield. It does not explicitly address how lift varies with 
angle of attack, but it could easily be extended to do that. One weakness is that the 2D-parachute flowfield is, 
not a very good model for the flow in the presence of forward motion. Of course, a steady parachute-type flow, 























with a massive separated wake above the plate, would be a terrible model. Lanchester avoided the problem of a 
separated wake by stipulating that we take the “field of force” to be that which existed at the moment when the 
load was first applied (the pressure field immediately after an impulsive start). Even so, this leads to a pressure 
field that is wrong in one important detail: The pressure field for a flat plate in vertical motion alone is sym- 
‘metrical fore and aft, while the pressure field associated with forward motion at an angle of attack has a marked 
fore-and-aft asymmetry, as we'll see later. So Lanchester’s explanation avoids some of the shortcomings of the 
other explanations that we've seen, but his flow model is inaccurate in some details, 














7.3.1.13 An Unusual Argument for Downward Turning in the Nearfield 


Hofiren (2001) argues that the streamline coming off the trailing edge of an airfoil at an angle of attack is dir- 
ected downward and asymptotically levels off at a level below that of the trailing edge. Then, using essentially 
the same “no accumulation” argument that Lanchester (1907) used, he argues that the stagnation streamline ap- 
proaching the leading edge must have started at the same low level. This means that the flow generally rises 
ahead of the airfoil and descends behind it and must therefore experience downward turning in the neighbor- 
hood of the airfoil. This kind of argument establishes that if the flow leaves the airfoil at a downward angle, 
there isa kinematic necessity for downward turning. But it doesn’t establish a physical mechanism for the down- 
ward turing, 








7.3.1.14 Two Other Recent Explanations 


Craig (1997), in Stop Abusing Bernoulli—How Airplanes Really Fly, 4 book that has been popular in the air~ 
plane home-builder community, proposes an interesting wrinkle on the conventional momentum-based explana- 
tion, but unfortunately ends up generating more confusion than enlightenment, He draws attention to the upwash 
ahead of the leading edge of an airfoil and outboard of the wingtips of a finite wing, invoking the same reason 
for it that Lanchester did, that is, that to avoid an accumulation of matter, the downwash above and below the 
lifting surface must be accompanied by upwash elsewhere. For this upwash, he coins the term “recirculation,” 
apparently to reflect the idea that the air involved in the upwash motion was previously part of the downwash, 
But this idea correctly reflects the actual flowficld only far downstream of a wing of finite span, where the flow 
actually circulates around each member of a pair of trailing vortices. (Well discuss the trailing vortex wake of a 
finite wing in some detail in Section 8.1.2.) 

While the air immediately around the airfoil is part of a flow with circulation, as we saw in Section 7.2, none 
of it remains in the vicinity of the airfoil long enough to “recirculate” in any reasonable sense of the word, so 
the terminology is confusing at best. Furthering the confusion, Craig's Figure 2.5 shows a perspective view of 
a wing with arrows indicating that air from below the lower surface circulates forward, then upward in front of 
the leading edge, and then back, ending up above the upper surface, This picture might be correct if we isolated 
the circulatory part of the velocity field and regarded the arrows as streamlines of that part of the field, but Craig, 
doesn't stipulate that that is what his Figure 2.5 represents. 

If we interpret the arrows as particle paths, the picture is simply wrong. (Ordinarily in steady flows, particle 
paths and streamlines coincide, but not in this case, because the circulatory streamlines were constructed based 
‘on only a part of the velocity field.) In any case, the fact is thatthe air involved in the upwash ahead of the lead- 
ing edge (and directly outboard of the tips of a finite wing) has not yet been involved in any of the downwash. 
Nevertheless, Craig refers to the upwash ahead of the airfoil as “recirculation” and assigns to it a major role in 
the production of lift. The accompanying discussion of transfers of kinetic energy from downwash to upwash 
and of lift being a “regenerative” process is confusing, and itis difficult to assess its physical correctness or lack 
of it. 



































A very clear description of the flowfield around an airfoil is given in See How It Flies, a web site for pilots, 
produced by a physicist (Denker, 1996). Many of the details of the flowfield and the pressure field around an 
airfoil are described and illustrated through excellent diagrams and animations. Cause-and-effect relationships 
at the local level, such as the relationship between pressure differences and flow curvature, and pressure dif- 
ferences and flow speed are described. At the global level, circulation and the Kutta-Joukowski theorem are 
discussed. Denker’s presentation provides the reader with a wealth of information and physical interpretation, 
all to a high technical standard. ts only shortcoming, to my mind, is that it doesn’t quite manage to show how 
all the pieces fit together, or to establish a complete web of cause-and-effect relationships at the global level 











3.2 Desired Attributes of a More Satisfactory Explanation 


Every explanation we've looked at so far has been flawed in one way or another. We would of course like our 
explanation to avoid such flaws. But beyond that, what other attributes would we like it to have? Remember 
that we seck a physical explanation that does not require mathematics. In this regard, observing that we can pre- 
dict lit by solving the NS equations is not a satisfactory explanation, Some, for example, Shevell (1989), have 
concluded that circulation and the Kutta-Joukowski theorem provide the only satisfactory explanation, but this, 
lly just math as well. Besides, even if' we were to accept the Kutta-Joukowski theorem as part of our ex- 
planation, it would just shift our problem from that of explaining where the lift comes from to that of explaining 
‘where the circulation comes from. 

We acknowledge at the outset that it is not possible, without math, to predict the existence of lift, without 
knowing a priori some things about the flow that produces it, Providing ironclad “proof” that lift must exist is 
too much to expect, because that would require quantitative precision that is not available without computation 
or at least a simplified quantitative theory. Our objective is therefore to explain, not to predict or prove. Even 
though we've thus limited our objective, we still want our explanation to be as complete as possible, consistent 
with the correct physies. By “complete,” we mean the following: 

1. Though it is fair game to assume a priori some knowledge of what the flow does, we should explain in 
a satislying way how the flow does it 












2. Our explanation should be based on a logical application of physical principles and leave no gaps. 
3. Not only should the logical inferences be correct, but the direct physical cause-and-effect relationships 
should be made clear. 





4. The explanation should make clear not just how lift is produced, but also how the magnitude of the lift 
can be “controlled,” that is, how it varies with angle of attack and airspeed. 

Although we have strong justification for relying on prior knowledge of what the flow does, we still tend to 
think of it as “cheating” somehow. We therefore have an inclination to try to define the minimum prior know- 
ledge that needs to be assumed, and to try to deduce everything else from first principles. There is a strong 
appeal to the idea of an explanation that is maximally “self-sufficient” in this sense, But would such self-sulfi- 
cieney really serve a pedagogical purpose? I think not. It scems to me that it would be better to assume the level 
of prior knowledge that makes for the clearest explanation, and that there is no disadvantage in assuming more 
than the minimum, provided it is all explained in the end, 

So completeness and clarity are high on our list of objectives 

1. Misrepresenting the phenomenon as being simpler than it really is. Given the subtlety of the phenomen- 
on we'e trying the explain, oversimplification is a great temptation, and itis a key weakness in many of 
the explanations we discussed in the previous section. Von Karman is reported to have said that in ex- 








‘There are also some faults we want to avoid: 








plaining things to a nontechnical audience, a Plausible Falsehood is preferable to the Difficult Truth (see 
Sears, 1994). | don't share this pessimistic view. 





2. One-way causation of the kind we know is inconsistent with the physies, for example, “Lift is due to 
circulation” or “The pressure difference is caused by a velocity difference. 








3, Assuming something that isn't subsequently explained, for example, “Circulation means there is lift.” 
but not explaining where the circulation comes from, 

4, Depender 
upper surface 

5, “Naming” as a substitute for explaining, as, for example, in saying that a jet flow follows a curved 
surface because of the Coanda effect, where “Coanda effect” is just a name for the tendency of jet flows 
to follow curved surfaces. 





ce on things that we know are not needed, for example, a sharp trailing edge or a curved 








An explanation that meets these requirements is not going to seem as tidy as most of the explanations we 
discussed in the previous section. However, as much as we'd like our explanation to be short and simple, we 
should resist the temptation to oversimplify and should aim for a level of detail and fidelity that does justice to 
the physics and meets our “completeness” requirement. A satisfactory explanation must resolve the Bernoulli- 
‘ersus-momentum “controversy” and show how both pressure differences and momentum transfer are neces- 
sary parts of the picture. And it must blend these two seemingly independent aspects of the phenomenon into a 
coherent whole. 

Ease of sharing favors an explanation that can be conveyed in relatively simple words, with no more graphic 
aid than can easily be sketched on a napkin. A drawback to simple graphics, however, is that the levels of detail 
and physical fidelity are limited. One way to increase the level of detail and to ensure fidelity is to introduc 
graphics with real quantitative accuracy. Going further in this direction, digital animation could probably be 
used to provide a level of “feel” for the physics that would be difficult to get any other way, for example, by 
illustrating time histories of forces and velocities as fluid parcels move through the field. But cither of these 
high-tech options would reduce “portability.” My choice here is to try to achieve a satisfactory basic explana- 
tion without leaving the “talking/ sketching” realm. 

Because our intent is to share our basic explanation with a “public” that will not have read the background 
in this book, and because we'd like our explanation to have some staying power, it behooves us to give some 
thought to its “fitness for survival” in the marketplace of ideas. Practically everyone we share our explanation 
with will have heard other explanations before ours and will hear more in the future. Superior correctness on 
the part of our explanation can help, but is not likely to be sufficient, because the general public receives litle 
real-world feedback regarding the correctness of its understanding of aerodynamics. Dawkins (1976) drew an 
analogy between the survival of ideas in a human population and the survival of genes in a biological gene pool, 
and proposed that Darwin's insights on natural selection apply in both universes. He coined the word meme to 
represent units or groups of ideas that can be passed from brain to brain and whose survival depends on their 
ability to “reproduce” (spread) and on their resistance to being displaced by other ideas. The survival fitness of 
our explanation as a meme will be greatly enhanced if, in addition to providing superior correctness, it inocu- 
lates its hosts (the audience) against the errors they are likely to encounter in other explanations. To do that, our 
explanation should discuss some of the most common errors and explicitly call attention to what is needed to 
avoid them. 

The basic explanation that follows is intended to stand alone and therefore repeats in simplific 
of the background in other parts of the book and some of the critiques of other explanations in Section 7.3.1 
It comes as close to achieving the desired attributes stated above as I have been able to manage. It is longer 
than other explanations, but I have not found any way to shorten it significantly without compromising either 
completeness or correctness, 
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7.3.3 A Basic Explanation of Lift on an Airfoil, Accessible 
to a Nontechnical Audience 


When a relatively thin, fat lifting surface such as a wing, a sailboat sail, or a shark’s fin moves through air or 
water, it can produce a force perpendicular to its direction of motion. This force is called lifi, whether or not it 
is in an upward direction. 

Mathematical theories of lift have been agreed on by the experts since the early twentieth century, but there 
hhas been a long history of disagreement on how to explain lit in simple physical terms, without math. Over the 
last 100 years or so, many different nonmathematical explanations have appeared in books, popular magazines, 
pilot-training materials, museum exhibits, and so forth. These explanations follow a variety of approaches, but 
they generally try to make lift simpler than it really is, explaining too little about the flow and leaving import- 
ant parts of the phenomenon unexplained. We'll consider the common examples below under “How the main 
popular explanations are incomplete.” And some explanations resort to erroneous arguments to explain features 
of the flow. These are discussed below under “Popular misconceptions.” Naturally the existence of numerous 
different explanations has been a source of confusion and controversy. 

The following is a nonmathematical explanation of lift that attempts to resolve the controversies and to be 
scientifically complete and correct. It is necessarily more complicated and longer than earlier popular explana- 
tions, 














7.3.3.1 Airfoil Shape and Angle of Attack 


The cross-sectional shape of a lifting surface, as illustrated in Figure 7.3.7, is called an airfoil. How much lift 
a lifting surface produces depends on the shape of the airfoil, on the angle of attack at which it approaches the 
‘oncoming flow, and on flow speed and density. A positive angle of attack means that the leading edge (front) of 
the airfoil is positioned higher than the ‘railing edge (back), relative to the direction of the oncoming flow, as in 
Figure 7.3.7 











Figure 7.7 The cross-sectional shape ofa wing i called an srfil, andthe angle at which oncoming ai ap 
proaches itis called te ange of tac 
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Almost any shape, as long as itis not too thick, will work as an airfoil and produce some lift when the angle 
of attack is in the right range. The main types of airfoil shapes are shown in Figure 7.3.8, A simple flat plate 
shape (a) is used on many toy gliders. The Wright brothers used a curved-plate airfoil shape (b) for the wings 
of their early airplanes because they found that adding curvature, or camber, increased lift. A toy glider will 
also fly much better with a curved-plate airfoil than with a flat-plate airfoil. Sailboat sails also generally take 
oon the curved-plate form, Finally, larger model airplanes and full-size airplanes use streamlined airfoil shapes 
that are rounded at the leading edge and sharp at the trailing edge, (c) and (d). Aerobatic airplanes often use 
the symmetrical type (c), which works equally well right-side-up or inverted, while most other airplanes use 
streamlined airfoils with camber (d). Streamlined airfoils, especially those with camber, can produce more lift 
with less drag than other shapes, and they enable an airplane to fly over a wider range of speeds. Birds! wings 
tend to have a combination of the curved-plate and streamlined shapes (e). 























Figure 7.3.8 Types of airfoil shapes. (a) Flat plate. (b) Curved (cambered) plate. (e) Symmetrical streamlined 
shape. (d) Cambered streamlined shape, (e) Bird's wing 
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7.3.3.2 The Airfoil Reference Frame 


‘The phenomenon of lift generation is the same regardless of what reference frame we view it from, We could 
watch the airfoil move through the air, but everything is easier to understand if we imagine ourselves moving 
along with the airfoil, so that the airfoil appears to us to be standing still and the fluid appears to flow past. And 
for simplicity we'll refer to the “upper” and “lower” surfaces of the airfoil assuming that the wing is positioned 
horizontally and is lifting upward. 





7.3.3.3 Lift Involves Action and Reaction (Newton's Third Law) 


An intuitive way to imagine that lift is possible is to think of the airfoil shape and angle of attack as working 
together so that the airfoil pushes downward on the fluid as it flows past. The fluid must then push back with an 
equal and opposite (upward) force, which is the lift. This is an example of Newton's third law, that every action 
hhas an equal and opposite reaction, Thus lift is an interaction in which the airfoil and the fluid exchange equal 
and opposite forces. The aspects of the interaction that need to be explained further have to do with how the 
‘moving fluid actually pushes back. 











7.3.3.4 Lift Is Felt as a Pressure Difference on the Airfoil Surfaces 


A fluid always exerts pressure, which just means that it always pushes against itself and against any surface that 
it touches. When the fluid around an airfoil is at rest, the pressure is practically the same everywhere, so that it 


pushes upward on the lower surface and downward on the upper surface equally, and there is no lift. When the 
fluid is moving and there is lift, the fluid exerts the lift force directly on the airfoil's surfaces as a difference in 
pressure: higher pressure on the lower surface than on the upper surface. Under lifting conditions, the average 
pressure on the lower surface is usually higher than ambient unless the airfoil is very thick, and the average 
pressure on the upper surface is always lower than ambient. 

How large is this pressure difference, typically? In the atmosphere at sea level, the ambient pressure is about 
2100 pounds per square foot. Compared with this, it doesn't take much of a pressure difference to provide a 
practical amount of lift. Even the heaviest airplane requires no more than about 150 pounds of li per square 
foot of wing area, So the pressure difference that an airfoil must produce to support any airplane is much less 
than the “background” atmospheric pressure, and even when a wing is lifting, the pressure on the upper surfi 
pushes down almost as hard, in absolute terms, as the pressure on the lower surface pushes up. The diffe 
is what counts, and even a relatively small pressure difference, spread over a large enough area, can lift a 747. 























7.3.3.5 Lift Involves Force and Acceleration (Newton's Second Law) 


Explaining how the flow maintains the pressure difference described above requires looking at the forces exer- 
ted on the air and the resulting accelerations of the air, not just at the surface of the airfoil, but in an extended 
region around the airfoil. In the explanation below, we first identify the major features of the flow that are essen- 
tial to maintaining the pressure difference, and then we consider how the whole combination satisfies Newton's 
second law. 

‘The outline of the explanation is as follows: 








+ The fluid flows as if it were a continuous material that deforms to follow the contours of the airfoil 

+ The airfoil affects the direction and speed of the flow within a deep swath above and below the airfoil in 
‘what is called a velocity field. Flow above and below the airfoil is deflected downward. Flow above the 
airfoil always speeds up, and flow below usually slows down. 

+ The airfoil affects the pressure overa wide area in what is called a pressure field. When lift is produced, a 
diffuse cloud of low pressure always forms above the airfoil, and a diffuse cloud of high pressure usually 
forms below. Where these clouds touch the airfoil they constitute the pressure difference that exerts the 
Lifton the airfoil 

+ The velocity field and the pressure field support each other in a reciprocal cause-and-effect relationship, 
an interaction in accordance with Newton's second law of motion. 








Let's look at each part in more detail 


7.3.3.6 The Fluid Flows as if It were a Continuous Material that Deforms 
to Follow the Contours of the Airfoil 


Fluids such as air and water consist of huge numbers of individual molecules that move randomly in all diree- 
tions, even when the fluid appears to be at rest. In water, molecules are in constant contact with their neighbors 
as they move. In air, they are not in constant contact, but they collide frequently and travel only very short dis- 
tances between collisions. Ifthe molecules didn't have this random motion and never interacted with each other, 
they would fly directly into the forward-facing parts of the airfoil and not touch the aft-facing parts, as in Figure 
7.3.9. Instead, because of the random motion and the frequent contact between molecules, the fluid flows as ifit 
‘were a continuous material, It deforms and changes course to flow around the airfoil, and it fills all of the space 
around the airfoil and touches all of its surfaces, as illustrated in Figure 7.3.10. 











Figure 7.3.9 If molecules had no random motion and never interacted with each other, they would fly directly 
into the forward-facing parts of the airfoil and not touch the afi-facing part 


: 


Figure 7.3.10 Beeause of the ra 
like a continuous material, deform 
field 








fom motion and many collisions among its molecules, a fluid ach 


nd changing course to flow around the airfoil, in what is called a flow 





7.3.3.7 The Airfoil Affects the Direction and Speed of the Flow within a 
Deep Swath above and below the Airfoil in What Is Called a Velocity Field. 
Flow above and below the Airfoil Is Deflected Downward. Flow above the 
Airfoil Always Speeds Up and Flow below Usually Slows Down 


Because the fluid deforms continuously as it flows, changes in direction are gradual, and the speed and direction 
of the flow vary over a wide area around the airfoil. A spread-out pattern of variations like this is often referred 
to asa flowfield or velocity field. 

The airfoil’s solid surface forces the flow very close to it to follow the direction of the airfoil contour, with 
the result that the speed and direction of the flow are affected over a wide area. And the flow is thus affected by 
both the airfoil shape and angle of attack. 

When an airfoil produces lift it deflects the fluid flow downward, as indicated by the streamlines sloping 
downward to the right in Figure 73.10 and by the downward-turning arrows in Figure 7.3.11. To produce the 
downward turing, the aft portion of the airfoil surfaces must have a predominantly downward slope, Thus to 
produce lift, the airfoil must have either camber or a positive angle of attack, or a combination of the two. 

















Figure 7.3.11 Illustration of the pressure field and the velocity field around a lifting airfoil, Minus signs indie 
ale pressure lower than ambient, and plus signs indicate pressure higher than ambient. The pacing 
of the symbols, the larger the pressure difference 
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It seems obvious that downward-sloping airfoil contours should force the flow very close to the surface to 
be deflected downward, but it is important to understand that it is not just the flow close to the surface that is 
affected, and that the downward turning is spread over a deep swath of flow above and below the airfoil. The 
amount of downward turning is greatest close to the airfoil and dies away gradually far above and below. 

In addition to the downward turning, the flow above the upper surface is always speeded up, as indicated by 
the longer arrow above the airfoil in Figure 7.3.11, and the flow below the airfoil is usually slowed down, as 
indicated by the shorter arrow. Like the downward turning described above, this effect is also strongest close to 
the airfoil surfaces and dies away gradually far above and below. 


7.3.3.8 The Airfoil Affects the Pressure over a Wide Area in What Is 
Called a Pressure Field. When Lift Is Produced, a Diffuse Cloud of Low 
Pressure Always Forms above the Airfoil, and a Diffuse Cloud of High 
Pressure Usually Forms below. Where These Clouds Touch the Airfoil 
They Constitute the Pressure Difference That Exerts the Lift on the Airfoil 


Because the fluid moves as if it were a continuous material, the airfoil influences much more fluid than its 
surfaces touch, producing pressure chan; foil produces lift, there is always a 
diffuse cloud of low pressure above the airfoil, and there ¢ cloud of high pressure below, as 
illustrated by the clouds of minus signs and plus signs in Figure 7.3.11. Note that the minus signs don't mean 
that the pressure is negative, just that it is lower than ambient. These pressure differences are generally largest 
at the airfoil surface, where they actually exert the lift force, and away from the airfoil they die away gradually 
in all directions: above, below, ahead, and behind. A spread-out pattern of pressure differences like this is often 
called a pressure field. 








7.3.3.9 The Velocity Field and the Pressure Field Sustain Each Other in 
a Reciprocal Cause-and-Effect Relationship, an Interaction in Accordance 
with Newton's Second Law of Motion 
‘The downward turning of the flow, the changes in flow speed, and the clouds of low and high pressure describe 
above are all necessary for the production of lift. They support each other in a reciproc 
lationship, and none would exist without the others. The pressure differences exert the lift force on the airfoil, 
‘while the downward turning of the flow and the changes in flow speed sustain the pressure diffe 
Although the clouds of low and high pressure depicted in Figure 7.3.11 don't have sharply defined bound- 
aries, they are still effectively “confined” to a limited area, both vertically and horizontally. “Sustaining” the 
pressure differences essentially means maintaining this spatial “confinement” in both the vertical and horizontal 
directions, Neither direction can be said to be more important than the other. Both are essential 














To understand how this “confinement” of the pressure differences works, we start by imagining the flow to 
be divided into tiny “parcels” of fluid passing through the region around the airfoil. The interaction these parcels 
are involved in reflects Newton's second law of motion, a general relationship among mass, force, and motion, 
Every parcel is subject to Newton's second law because the fluid in the parcel has mass, and because the parcel’s 
neighbors can exert a net force on it, through differences in pressure, When the pressure is higher on one side of 
parcel than on the other, the forces pushing the parcel in opposite directions are not balanced, and there is a net 
force pushing the parcel in the direction from higher pressure to lower pressure. Examples of this are illustrated 
in Figure 7.3.12. 












Figure 7.3.12 Examples of how pressure differences exert net forces on fluid parcels, (a) Pressure higher on 
left: Net force to the right. (b) Pressure h ler on 





jer above: Net force downward. (c) Pressure hi 
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Net forces on fluid parcels can also come from internal friction due to the viscosity of the fluid, However, 
‘when the flow around an airfoil follows both surfaces all the way to the trailing edge, as it usually does, viscosity 
hhas only a small effect on the overall flow pattem, and for purposes of understanding lif, we need only consider 
the forces due to pressure differences. 

Newton's second law tells us that when a pressure difference imposes a net force on a fluid parcel, it must 
cause a change in the speed or direction (or both) of the parcel's motion. But in fluid flows, this cause-and-effect 
relationship not @ one-way street. The pressure difference causes a change in the parcel's motion, but the exist- 
cence of the pressure difference depends on the parce!’s motion, The relationship is thus mutual, or reciprocal: A 
fluid parcel changes speed or direction in response to a pressure difference, and its resistance to changing speed 
or direction (its inertia, due to its mass) sustains the pressure difference. The pressure difference can exist only 
if something is there to “push back,” and what pushes back is the inertia of the fluid, which is why the mass of 
the fluid is so important 

To show how this applies in the airfoil flowfield, Figure 7.3.13 illustrates how typical fluid parcels are acted 
upon by the pressure in different parts of the field. In different parts of the high- and low-pressure clouds, the 
pressure is increasing or decreasing in different directions, exerting forces on the fluid parcels as shown by the 
arrows. 









































Figure 7.3.13 Pressure differences exert net forces on fluid parcels in different parts of the flowield as indi 
ated by the block arrows, and these forves are balanced by accelerations of the fTuid parcels in the same diree 
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Fluid parcels directly above and below the airfoil see higher pressure above them than below and thus see a 
net force that is mostly downward, The downward force is resisted by the downward acceleration, or downward 
turning, of the flow. This interaction between pressure and downward turning is reciprocal: The pressure differ- 
cence acting on a fluid parcel causes the parcel’s path to be deflected downward, and the pressure difference is 
sustained because the fluid parcel has mass and therefore resists having its path deflected from a straight lin. 

On the upper left, where flow is entering the region of low pressure above the airfoil, the net force on a 
parcel is from left to right, which is resisted by an acceleration in the direction of the flow, or an increase in 
flow speed. On the upper right, where flow is leaving the region of low pressure, it sees a pressure difference in 
the opposite direction and is slowed down. Thus a parcel passing through the cloud of low pressure above the 
airfoil is speeded up and then slowed back down. On the other hand, a parcel passing through the cloud of high 
pressure below the airfoil experiences the opposite sequence: It is stowed down and then speeded back up. 

These changes in flow speed follow the relationship that is often referred to as Bernoulli’ principle, which 
can be expressed mathematically as Bernoulli's equation. Bernoulli's principle applies to regions of steady flow 
that have not been affected significantly by viscous friction. There is a small part of the airfoil flowfield in 
‘which Bemoulli's principle doesn't apply, and that is in the thin viscous boundary layer next to the airfoil surfac 














and a thin viscous wake downstream, where the flow is strongly affected by viscosity and is usually turbulent, 
However, the pressure field is largely determined in the larger part of the flowfield in which viscous effects 
are small, outside of the boundary layer and wake. There, Bernoulli's principle applies, according to which low 
pressure means high speed, and high pressure means low speed, This relationship is reciprocal: The differences, 
in pressure in the horizontal direction eause the changes in flow speed, and the fluid's resistance to acceleration, 
because of its mass, sustains the pressure differences, 

To summarize these interactions: The downward turning of the flow provides the vertical “confinement” of 
the clouds of low and high pressure, and the changes in flow speed provide the horizontal “confinement.” 

Thus downward deflection of the flow and different flow speeds above and below the airfoil are both es- 
sential parts of the reciprocal cause-and-effect relationship that sustains (or “confines”) the pressure differen- 
ces. The pressure differences cause the flow to change speed and direction, and the changes in flow speed and 
direction cause the pressure differences to be sustained. This circular cause-and-effect might seem a bit like 
“something for nothing” or “perpetual motion,” but it's not. The pressure differences follow naturally from the 
Newton's second law and from the fact that the flow close to the surface is forced to follow the predominantly 
downward-sloping contours of the airfoil. And of course the fact that the fluid has mass is crucial to the interac 
tion. 



































In a way, it is surprising that mass is so important, given that ait feels so light to our senses. However, air 
actually hay more mass (and thus weight) than our intuition gives it credit for. In air at sea level, a volume of 
only about 14 cubic feet (a cube 2.4 ft on a side) weighs a pound. Thus even a modest volume of air contains 
significant mass, and an object moving through the air can influence a lange mass of air in a short time, For 
example, the wing of a small airplane (a two-seat Cessna) flying at 100 mph causes significant changes in speed 
and direction in thousands of pounds of air every second. 














7.3.3.10 The Roles of Camber, a Sharp Trailing Edge, and a Rounded 
Leading Edge 

‘The downward-turning action that an airfoil produces is affected by both the airfoil shape and the angle of at- 
tack. The airfoil surfaces themselves need not be curved, and even the flat-plate shape of Figure 7.3.8a can pro- 
duce downward turning when it has an angle of attack. However, adding camber to the airfoil shape, as in Fi. 
ure 7.3.86,4, aligns the airfoil surfaces better with the desired curved flow and enhances the downward-turning 
action. As a result, cambered shapes in which the upper surface is more convex than the lower surface produce 
‘more lift ata given angle of attack than shapes without camber. 

What happens in the flow near the trailing edge plays an important role in controlling the downward-turning, 
action. Figures 7.3.14 and 7.3.15 illustrate streamline pattems for low-to-medium angles of attack. Note that in 
both of these cases the flow from both the upper and lower surfaces leaves the airfoil smoothly from the trailing 
edge. IF it didn’t do this, the flow from one side would have to go around the trailing edge to the other side, as in 
Figure 7.1.3a, But viscosity generally prevents flow from going around a sharp edge in this way. So, with some 
help from viscosity, the trailing edge has the effect of directing the flow as it leaves the airfoil to flow in the 
direction of the contours of the aft part of the airfoil. This tendency of the trailing edge to direct the flow is a 
‘major reason why angle of attack and camber are so effective in influencing lift 
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Figure 7.3.14 Streamline patter at a low angle of attack: flow attaches near leading 
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The situation at the leading edge is very different. Referring again to Figures 7.3.14 and 7.3.15, note that 
the flow around the leading edge changes dramatically when the angle of attack is increased. At a low angle of 
attack (Figure 7.3.14) the flow approaches the leading edge almost head on, while at a higher (medium) angle 
of attack (Figure 7.3.15) it approaches the leading edge from below and flows around the leading edge from the 
lower surface to the upper surface. In fact, the reason for having a rounded leading edge is to accommodate the 
different flow patterns at different angles of attack with a minimum of disruption, 











7.3.3.11 How Lift is Controlled 


Lifi depends on the speed of the flow. An increase in speed increases the lift by increasing both the amount 
of fluid that the airfoil influences in a given time and the downward acceleration imparted to each bit of fluid, 
These two effects multiply each other, so that lit is approximately proportional to the square of the speed, at a 
aziven angle of attack. 
Lift ean also be ine 





tack, as long as the flow fol- 





sed by an increase in either the camber or the angle of 
lows both surfaces of the airfoil, as it usually does at low-to-moderate angles of attack, as shown in Figures 
73.14 and 7.3.15. For a given airfoil shape, this increase in lift continues until an angle of attack is reached 
above which the effects of viscosity prevent the flow from following the upper surface. The flow then breaks 
avvay, as shown in Figure 7.3.16, which is called stalling. As an airfoil passes through the stalling angle of at- 
tack, the lift generally decreases dramatically, though it doesn't disappear altogether. 


Figure 7.3.16 Flow around an airfoil at a high angle of attack br 
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Controlling lift through angle of attack is an essential ingredient in achieving controlled flight over a range 
of speeds. For steady level flight, the total lift on an airplane must be kept equal to the weight. When an airplane 
speeds up, it reduces its angle of attack in order to keep the lift from exceeding its weight. When an airplane 
slows down, it increases its angle of attack in order to keep the lift equal to the weight, but this works only up 
to the stalling angle of attack. Thus an airplane can slow down only so much, to what is called the stall speed, 
‘which is the minimum speed at which an airplane can fly steadily. 

Lift also depends on the density of the fluid. A decrease in density decreases lift at a given angle of att 
and speed by decreasing the mass of the fluid the airfoil acts on. Thus when an airplane flies at high altitude 
where air density is lower, it must either fly faster or increase its angle of attack in order to maintain lift equal 
to the airplane's weight 

Lift can also be controlled by what is called a control surface, which is just an aft portion of an airfoil that 
is hinged so that it can be deflected up and down, as shown in Figures 7.3.17 and 7.3.18. Deflecting a control 
surface changes both the effective angle of attack and the camber of the airfoil and thereby changes the flow- 
turning action. Examples of control surfaces are the elevators on the horizontal tail, which can pitch an airplane 
nose up or nose down, the ailerons near the wing tips, which can roll an airplane to one side or the other, and 
the rudder on the vertical tail, which can yaw an airplane in one direction or the other. 

















Figure 7.3.17 A control surfice deflected upward to decrease lift 
Figure 7.3.18 A control surface deflected downward to increase 





A flap is similar to a control surface and is deflected downward at the trailing edge of a wing to increase both 
the lift ata given angle of attack and the maxirmum lift that can be generated without stalling, Flaps enable an 
airplane to take off and land at lower speeds than it could without flaps. A flap often has one or more slots that 
direct air from the lower surface to flow over the aft upper surface, as shown in Figure 7.3.19, which helps to 
delay stalling 


Figure 7.3.19 A flap deflected downward to increase lif, with a slot to allow air to flow from the lower sur 
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Leading-edge devices such as leading-edge flaps or slats, as shown in Figure 7.3.20, also help increase max- 
imum lift and allow slower takeoff and landing speeds. 


Figure 7.3.20 A leading-edge slat deflected downward to increase maximum lift 


Spoilers are devices that hinge upward from the upper surface of a wing, as shown in Figure 7.3.21, disrupt- 
ing the upper-surface flow by deflecting it upward, and causing a large decrease in lift and an increase in drag, 
When spoilers are used in flight, the purpose is not to decrease lift, but to increase drag and allow the airplane 
to descend steeply without speeding up. When spoilers are use in this way, the decrease in lit caused by the 
spoilers is compensated by an increase in angle of attack. When spoilers are used on the ground during the tand- 
ing roll, the purpose is both to increase drag and to decrease the lift on the wing, putting more of the airplane's 
‘weight on the wheels to allow harder braking without skidding, 


Figure 7.3.21 A spoiler deflected upward to disrupt th 
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7,3.3.12 How the Main Popular Explanations Are Incomplete 


‘The two most widely circulated explanations of lift are the momentum based (Newtonian) and the Bernoulli 
based. Both contain elements of the truth, but neither provides a complete explanation, 

The momentum-based explanation generally goes as follows: When an airfoil produces lif, it deflects the 
flow downward, as indicated by the streamlines sloping downward to the right in Figure 7.3.10. Newton's 
second law tells us that to deflect the flow downward, the airfoil must push downward on the fluid. Then New- 
ton's third law tells us that for every action there is an equal-and-opposite reaction, and the fluid must therefore 
push upward on the airfoil, and thus there is lift. This explanation is correct as far as it goes, but is incomplete in 
several ways. First, it doesn't point out that the force is actually transmitted to the airfoil by the pressure, and it 
doesn’t explain how the airfoil can impart downward turing to a much deeper swath of the flow than it actually 
touches. Then although it hints at explaining how the pressure differences in the vertical direction are sustained, 
it doesn't explain at all how the pressure differences in the horizontal direction are sustained. That is, it leaves 
out the Bernoulli part of the interaction. 

A Bernoulli-based explanation starts by arguing that the flow over the upper surface is speeded up, either be- 
cause the path length over the upper surface is longer, or because of an “obstacle,” “hump,” or “Venturi” effect, 
Because of the higher speed, the pressure over the upper surface must be lower, according to Bernoulli's prin- 
ciple, and thus there is lif. Explanations of this type are incomplete in that they don't adequately or correctly 
explain what causes the flow to speed up. The longer-path-length explanation is simply wrong (see below, under 
“Popular misconceptions”). The “obstacle,” “hump,” or “Venturi” explanations are better, but only a little. They 
often mention “pinching” or “necking down” of the flow over the upper surface, but they don't provide a con- 
vvincing physical explanation for the pinching. A common fault in all of these explanations is that they imply 
that a speed difference can arise from causes other than a pressure difference, and that the speed difference then 
causes, or at least implies, a pressure difference, according to Bernoulli's principle. This implied one-way caus- 
ation is a misconception that we'll discuss below. Finally, a Bemoulli-only explanation doesn't really explain 
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part of the interaction, 

There have been at least three schools of thought among proponents of the momentum-based and Bernoulli- 
based explanations. One is that only one or the other can be correct, Another is that both are correct, and that 
they apply to two different kinds of lif. A third is that both are correct, and either one suffices to explain lift in 
‘general. These are all misconceptions that we'll discuss next. 

A third major category of explanation involves circulation around the airfoil. An explanation of this type 
starts with the observation that when an airfoil starts its motion through the fluid, a starting vortex is left be~ 
hind, The formation of the starting vortex is accompanied by the establishment of a “circulatory flow,” or cir 
culation, around the airfoil, which is responsible for the lift according to an aerodynamic theory known as the 
Kutta-Joukowski theorem. This is not a proper physical explanation for two reasons. First, it depends on sev- 
eral advanced mathematical and aerodynamic theorems instead of direct physical arguments. Second, although 
the argument is mathematically and logically correct, its general progression does not reflect physical cause 
and effect, and is therefore misleading. It implies that lift is somehow caused by the formation of the starting 
vortex and the resulting circulation. The starting vortex and the circulation are actually more properly seen as 
byproducts of the lift than as causes. 





I direotion are sustained. That is, it leaves out the downward-turning 

















7.3.3.13 Popular Misconceptions 
We've seen that lift generation involves subtle cause-and-effect relationships, so it shouldn't be surprising that 
‘many of the attempts to explain it to a popular audience have made errors of one kind or another. To solidify 
our understanding and make it less likely we'll be taken in by incorrect ideas, let's identify some of the miscon- 
ceptions and consider where they went wrong. 





(One-way causation: This is a misconception we've already discussed, that a velocity difference can be de- 
duced first, based on some argument that does not depend on the pressure, and that a pressure difference 
follows, according to Bemoulli's principle. 





This implication that the causation runs in only one direction is not consistent with the physics of fuid flows. 
Ifyou try to explain a speed difference without referring to the pressure difference, you'll inevitably get the reas- 
ons for the speed difference wrong. One example of this, an erroneous reason for high velocity over the upper 
surface of an airfoil, is the next item on our list 











Longer path length and equal transit time: This is an argument that is widespread in explanations aimed at 
the layman. It is assumed that the upper surface of the airfoil is more convex than the lower surface, and 
that the path the fluid must follow around the upper surface is therefore longer than the path around the 
lower surface. It is further assumed that fluid parcels that are split apart at the leading edge to traverse the 
upper and lower surfaces must rejoin at the trailing edge. Thus fluid parcels negotiating both paths must do 
so in equal time, and we conclude that the velocity over the upper surface must be higher than that over the 
lower surface 


First, this isn't a proper kind of physical explanation. Just saying that something has to arrive somewhere at 
a particular time doesn't explain why the thing might speed up. To explain why something speeds up, we must 
identify and explain the force that makes it speed up. And this explanation is wrong on another level. There is 
no reason why fluid parcels that start together ahead of the airfoil must rejoin at the trailing edge, and in fact, 
they generally don't, A parcel that traverses the airfoil near the upper surface typically arrives at the trailing edge 
well ahead of one that traverses near the lower surface. So no difference in path length is required, and there are 
‘many situations in which lift is produced without a difference. And on airfoils where there is a difference, itis 
typically much too small to explain the speed difference that actually occurs when lift is produced. 











Bernoulli is applicable, and Newton is not, or vice versa: Some proponents of the Bernoulli-based explan- 
ations argue that lift is produced solely by a pressure difference, according to Bernoulli's principle, and that 
there is no downward momentum imparted to the fluid (Newton). Some proponents of momentum-based 
explanations argue the opposite: that imparting momentum is everything (Newton), and that the Bemoulli 
principle is not applicable. 





We've seen that a pressure difference between the upper and lower surfaces and downward turning of the 
flow are both essential parts of the picture. 


Bernoulli and Newton are both right, and they explain two different kinds of lift: This line of argument 
‘maintains that “Bernoulli lift” and “reaction lift” represent two distinct physical mechanisms 





There is only one kind of lift, and explaining it requires both a pressure difference and downward turni 
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Bernoulli and Newton are both right, and either one suffices: Ac 
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lent ways of looking at 


Again, we've seen that a complete explanation must include both the pressure difference and the downward 
turning of the flow. 


Invoking the Coanda effect as the reason the flow is able to follow the curved surfaces of the airfoil: Some 
explanations argue that viscosity plays a crucial role in enabling the flow to tum and follow the curved 
upper surface of the airfoil. They refer to this purported coupling between viscosity and flow turning as the 
Coanda effect. 


This reflects a misunderstanding of the role of viscosity in fluid flows and of what the Coanda effect actually 
entails. As fluid flows over the surface of an airfoil, there is no direct coupling between viscosity and flow turn 
ing, and none is needed. Viscosity plays a significant role in lift generation only in the immediate vicinity of the 
airfoil trailing edge, by preventing the flow from going around the trailing edge from the lower surface to the 
upper surface. The real Coanda effect refers to the tendency of a turbulent jet flow with higher energy than the 
surrounding fluid to attach itself to an adjacent surface and to follow the surface even if it is curved. This is not 
so much a viscous effect as it is an indirect effect of the jet turbulence. It arises because of the tendency of jet 
flows to entrain surrounding fluid, and it plays no role in ordinary airfoil lows. 








The low pressure on the upper surface pulls upward on the airfoil: Many popular explanations of lift de- 
seribe the effect of low pressure in these terms. The idea of the airfoil being pulled upward has a strong 
intuitive appeal, but it is incorrect, 





Pressure, especially in gasses 





uch as air, is always a push, never a pull, The pressure on the upper surface of 
an airfoil pushes downward on the airfoil, but the higher pressure on the lower surface pushes upward harder, 
and the net effect is lift 








Not acknowledging the importance of angle of attack: Some explanations, such as the one based on the 
longer-path-length-and-equal-transit-time argument, never mention the angle of attack. 


The angle of attack is a key factor that determines how much lift an airfoil produces at a given flow speed 
and is an essential ingredient in achieving controlled flight. 


7.3.3.14 Why There Have Been So Many Misconceptions 

Explaining lift in physical terms is more difficult than most people realize, and the difficulty is inherent in the 
basic nature of fluid mect We are dealing with countless little parcels of fluid that move in coordination 
with their neighbors and exert forces on their neighbors, all while separately and simultaneously obeying New- 








ton's second law. It simply isn't possible to look at an airfoil and deduce, by mental effort alone, what flow 
pattern satisfies the physical laws everywhere at once. There are too many sirmultancous relationships to keep 
track of. And the difficulty is compounded by the circular nature of the cause-and-effect relationship between 
pressure and velocity. 

This kind of complexity isn't easy to deal with mathematically, either. Mathematically expressing all the re- 
lationships a fluid flow must satisfy results in a set of partial-differential equations called the Navier-Stokes 
equations. By solving these equations we can predict in detail what the flow around an airfoil does and how 
much lift is produced. But solving the equations means mathematically determining how the pressure and the 
flow velocity vary throughout a large Volume of space surrounding the airfoil. For any given flow situation it 
requires lengthy calculations that are practical only on a high-speed computer. Computer programs are available 
that can make such calculations routinely. However, all they do is provide a simulation of what would happen 
in a real flow: they don't provide a physical explanation of how it happens. 

Simplified theories have also been developed, such as potential-flow theory, which ignores viscosity, and the 
Kutta-Joukowski theorem, which relates lift to a circulatory component of flow (circulation) around the airfoil, 
but these don't provide a direct physical explanation for lift either. 

So we see that predicting the existence of lift using nothing but the properties of the fluid and the laws of 
physics would essentially require solving the NS equations or the potential-flow equation for the flow around 
the airfoil, which is not something we can do in our heads. Explaining what happens, with words and simple 
diagrams instead of laborious calculations, thus requires some prior knowledge of what the flow does. The ex- 
planation above started with knowledge of some basic features of the pressure and velocity fields around an 
airfoil, and then showed how the pressure field and the velocity field support each other in a manner consistent 
with the laws of physics, including the proper reciprocal cause-and-effect relationships. 

Faulty explanations often assume too little prior knowledge and then try to do more than is logically possible 
by mental effort alone, As a result, they tend to leave important things unexplained (such as what really causes 
the high velocity over the upper surface) and to resort to logical fallacies such as one-way causation, 




















7.3.4 More Physical Details on Lift in 2D, for the 
Technically Inclined 


‘The above explanation of the interaction between the pressure field and the velocity field explicitly distin- 
guished between vertical and horizontal confinement of the pressure differences. Readers with technical back- 
grounds will recognize this as one way of explaining to a lay audience an interaction involving a vector equa- 
tion, In this case, the equation is the Euler momentum equation in 2D. Of course this equation has two compon- 
cents, both of which must be satisfied, and thus the necessity to explain two components of the interaction, 

Above, in trying to explain why there have been so many misconceptions, we claimed that predicting lift 
strictly from first principles can't be done just through mental effort, that it requires laborious computation. To 
avoid going into too much detail for a lay audience, we deliberately neglected to mention that simplified the- 
ries such as conformal mapping or linear theory can greatly reduce the required computational effort. This is 
a justified omission because the simplified theories are still heavily mathematical, and they provide no aid to 
physical understanding by a nontechnical audience. But we will make use of the linear theory to further our own. 
understanding of airfoil pressure distributions in Section 7.4.1 

‘The main thrust of our basic explanation was that lift is transmitted to the airfoil by a pressure differe 
between the upper and lower surfaces and that it requires at the same time a downward turning of the air stream 
above and below the airfoil. We ignored the upward turning, both ahead of the airfoil and behind, that accom- 





















panies lift in general and can be scen in Figure 7.1,3b. Referring again to Figure 7.3.11, note that the flow ap- 
proaching the front of the airfoil sees higher pressure below it than above, and thus must receive a net push 
upward, It therefore turns upward, as indicated by the upward-curving streamlines ahead of the airfoil in Figure 
.1.3b, Then comes the downward tuming above and below the airfoil that we've already discussed and con- 
nected with the generation of lif. Finally, the air behind the airfoil feels lower pressure above than below, and 
is tured upward again, as shown by the curving streamlines behind the airfoil, but only enough to cancel the 
downward direction it acquired as it passed the airfoil 

The flow angle actually approaches zero far from the airfoil, behind the airfoil as well as ahead. Does this, 
‘mean that the downward turing that we associate with the lift has been canceled by the upward turning? Well, 
yes, but only in terms of the local flow direction, The net momentum change imparted to the air by the airfoil is 
still downward and still accounts for the lif. 

To explain how this can be, we start with the fact that lift requires circulation, according to the Kutta- 
Joukowski theorem, An airfoil flow with circulation effectively consists of a uniform flow with disturbances 
associated with a collection of bound vorticity superimposed on it. In the simplest way of deriving the Kutta- 
Joukowski theorem, we define a control volume as shown in Figure 7.3.22, with vertical outer boundaries at the 
front and back, extending to infinity vertically. Conservation of momentum requires that the lift on the airfoil 
be balanced by the forces and momentum fluxes at these outer boundaries. Because the boundaries are vertical, 
there is no net vertical force contribution by the pressure, and the lift must be accounted for by the net flux of 
vertical momentum into the control volume. It can be shown that as long as the two faces of the control volume 
enclose all of the bound vorticity, the flux of upward momentum into the front face and the flux of downward 
‘momentum out of the back face account for half the lift each, regardless of the distances from the airfoil to the 
faces. And from this, we also arrive at a simple derivation of the Kutta-Joukowski theorem, Equation 7.2.1 





























Figure 7.3.22 In the simplest derivation of the Kutta-Joukowski theorem, the farfield flow around an airfoil is 
modeled 





‘a potential vortex superimposed on a uniform flow, and a control volume with vertical faces is 





used to assess the momentum flux due to lif 
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So the flux of vertical momentum through either face of the control volume of Figure 7.3.22 remains the 
same, regardless of how far away from the airfoil the face is placed. This is true in spite of the fact that the 
vertical velocity goes to zero at large distances. As either face is moved farther from the airfoil, the maximum 
vertical velocity decreases, but the distribution becomes more spread out vertically. This is illustrated in Figure 
1.3.23 by plots of the downwash velocity -v on vertical cuts at different distances upstream and downstream 
Of the airfoil. Upstream of the airfoil, the curves are to the left of their respective axes, which, given that we 
are plotting -v, indicates upwash. Downstream of the airfoil, the curves are to the right of their axes, indicating 
downwash. With increasing distance from the airfoil either upstream or downstream, the vertical velocity in the 
middle of the distribution decreases, while the vertical velocity in the “tails” of the distribution, above and be- 
low the level of the airfoil, increases, and the integrated flux of vertical momentum remains the same. 





Figure 7.3.23 An illustration of the distributions of yertical velocity on vertical cuts at different distances 
ahead of an airfoil and behind. The vertical yelocity is plotted as -v, so that in the upwash ahead of the airfoil 






































the curves appear to the left of their respective axes, and in the downwash behind the airfoil, the eurves appear 
to the right oftheir axes. The 45° dashed fines indicate the approximate dividing lines between upward turning 
and downward turning outside of the nearfield 
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Now it is clear how it can be that the upward tuning of the flow (the reduction in the downwash velocity) aft 
of the airfoil trailing edge does not reduce the total downward momentum crossing successive vertical planes 
as we move downstream. It is because the upward tuning is always offset by downward turing (the increase 
in downwash velocity) that is still taking place far above and below the airfoil. Outside of the near field, the 
boundary between the upward turning aft of the airfoil and the downward turning above and below is approx- 
imately along 45° lines, as indicated by the dashed lines in Figure 7.3.23. Thus along any vertical cut, at any 
distance bebind the airfoil, we have both upward turing and downward turning taking place. We can look at 
the upward turning behind the airfoil as just part of the process by which the downward momentum becomes 
‘more spread out vertically. 

Likewise, the upward turing ahead of the airfoil does not increase the total upward momentum crossing 
successive vertical planes because it is offset by downward turning that is already taking place far above and 
below. Across vertical planes ahead of the airfoil, the same total flux of upward momentum is always there, no 
‘matter how far ahead of the airfoil we look. 


It seems counterintuitive that the airfoil can cause a fixed total flux of upward momentum at unbounded dis 
tances upstream. This finite influence on a flow integral at infinite distance upstream is of course an artificiality 
resulting from our implicit assumption that the airfoil has been in motion forever in an infinite atmosphere. If 
‘we assume instead a finite flight time since the start of the airfoil's motion, there would have to be a net starting 
vorticity in the field behind the airfoil, with opposite sign to that of the bound vorticity, and it would, in the in- 
tegral sense, cancel the flux of upward momentum ahead of the airfoil. Or a finite altitude above a ground plane 
changes things even if the flight time is infinite. In that case, the reflection of the bound vorticity in the ground 
plane comes into play, canceling the integrated flux at very large distances. The effects of a ground plane and: 

or starting vortex are similar in the 3D case, as we'll see in Section 8.5.3. So in the real world, we don't have 
to worry about finite effects at infinite distances. But the dying off of the integrated momentum flux does re 
quire interference from a ground plane or a starting vortex, and in most situations these are far away. When the 
starting vorticity and the ground plane are both far away compared to the airfoil chord, there is a large domain 
around the airfoil in which the flow is practically indistinguishable from what it would be in an infinite domain 
and in which the total flux of upward momentum upstream of the airfoil is effectively constant. 

So when an airfoil is effectively operating in free air, the increasing upwash in the flow approaching the 
leading edge does not represent a change in integrated momentum flux, just a redistribution of momentum from 
above and below. Anderson and Eberhardt (2001) misunderstand this redistribution process and argue that the 
increasing upwash ahead of the airfoil requires a downward force on the airfoil, which they call the “the addi- 
tional load caused by the upwash” and which they claim offsets some of the lift. This leads them to an incorrect 
explanation for the reduction in induced drag of a wing flying close to the ground, which we'll discuss in Sec 
tion 8.3.9, From the momentum analysis we've just discussed, we can sce that there is no loading due to upwash 
on an airfoil 





























Airfoil flow patterns in most practical flight situations are characterized by attached flow, in which the 
boundary layers on both surfaces are attached all the way to the trailing edge. The boundary layers then tend to 
have only minor effects on the global flow pattem, and the outer inviscid flow closely follows the predictions 
of potential-flow theory that we discussed in Section 7.1. The potential flow around a 2D airfoil is reversible, in 
that a flow that starts as a uniform onset flow from upstream becomes uniform again downstream, and the same 
flow pattern and pressures arise if the flow is run in the reverse direction. In a viscous flow in the attached-flow 
regime, the flow outside the boundary layer and wake still follows the reversible pattem quite closely. In addi- 
tion to the near-reversibility of the general flow patter, there is also very little permanent vertical displacement 
of streamlines between upstream and downstream. This is consistent with the view of a 2D airfoil flow as a 
uniform flow with a vortex superimposed, as in Figure 7.3.2: 

There is one feature of 2D lifting flow that might appear at first glance not to be reversible, and that is that 
fluid parcels that start together ahead of the airfoil and split apart to flow above and below the airfoil experies 
permanent longitudinal displacement between them after they have passed the airfoil, as we saw illustrated in 
Figure 7.3.2. This is, of course, a result of the nonzero circulation, But a little reflection should convince you 
that the longitudinal displacement needn't introduce anything irreversible. In the inviscid case, the displacement 
takes place entirely while the parcels are split apart by the airfoil and involves no slipping of adjacent layers of 
air relative to each other, either ahead of the airfoil or behind. The longitudinal displacement is therefore com- 
pletely reversible in the 2D inviscid ease. 

Now let's consider further the issue of how lift varies with angle of attack. In Section 7.1, we noted that New- 
ton’s “bullet” theory predicts that lift varies as the square of the angle of attack, but that in continuum subsonic 
flow it tends to vary nearly linearly. This linear variation generally holds as long as the flow remains attached 
all the way to the trailing edge on both surfaces, so that the flow-turning action associated with angle of attack 
remains fully effective. The amount of flow turning varies directly with the angle of attack, but, as I stated in 
Section 7.1, angle of attack has very little effect on the amount of fluid per unit time that is subjected to the 























turning or is influenced significantly in any other way by the airfoil. Another way of looking at this is that the 
angle of attack affects the magnitude of the pressure difference between the upper and lower surfaces, but that 
the relative rate at which the pressure difference decays away from the surface is related primarily to the airfoil 
chord and depends very little on angle of attack. Therefore the vertical depth of the stream that passes through 
the region in which the pressure disturbance is significant in a relative sense (greater than 5% of the maximum, 
say) is essentially independent of angle of attack. 

Let’s look at some quantitative “data” (computational results) that illustrate this. Figure 7.3.24 shows isobar 
patterns in the inviscid flowfield for a thin symmetrical airfoil at angles of attack of 4° and 8°. Note that the lift 
at 8° is almost exactly twice that at 4°, Far from the airfoil, the pressure disturbance patterns are essentially the 
same, just with the disturbances for 8° being twice as strong as those at 4°. Thus the strength of the pressure 
disturbance is proportional to angle of attack, but the spatial “spreading” of the disturbance is not. What we se 
here is behavior that is nearly linear with angle of attack, something we'll consider further in the next section in 
connection with the linear theory. 














Figure 7.3.24 How the pressure distr foil is affected by a 
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So far we haven't said anything about the drag of an airfoil, nor have we considered in any detail how flow 
separation limits maximum lift. These effects depend not only on viscosity but on the detailed pressure distri- 
bution on the airfoil’s surface, and we'll defer their discussion to the next section. 





7.4 Airfoils 


In the previous section, we defined an airfoil as a cross section of a wing of finite span. In the early years of 
the development of aerodynamics, this terminology was not yet standardized, and “airfoil” or “aerofoil” often 





ed to a complete 3D wing. Anderson (1997, pp. 288-289) provides an interesting look at the often-con- 
ing terminology that was used in the early days. In any case, in the previous section, we spent considerable 
effort just trying to explain how an airfoil produces lift, which is its primary purpose. Here we'll look into the 
‘many other important aspects of airfoils, including how pressure distributions and integrated forces depend on 





airfoil shape and angle of attack, factors influencing drag, factors influencing maximum lift, and considerations 
in airfoil design, including some specialized classes of airfoils, 


7.4.1 Pressure Distributions and Integrated Forces at Low 
Mach Numbers 


‘The pressure distribution on an airfoil surface, and the resulting integrated forces, over a wide range of flow 
conditions, can be predicted with good accuracy by computational fluid dynamics (CFD) calculations based on 
the NS equations or a coupled inviscid/viscous method. But for airfoils with nicely streamlined shapes at low 





Mach numbers and in the attached-flow regime, there are some general characteristics of the pressure distribu- 
tion, the lift curve, and the pitching moment that we can predict without resorting to detailed flow solutions, but 
relying instead on a simplified linear theory. We'll begin this section by considering what the linear theory can 
tell us. 

‘The linear inviscid theory was developed by Munk around 1920 (see the historical sketch by Giacomelli and 
Pistolesi, in Durand, (1967a) and formally applies in the limit of small thickness and angle of attack, but even 
for airfoils with practical amounts of thickness and camber, itis close enough to reality to provide useful in- 
sights. The beauty of the linear theory is that the effects of angle of attack, thickness, and camber can be treated 
separately and superimposed, which is not only computationally convenient, but provides a powerful way of 
thinking about how airfoil shape and angle of attack affect the pressure distribution. 

In the linear inviscid theory, we assume incompressible potential flow and construct solutions by superposi- 
tion ofa uniform free stream and disturbances “produced” by elementary singularities. Superposition is allowed 

fy the problem further we linear- 





because the incompressible potential equation is linear to start with, To simp! 
ize the boundary conditions as well, which involves two things 
1. The flow-tangency boundary conditions that in higher-fidelity theories would be applied on the airfoil 
upper and lower surfaces as shown in Figure 7.4.1a, are applied instead along the x axis (y = 0), as shown 
in Figure 7.4.16 and 
2. We ignore the longitudinal perturbation velocity u in calculating the velocity slope that is matched to 
the airfoil surface slope. 








Figure 7.4.1 Flow tang 
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ney boundary conditions in airfoil potential flow, illustrated for the upper surface. (a) 
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Note that perturbation u is ignored 
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In keeping with applying the boundary conditions on the x axis instead of the airfoil surface, the sheet of dis- 
tributed source strength and vorticity that “produces” the flow disturbance is also placed along the x axis. This 
sheet of singularity strength “causes” the perturbation velocities u and v to vary along the x axis and to have 
different values above and below the axis, which are taken to represent airfoil upper-surface and lower-surface 
values respectively. The equations that are solved for the distributions of source and vorticity strength are just 
the tangency condition illustrated in Figure 7.4,1b, imposed for both upper and lower surfaces, over the whole 
chord. The source and vortex singularities play complementary roles in influencing the perturbation velocities, 
wand v. The averages and differences in the perturbations between the upper and lower surfaces are influenced 
differently, and the influence relationships are most ¢ 
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For the analysis problem (solving for the pressures for a given airfoil shape), we can decompose the airfoil 
surface slope into contributions from the angle of attack, the shape of the mean line, or camber line (halfway 
between the upper and lower surfaces), and the shape of the thickness distribution (the difference between the 
upper and lower surfaces), and we can then determine the first-order pressure coefficient Cp =~ 2u/Ux for each 
part separately, where u is the streamwise perturbation velocity evaluated on the chordline. These components 
of the geometry and their corresponding contributions to the pressure distribution are shown in Figure 7.4.24 
for a NACA 4410 airfoil, Adding these pressure contributions together, we get a prediction for the complete 
pressure distribution of the airfoil, in Figure 7.4.24. These plots follow the usual convention for plotting pres- 
sures in aerodynamies, with Cp plotted on an inverted scale so that when an airfoil is lifting upward, the pressure 
oon the upper surface appears above the pressure on the lower surface. 














Figure 7.4.2 NACA 4410 airfoil at 2° angle of attack, shown decomposed into a chord line, camber (mean 






























































line), and thickness. The linear-theory contribution of each to the pressure distribution is also shown. (a) Angle 
of attack. (b) Camber line (NACA 44xx), (c) Thickness shape (NACA xx10), (d) All combined for NACA 
4410 airfoil at 2° a 
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‘The angle of attack and the mean-line shape affect only the average of the upper-and lower-surface slopes 
and thus the average v perturbation, and they therefore affect only the vorticity distribution, according to Table 
‘4.1. As we saw in Section 3.3, the local strength of a vortex sheet is equal to the difference (jump) in tangen- 
tial velocity across the sheet. In this case, the local strength of the vorticity distribution on the chordline is equal 
to the perturbation u and is therefore also proportional to the pressure difference, or the local lift loading. 

‘The thickness shape affects only the difference in surface slopes and thus the difference in the v perturbations, 
which is locally equal to the strength of the source distribution. The source strength, and therefore the thickness 
distribution, affects only the average of the u perturbations, not the difference, according to Table 7.4.1. 

‘So we see that according to linear theory, the chordwise distribution of lift is affected only by angle of attack 
and camber shape, not by thickness, and that the thickness shape affects only the average velocity over the up- 
per and lower surfaces. This is reflected in the contributions to the pressure distribution shown in Figure 7.4.2. 
‘The pressure distributions due to angle of attack in part (a) and camber shape in part (b) are pure lift-carrying 
pressure differences (equal and opposite on upper and lower surfaces) with zero average perturbation pressures. 
‘The pressure distribution duc to thickness in part (c) has a nonzero average and zero difference. 

‘Now look in particular at the pressure distribution due to angle of attack, shown in Figure 7.4.2a for an angle 
of attack of 2°. Note that the shape of this pressure distribution is generic and that only the amplitude changes 
with angle of attack. The distribution is singular at the leading edge (ACp is infinite), but it is integrable, and 











the lift and moment at a given a can be calculated by integration. Because the ACp varies linearly with angle 
of attack, the lift slope dC/da is constant, and its value is 2x per radian. The lift is concentrated well forward, 
and the centroid, or the point about which the pitching moment is zero, is located at the quarter chord for any 
nonzero angle of attack. The quarter chord is thus a convenient reference point for pitching moments: Any 
nonzero pitching moment about the quarter chord can be due only to the camber shape and will not vary with 
«, according to the linear theory. This holds true with reasonable accuracy for airfoils with practical amounts of 
thickness and camber, in the absence of nonlinear compressibility effects, and up to angles of attack at which 
boundary-layer separation begins. 

‘The pressure distribution due to a typical camber shape at zero a is shown in Figure 7.4.2b, in particular the 
NACA 44xx mean line, This mean line produces an incremental C of 0.455 with its centroid at 0.488 x/c, for a 
pitching-moment coefficient Cm of -0.108 about the quarter-chord. 

Figure 7.4.2c shows the pressure distribution for the NACA xx10 thickness shape at zero a, which is, of 
course, the same upper and lower. Combining this with the a and camber contributions, (a) and (b), gives the 
complete linear-theory pressure distribution for the NACA 4410 airfoil at 2° a, shown in part (d), 

Linear theory can also be applied to the “inverse” design problem (solving for the airfoil shape for a given 
pressure distribution), Here we would decompose the pressure distribution into a lift part (difference between 
upper and lower pressures, as shown in Figure 7.4.2 by the sum of (a) and (b), and a thickness part (average of 
upper and lower pressures, as in Figure 7.4.2c). The lift part determines the mean-line shape and the angle of 
attack, and the thickness part determines the thickness shape. Linearized design is almost never used in practice, 
because anyone who really wants to design an airfoil will invariably want to use a high 
discuss airfoil design further in Section 7.4.10, 

So to summarize what the linear theory leads us to expect regarding the pressure distribution and forces on 
an airfoil 























1. The pressure difference between the upper and lower surfaces, and thus the lift, is due primarily to the 
angle of attack and the shape of the mean line and is much less affected by the thickness distribution. 








2. The pressure disturbance averaged between the upper and lower surfaces is due mainly to the thickness 
distribution and much less affected by angle of attack and camber. 





3. The integrated lift is linear with a, and the lift slope dCrlda is close to 2x per radian. 
4. The pitching-moment coefficient Cy, about the quarter-chord is nearly constant with a. 


As we'll see, these expectations hold up reasonably well, atleast qualitatively, for airfoils of practical thick- 
ness at low Mach numbers in the attached-flow regime. 





Now let's look at some of the ways “real” airfoil flows differ from the predictions of the linear theory, First, 
even before we add viscous effects, just moving the inviscid-flow boundary conditions from the x axis to the 
actual airfoil surface and taking perturbation u into account in the boundary conditions have effects that increase 
with thickness, camber, and angle of attack. In Figure 7.4.3, pressure distributions from the linear theory are 
compared with inviscid-flow calculations from the MSES code (Drela, 1993) for two airfoils that differ by a 
factor of 2 in thickness, camber, and a: NACA 2405 at 1°, and NACA 4410 at 2° (same case as in Figure 7.4.2) 
In both cases, the linear-theory underpredicts the pressure disturbances compared with the higher fidelity invis- 
cid calculations, but much less so for the thinner airfoil than for the thicker one. The discrepancy seems to grow 
roughly quadratically with thickness, as one might expect for nonlinear effects. Still, the linear theory captures 
the general character of the pressure distributions, 











Figure 7.4.3 Comparison between the linear inviscid theory and incompressible inviscid flow with boundary 
conditions applied at the airfoil surface, calculated by the MSES code (Drela, 1993). Comparisons are made 
for two airfoil cases that differ by a factor of 2 in camber, thickness, and a, so that linear theory predicts a 
doubling of the pressure disturbances. (a) NACA 2405 at 1° a. (b) NACA 4410 at 2° a 
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Figure 7.4.4 compares the linear theory with inviscid MSES calculations for the NACA 4410 in terms of the 
change in the chordwise distribution of lift for a change in a from 0° to 2°. Here we see that the linear theory 
captures the general character of the distribution, except that the real airfoil, with its blunt-nosed thickness dis- 
tribution, has no singularity at the leading edge. 





Figure 7.4.4 The effect on the chordivise distribution of lift ofa change in a from 0 to 2°, The linear-theory 
prediction, which is independent of airfoil shape is compared with a calculation for a NACA 4410 airfoil, eal 
culated by the MSES code (Drela, 1993) in the inviseid mode 
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Viscosity can have significant effects on the pressure distribution, through the boundary-layer displacement 
effect. In Figure 7.4.5a, the inviscid MSES calculation of Figure 7.4.3b is compared with a corresponding vis- 
cous calculation at the same angle of attack for a chord Reynolds number of 10 million, assuming laminar-to- 
turbulent transition close to the leading edge. The boundary-layer displacement effect, which is at its strongest 
by far on the upper surface near the trailing edge, reduces the effective angle of attack and aft camber of the 
airfoil, and changes the circulation, affecting pressures over the whole chord and noticeably reducing the li. If 
the viscous solution is run so as to match the inviscid Cr instead of the inviscid a, the differences in the pressure 
distributions are reduced, as shown in Figure 7.4.5b, Note that due to the reductions in the effective eamber and 
4, the viscous calculation requires a higher « to match the inviscid Cy, The effect of the higher can be seen in 
the higher suction level on the forward upper surface. 





Figure 7.4.5 Effect of viscosity on the pressure distribution of NACA 4410 at 2° a, R= 107, tripped to turbu 











lent at 5% chord, calculated by the MSES code (Drela, 1993). (a) Inviscid and viscous MSES calculations at 
2° a. (b) Inviseid MSES calculation at 2° a; viscous calculation matches inviseid Cy~ 0.7385 (a= 2.541°) 
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‘The most dramatic local changes in pressure brought about by the boundary-layer displacement effect are 
seen in the neighborhood of the trailing edge. As we saw in Section 3.10, the inviscid flow off of a trailing edge 
with a nonzero wedge angle has a stagnation point, and the exact inviscid solution should thus have stagnation 
pressure (Cp = 1.0) at the trailing edge. The numerical solution plotted here doesn't reach stagnation pressure 
because the pressure change approaching the stagnation is too rapid to be resolved by the numerical grid (note 
that when a potential flow turns a concave corner of less than 90°, stagnation pressure is approached with in- 
finite slope, as in Figure 3.10.2c). But this issue is irrelevant in the real world with viscous effects. Real pres- 
sure distributions look very much like the viscous solutions plotted in Figure 7.4.5, in which the boundary-layer 
displacement effect has substantially reduced the pressure recovery near the trailing edge and eliminated the 
stagnation. This alteration of the pressure distribution is a significant contributor to the profile drag, as we'll se 
later. It is easy to be deceived by appearances, however. Although the pressure changes near the trailing edge 
are the most dramatic, the pressure contribution to the profile drag is subtle and depends on changes around the 
entire airfoil contour. 





Now let's look at the effeets of nonlinear boundary conditions and boundary-layer displacement on the lift- 
versus-a curve. Figure 7.4.6 shows the lift curve predicted by linear theory for the 44xx mean line, again show- 
ing the Cy shift of 0.455 at zero @ and a slope dCi/da of 2x per radian. For comparison, MSES predictions 
are shown for the NACA 4410 and NACA 4420 airfoils, for both inviscid flow and all-turbulent flow at R 10 
million. The inviscid MSES calculations show higher lift slopes than linear theory, increasing with increasing 
thickness ratio, The viscous calculations show significant losses of lift relative to inviscid. The calculation for 
10% thickness ratio just happens to agree closely with the linear theory over the linear part of the lift curve, 
‘while the calculation for 20% thickness ratio is lower. At higher angles of attack, the displacement thickness of 
the boundary layer on the aft upper surface grows rapidly with angle of attack, causing the lift curve to become 
nonlinear and the lift slope to decrease. The maximum lift shown may be close to the maximum lift this airfoil 
could produce, but the MSES solution scheme based on simultaneous boundary-layer/inviscid-flow coupling 
did not in this ease produce solutions showing maximum lift and beyond. 

































Figure 7.4.6 Lift curves predicted by linear theory and the MSES cade (Drela, 1993) with and without viseo 
ity forthe NACA 4410 and 420 airfoils 
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So far, we've seen two important effects of viscosity on the pressure distributions: The reduction in aft pres- 
sure recovery that contributes to profile drag, which we'll discuss in Section 7.4.2, and a reduction in lit slope 
that increases with increasing thickness. The latter effect explains what Yates (1990) referred to as the “fatness 
paradox,” in which the lift slope in inviscid flow increases with increasing thickness, while the lift slope in vis- 

cous flow decreases. 

In Figure 7.4.4, we saw that a rounded leading edge removes the leading-edge singularity that would gener- 
ally occur in the inviscid solution for the mean line alone. On an airfoil that has no sharp comer other than the 
trailing edge, flow attachment occurs at a stagnation point, as we saw in Section 5.2.1, A stagnation point is, of 
course, a feature that the linear theory cannot model accurately, At moderate angles of attack for most airfoils, 
the stagnation point occurs near the leading edge. Figure 7.4.7 shows the pressure distribution plotted versus arc 
length around the leading edge, calculated for the NACA 4410 at an angle of attack of 2° in inviscid flow and 
at the matching C condition for viscous flow (same conditions as in Figure 7.4.5b). There is a slight shift in the 

















location of the stagnation point, but the shape of the pressure distribution in the neighborhood of the stagnation 
point is affected very little by viscosity. The value of Cp at stagnation is greater than I because of numerical 
issues related to running a compressible code at a very low Mach number. 





Figure 7.4.7 Pressure distributions in the neighborhood of the leading-edge stagnation point of'a NACA 4410 
airfoil. The inviscid MSES calculation is at 2° a, and the viscous calculation matches the inviseid C)= 0.7385 
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7.4.2 Profile Drag and the Drag Polar 


In Chapter 6, we looked in considerable detail at drag in general, and we noted that although it is not possible 
to rigorously decompose the drag force according to the flow mechanisms that cause it, an approximate decom- 
position into lift-induced drag, shock drag, and viscous drag is possible with the aid of simplified theoretical 
‘models. The problem we face here is simpler: A 2D airfoil in 2D flow has no induced drag, and shock drag ap- 
pears only at transonic speeds when regions of supersonic flow appear in the field, We'll defer transonic issues 
to Section 7.4.8 and look now just at the viscous drag in subcritical flow. As we saw in Section 6.1.3, viscous, 
drag has both a shear component and a pressure component. In the context of airfoils and wings, the viscous 
drag is often called the profile drag. 

Ofcourse in an ideal 2D inviseid flow without shocks, the drag of an airfoil must be zero. This is an example 
of D’Alembert's paradox, which we discussed in Sections 5.4 and 6.1.6. Intuitively speaking, zero drag is even 
‘more surprising in the case of a lifting airfoil at an angle of attack than itis in general. Consider the lifting air- 
foil sketched in Figure 7.4.8a. Because of the general downward slope of the airfoil surfaces, due to the angle 
of attack, the pressure difference between the upper and lower surfaces produces a net force that over much of 
the airfoil chord is tilted backward as illustrated by the arrow above the airfoil. Ifthe integrated pressure force 
‘over so much of the chord is tilted backward, how can the drag be zero? The answer to this lies with something 
that is loosely termed leading-edge suction. On a lifting airfoil with a rounded leading edge, as in Figure 7.4.80, 
the pressure around the leading edge is predominantly lower than elsewhere, as indicated by the minus signs, 
just enough to balance the general backward tilt of the lift over the rest of the chord. On an airfoil with zero 
thickness, as in Figure 7.4.8b, there is only one angle of attack at which the flow attaches smoothly to the lead- 
ing edge. At any other angle of attack, the potential flow around the leading edge has a singularity with infinite 




















velocity, and produces a singular suction force parallel to the surface tangent at the leading edge, as indicated 
by the arrow. In 2D inviscid flow, this suction force must exactly cancel any net drag force resulting from the 
pressure differences over the rest of the chord. 


Figure 7.4.8 The concept of le 


suction force at the leading edge of an a 











ading-edge suction. (a) Low pressure around a rounded leading edge. (b) Si 





foil with zero thicknes 








In the real world, the viscous drag of 





typical streamlined airfoil in attached flow tends to be small, on the 
order of 10°? in terms of the drag coefficient, When we want to predict airplane performance or compare can- 
didate designs, we would like to pin this small drag number down to within a small percentage, so we are look- 
ing at trying to predict the profile drag to within something on the order of a drag count (10 *). Computational 
predictions at this le it or beyond the limit of what is currently practical and are therefore problematic 
‘When we are looking at increments on the order of a drag count, we should use only the best methods available, 
and we should apply them with great care, We'll address the CFD issues further in Chapter 10. Experimental 
‘measurements of drag at this level are likewise difficult. Only particular experimental setups and measurement 
‘methods are up to the task, and then only marginally so. Experimental uncertainties are often as large as the 
increments we would like to determine. These difficulties, however, don't keep us from drawing some general 
conclusions about the nature of viscous profile drag. 

In Section 5.4 and in Section 6.1.3, we discussed the decomposition of drag into a surface shear stress, 
skin-friction part and a pressure part, and noted that this decomposition involves none of the theoretical ideal- 
ization that is required in the induced/shock/viscous drag decomposition. In attached flow, typical airfoil pro- 
file drag is mostly integrated skin friction, but pressure also makes a significant contribution, as a result of the 
boundary-layer displacement effect. A viscous-inviscid interaction code can do a reasonable job of predicting 
the boundary-layer displacement thickness, but an NS code is generally required if one is to calculate the effect 
on the pressure accurately enough to allow the viscous pressure drag to be calculated by direct pressure integ- 
ration, In practice, accurate prediction of the pressure drag in an NS code requires a flow solution with an ex- 
cellent degree of grid convergence. In viscous-inviscid interaction codes, the pressure drag cannot generally be 
calculated directly with sufficient accuracy, and the total drag must be inferred from less-direct flowfield mani- 
festations. The wake development can be calculated into the farfield and used in the farfield wake-momentum 
formula, Equation 6,1,7, as is done in the MSES code (Drela, 1993), for example, or trailing-edge boundary- 
layer quantities can be used in the Squire-Young formula, Equation 6.1.8 for incompressible flow, or the com- 
pressible version by Cook (1971), 

Now let's look at typical behavior of skin-friction and pressure drag, using MSES calculations for the NACA. 
4410, the airfoil whose pressure distributions we looked at in Figure 7.4.5, First, a typical distribution of Cr 
along the chord is shown in Figure 7.4.9, for the same flow condition as in Figure 7.4.5b, Flat-plate Cr from 
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Equations 4.3.4 and 4.3.5 is shown for comparison. The artificially forced transition from laminar to turbulent 
at 5% chord is clearly seen. It is also clear that pressure gradients and edge velocities different from freestream 
make Cron the upper and lower surfaces considerably different from that on a flat plate, and that Cr on the 
upper surface is higher than that on the lower surface, except near the trailing edge. In Figure 7.4.10 we look 
at the drag polar behavior, that is, how these things vary with C1. The skin friction calculated by the code's 
boundary-layer equations was integrated directly, and the total drag was calculated from the farfield wake mo- 
‘mentum. The difference was assumed to be the pressure drag and labeled as such. The total skin-friction drag is 
only slightly greater than that on a two-sided flat plate and varies little with Cj. Most of the variation of the drag 
with Cris seen to come from the pressure drag. The variation is roughly parabolic at lower Ci, but it becomes, 
strongly nonparabolic at higher Cy, as the boundary layer on the aft upper surface approaches separation. 








Figure 7.4.9 Skin-friction distribution for NACA 4410 calculated by the MSES code (Drela, 1993). R = 107, 
C/=0.7385 (a= 2.541"). Here Cris normalized by furfield q, not local edge q. Cr for a fat plate at the same 
Reynolds number is shown for comparison 
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Figure 7.4.10 Drag predicted by the MSES code (Drela, 1993) for the NACA 4410, R 
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In Section 6.2.1, we discussed the concept of a form factor that relates the actual profile drag to the skin- 
friction drag of a flat plate at the same chord Reynolds number and with laminar-to-turbulent transition at the 
same chord location. Handbook methods for drag estimation often use the form factor in estimating the profile 
drag of the airfoils that make up the wing. The flat-plate skin friction is easily calculated by Equation 4.3.2 for 
all-turbulent flow, and an adjustment can be made if a significant run of laminar flow is expected. The form 
factor itself poses more of a problem and is thus the weak point of the form-factor approach. To illustrate why, 
the form factor variation calculated from the MSES predictions of Figure 7.4.10a is plotted in Figure 7.4.10b, 
Like the pressure drag in Figure 7.4.10a, the form factor has a roughly parabolic variation at lower C; and be- 
comes strongly nonparabolic at higher Cy, Note that even at the drag minimum the form factor is greater than 
1 by more than 20%, reflecting the fact that the viscous drag of an airfoil is typically significantly greater than 
the skin-friction drag of a flat plate. In handbook methods, only the parabolic part can be correlated reasonably 
‘well with the airfoil maximum thickness and maximum camber. The nonparabolic part depends on airfoil design 





details and is usually ignored. Asa result, when it comes to making airplane performance predictions, relying 
just on the parabolic part of the airfoil polar that fits the low-Cy range is bad practice. Usually, the airfoil Cy that 
provides the highest airplane liftdrag ratio is determined by the rapid increase in profile drag on the nonpara- 
bolic part of the airfoil polar. Using the parabolic polar that fits the low-C, range will generally lead to a choice 
of operating C/ that is too high and will also yield a seriously optimistic drag estimate. 


7.4.3 Maximum Lift and Boundary-Layer Separation on 
Single-Element Airfoils 


We now turn our attention to the problem of the maximum lift an airfoil can produce and how it is affected 
by the airfoil shape and pressure distribution, There are limits to the amount of lift that ean be produced even 
in inviscid flow, as discussed by Smith (1975). Either the circulation becomes so large that the attachment and 
separation points merge, and it is assumed that larger circulation would be a mathematical artificiality, or the 
condition on the upper surface approaches vacuum. Smith points out that these limits are moot, however, be- 
cause viscous effects impose much lower limits. As we noted in our basic explanation of lift in Section 7.3.3, 
the maximum lift of an airfoil is limited because “there is an angle of attack above which the flow cannot follow 
the upper surface and breaks away,” as shown in Figure 7.3.16, Now it's time to look in more detail at what that 
s. The breaking away is of course boundary-layer separation, and it changes the basic topology of the flow, 
as we discussed in Sections 5.2 and 5.3. As we saw in Section 4.1.4, the immediate cause of any separation 
from a smooth surface in 2D flow must be an adverse pressure gradient. The angle of attack strongly affects 
the pressure distribution and is therefore a primary variable affecting separation. Separation also depends on the 
Reynolds number and the location of laminar-to-turbulent transition. 

‘The progression of separation with angle of attack, and the resulting variation of lif with angle of attack, 
can follow a variety of scenarios, depending on the details of the airfoil shape and pressure distribution and 
con whether the boundary layer is laminar or turbulent at the separation point. We'll take a brief look at the in- 
teresting complexities that can accompany laminar separation before we take up the simpler case of turbulent 
separation that dominates at high Reynolds numbers, 

If the Reynolds number is relatively low, or if the airfoil is thin enough, separation can often occur while 
the boundary layer is still laminar, and the progression with angle of attack can be complicated. The shear layer 
downstream of a laminar separation is generally highly unstable, and transition tends to happen within a short 
distance, but of course the distance depends on the Reynolds number. Depending on the length of the transition 
region and the shape of the airfoil, transition may or may not cause reattachment of the boundary layer to the 
surface. A laminar separation with subsequent turbulent reattachment is called a laminar separation bubble and 
generally has the structure illustrated in Figure 7.4.1. If the displacement-thickness Reynolds number at the 
separation point is above 500 (see Thwaites, 1958), transition is very quick and nearly always results in reat- 
tachment. The resulting bubble is typically only 1-2% of the chord in length and is called a short bubble. At 
lower Reynolds numbers, transition is less vigorous, and reattachment may or may not occur, Ifa bubble results, 
itis referred to.as a long bubble. 
































structure of a laminar separation bubble with turbulent reattachment, From Thwaite: 


Figure 7.4.11 General 


(1958). Used with permission of Dover Publications, Inc. 
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Most airfoil flows are unique, in that there is only one possible flow pattem for a given airfoil shape, farfield 

flow condition, and angle of attack. But in some situations when laminar separation bubbles are involved, there 

can be two possible flow patterns at the same angle of attack, and the lift curve can have a hysteresis loop. Fig 
4.12a,b shows two possible types of hysteresis loop. 





Figure 7.4.12 Lift curves showing different types of stall behavior depending on the pro; 
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‘The counterclockwise loop in part (a) is associated with a laminar separation bubble near mid chord that first 
appears at an angle of attack below point A. As point A on the lift curve is approached from below, the bound- 
ary layer ceases to reattach, and the lift jumps down to point B on the lower branch, When the angle of attack 
is further increased to point C, transition moves ahead of the former separation point, the separation disappears, 
and the lift jumps up to point D. When the loop is traversed in the other direction, earlier transition continues to 
prevent the laminar separation, and the lift follows the upper branch back to point A. 

A clockwise hysteresis loop like that shown in part (b) of Figure 7.4.12 is more common and is associated 
with laminar separation near the leading edge. Below point A on the lift curve, there is a laminar short bubble 
with reattachment. The laminar bubble thickens the boundary layer considerably, however, and reduces the tur- 
bulent boundary layer’s ability to resist separation downstream. (We'll look at the effect of incoming boundary- 
layer thickness on turbulent separation in some detail in connection with turbulent stall below.) At point B, sep- 
aration jumps forward suddenly from the trailing edge to the leading edge, leading to the precipitous drop in lift 
to the lower branch at point C. This is often described as the “bursting” of the laminar bubble. Now that the lift 
is reduced, and with it the circulation around the airfoil, the stagnation point is not as far aft on the lower surface 
as it was when the lift was on the upper branch. The distance around the leading edge from stagnation to separ- 
ation is shorter, the displacement-thickness Reynolds number at separation is lower, and the ability to reattach 
is reduced. As angle of attack is reduced, the lift follows the lower branch to point D before the reattachment is 
reestablished, and the lift jumps back up to point A. 














Obviously, flows with laminar separation bubbles can display complex behavior, and it turns out that they 
are not that easy to predict. Drela's ISES and MSES codes, which are based on viscous/inviscid interaction, and 
in which the integral-boundary-layer portion of the analysis includes a transition-prediction module, can predict 
such flows in some cases. At the current state of the art, NS codes based on the RANS equations with turbule 
‘modeling don't routinely predict these effects because they don't typically incorporate any option for transition 
prediction 

At the high Reynolds numbers typical of large airplanes, laminar separation tends not to arise, and lift is, 
limited by turbulent separation. In a “turbulent stall,” lift can increase substantially or very little after separa- 
tion first appears, depending on how the separation moves forward as angle of attack increases, As a result, the 
airfoil’ lit curve can vary between the extremes illustrated in Figure 7.4.12c,d. Separation may move gradu- 
ally forward from the trailing edge, producing a gradual reduction in lif slope and a broad maximum in the 
Lift curve as in part (¢), or it may jump forward suddenly, producing a precipitous drop in lift as in part (d), In 
the gradual scenario, the actual stall, or onset of the decrease in lif, is usually preceded by buffeting caused by 
flow unsteadiness related to the separation, and the loss of lift post-stall is gradual, In the sudden scenario, the 
stall comes without warning, and the loss of lift is abrupt, which can cause sudden changes in airplane handling 
characteristics. Obviously, flight safety favors a gradual stall, and we'll see later what pressure-distribution fea- 
tures can be designed into an airfoil to produce it. Even an airplane with a gradual stall, however, is deliberately 
flown into the buffeting regime only in special circumstances, typically flight testing and pilot training, and in 
this sense, the onset of flow separation provides one definition of the maximum usable lift coefficient. For this, 
reason, and because it is easier to predict computationally than the actual maximum lift, well take the onset of 
flow separation as the threshold for purposes of this discussion. 

By this criterion, the maximum lift depends on how low the average upper-surface Cp ean be made before 
the upper-surface boundary layer can no longer make it to the trailing edge without separating. The “run” of 
the upper-surface boundary layer starts at the stagnation point of attachment, which under high-lift conditions is, 
usually on the lower surface, back a short distance from the leading edge, so that the boundary layer must flow 
around the leading edge before it starts to traverse the upper surface. Then whether the boundary layer separates 
‘or not depends on the pressures it is subjected to around the leading edge and along the entire upper surface. 

We saw what a typical upper-surface pressure distribution looks like in Figure 7.4.2: There is a dec 
pressure as we move away from the stagnation point of attachment near the leading edge, and a minimum pres- 
sure well call the suction peak, which ean be very close to the leading edge or farther back, depending on the 
airfoil shape and the angle of attack. The suction peak is followed by an increase in pressure, or pressure recov 
ery from the suction peak to the trailing edge. For an airfoil with nonzero thickness in attached viscous flow, 
the Cp atthe trailing edge typically has a slightly positive value that depends primarily on the average thickness 
and is not very sensitive to the details of the thickness shape, for reasonable shapes. 

The recovery region is where the pressure gradient is adverse, and that’s where we'll concentrate our att 
tion, In general, a streamtined body with thickness in attached flow must have a recovery region at the rear. In 
Figure 7.4.2c, we saw that a typical airfoil thickness distribution by itself contributes a modest amount to the 
recovery, and in Figure 7.4.2b, we saw that the typical camber distribution also contributes, For determining 
‘maximum lif, the contribution from angle of attack (Figure 7.4.2a) is crucial because it increases with angle of 
attack, making the pressure gradient over the entire recovery region increasingly adverse. Increasing a eventu- 
ally causes the gradient to exceed what the boundary layer can tolerate, regardless of other details of pressure 
distribution. 





















































To maximize the lift at the onset of s 





aration, we want to make the average Cy on the upper surface as neg- 
ative as possible, subject to the constraint imposed by the slightly positive Cp that we must reach at the trailing 
edge. We can decrease the average C, either by lowering the minimum pressure or by keeping the pressure low 
over more of the chord, which delays the start of the recovery, or by @ combination of both. Lowering the min- 


imum pressure increases the pressure rise the boundary layer must withstand. Delaying the start of the recovery 
shortens the distance in which the recovery must take place and thickens the boundary layer at the start of the 
recovery, both of which tend to bring separation on sooner. The shape of the recovery pressure distribution is, 
also an important factor. 

There is no single, simple way to visualize how all of these factors come together to affect maximum lift. A 
conventional Cp plot normalized by the farfield dynamic pressure q., has the advantages of directly showing the 
effects of the pressure distribution on Cy and of making it clear that all recovery pressure distributions are es- 
sentially “anchored” to a trailing edge C, that is fixed within a narrow range. But conventional Cy at the suction 
peak varies widely, making it difficult to visualize how that part of the pressure distribution affects separation, 
‘The amount of pressure rise, or velocity drop, that the boundary layer can withstand is much more closely re~ 
lated to the conditions at the suction peak than to those in the farfield, In his classic Wright Brothers lecture on 
high-lift aerodynamics, Smith (1975) suggested that plotting recovery pressure distributions in what he called 
canonical form, in terms of a pressure coefficient relative to the suction-peak pressure and normalized by the 
peak dynamic pressure, reduces the variation in ACp between the suction peak and separation and makes the 


separation trends easier to see. The canonical pressure coefficient “P is thus defined and related to conven- 
tional Cp by 
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‘where the subscript o denotes conditions at the suction peak, which we'll take as the start of the recovery. Note 























that Cp at the suction peak is zero by definition, and 





takes on only positive values in the 





ery. Separation 





of a turbulent boundary layer generally occurs at CP values between 0.4 and 0.9, a much smaller range than 
‘we would see in terms of conventional ACp. Of course, to see how the separation trends affect Cy, we will still 
have to return to the conventional pressure distribution. 

Let’s look at some separation trends in terms of canonical pressure distributions, Figure 7.4.13, 





fom Smith 








(1975), shows in a single plot how CP at separation is affected by the shape ofthe recovery pressure distribu- 
tion and the thickness of the boundary layer at the start of the recovery, which in these examples is determined 
by the length xo of an ideal constant-pressure boundary-layer run ahead of the start of the recovery. The longer 
the length xo, the thicker the boundary layer at the start of the recovery. The results shown are for turbulent 
boundary layers and are based on numerical solutions to the boundary-layer equations with the algebraic eddy- 








viscosity model of Cebeci and Smith (1974) and with the given pressure distributions as boundary conditions, 
Because of the limitations of the simple turbulence model, these calculations are generally optimistic regard- 
ing to the amount of pressure recovery that is possible, especially in the cases where the recovery leading to 
separation is short when measured in terms of initial boundary-layer thicknesses, but the qualitative trends are 
realistic. 


Figure 7.4.13 Separation loci for a family of power-law canonical pressure distributions preceded by different 





lengths x9 of boundary-layer run ahead of the recovery. In parentheses are values of Rg at x = 0. (From Smith, 
1975; Figure 20.) The airfoil sketch at the top, and the circles and arrows pointing to it, were added to Smith's 
original figure to illustrate how these curves would apply to a hypothetical airfoil for the particular ease of xy 
0.25 ft and m= 1/2 
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‘Three important trends are clear in Figure 7.4.13: 
1. A concave recovery (a recovery pressure distribution characterized by m <1, in which the adverse 
pressure gradient starts out strong and eases downstream) leads to separation in a shorter distance than 
does a convex recovery (m > 1), 

2. In spite of the shorter distance to separation, a concave recovery produces greater pressure recovery 
than a convex recovery, and 

3. A thin boundary layer at the start of the recovery (small xo) results in greater pressure recovery, and a 
thick boundary layer results in less 

Smith (1975) showed that these results are not very sensitive to Reynolds number: Reducing the Reynolds 





number by a factor of 10 reduced the values of CP at separation generally by less than 0.1, But for a given 
pressure distribution, separation is strongly affected by wing sweep, as we'll ee in Section 8.6.2. 

So viewing recovery pressure distributions in canonical form makes it easier to visualize how the initial 
boundary-layer thickness and the shape of the pressure distribution affect separation, But it isn't clear just from 
the canonical distributions what these boundary-layer separation trends imply regarding airfoil maximum lift 
To visualize the effects on maximum lift, we must convert the canonical distributions back to conventional form 
and view them as candidate upper-surface pressure distributions of a hypothetical airfoil with a rapid flow ac~ 
celeration near the leading edge and a region of constant pressure back to the recovery point, followed by the 
pressure recovery. 








‘The conversion to a conventional pressure distribution goes as follows. We take xo in the canonical plot to 
correspond to the leading edge of our airfoil, and if we place the trailing edge at Xsep in the plot, we have sep- 
aration beginning just at the trailing edge, which corresponds to our criterion for the maximum usable lift. The 
airfoil sketch at the top of Figure 7.4.13, and the circles and arrows pointing to it, were added to Smith's ori- 
ginal figure to illustrate how this would work for a hypothetical airfoil in the particular case of xo = 0.25 ft and 
1/2. In this case the leading edge lines up with x =~ 0.25 fi, and the trailing edge lines up with Xsep for 
m = 1/2, xo = 0.25. For general cases, each of the possible combinations of xo and xsep then corresponds to 
particular locations of the leading and trailing edges on the plot, and a particular chordwise location x/c for the 
start of the recovery, often referred to as the recovery point. Then we assume that the conventional Cp at the 


trailing edge always has a slightly postive value, say 0.2, and that this corresponds to CP at separation forthe 
particular pressure distribution we're considering in the plot. Through Equation 7.4.1, this defines us» for each 


case we consider, and thus defines the relationship between CP and Cp, When we do this for any one of the 
canonical pressure distributions in Figure 7.4.13, and repeat it for various combinations of xo and sep, We get a 
family of conventional pressure distributions with different recovery points and different Cp levels at the suction 
peak. Strictly speaking, each of these pressure distributions corresponds to a different chord Reynolds number, 
because in Figure 7.4.13 it is the “unit” Reynolds number uo/v of the canonical x scale that is constant. But 
the Reynolds-number sensitivity is fairly weak, and this discrepancy shouldn't seriously distort the qualitative 
trends we're looking for. 
Results of this process are shown in Figure 7.4.14 for four of the canonical pressure distributions ranging 

from concave to convex. Several important trends are evident in these plots 

1. In the part of the pressure distribution ahead of the pressure recovery (often called the rooftop), higher 

suction levels (lower pressures) are possible with concave recoveries, 




















2, For a given shape of the recovery pressure distribution, the allowable suction level increases as the 
recovery point is moved forward, and 


3. For a given suction level, a concave recovery allows a farther-aft recovery point and a longer rooftop. 


Figure 7.4.14 Families of conventional maximum-lift pressure distributions corresponding to some of the ea. 
© distributions of Figure 7.4.13: for e 
level was determined so that separation is reached at the trailing edge. All-turbulent flow was assumed ahead 
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A higher suction level and a longer rooftop both increase lift, so that in view of items (1) and (3) above, 
concave recoveries should be favorable. This is born out by the plots in Figure 7.4.14, which clearly show that 
concave recoveries produce higher lift, and by the corresponding upper-surface lift coefficients plotted in Figure 
TAS, 


Figure 7.4.15 Lipper surface Cy values for the pressure distributions of Figure 7.4.14, plotted versus the 
recovery-point location 
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It is also clear that for any given shape of recovery pressure distribution, high lift involves a compromise 
between having low pressure at the suction peak and having the low pressure extend over more of the chord, 
‘There is therefore an optimum location for the recovery point that yields the highest lift. Figure 7.4.15 shows, 
that the optimum recovery point moves aft, and the maximum lift dramatically increases, as the recovery pres- 
sure distribution is made more concave. Remember that chord Reynolds number was not kept constant in these 
examples, and the trends are only qualitative approximations to what would happen for constant Reynolds num- 
ber. 

So in these examples, the highest maximum lift is achieved by the most concave recovery pressure distribu- 
tion, or the most “rapid” recovery. Smith (1975) concluded that the highest possible lift that can be achieved 
without separation is achieved by the most rapid of all possible recoveries, the Siratford recovery (Stratford, 
1959a, b), which is shown in canonical form in Figure 7.4.16 (Smith's Figure 21). In a Stratford recovery, an 
extremely strong pressure gradient at the start brings the boundary layer immediately to near-zero Cf, and the 
remainder of the pressure distribution is tailored to maintain the boundary layer in a constant state of incipient 
separation. The boundary-layer velocity profile in a Stratford recovery is nearly self-similar, and itis one of the 
family of equilibrium turbulent-boundary-layer flows that we discussed in Sections 4.3.2 and 4.4.2. 





Figure 7.4.16 Canonical pressure distributions for Stratford's recovery at two different values of unit Reynolds 
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The potential for high maximum-lift coefficients led Liebeck (1973) to use the Stratford recovery pressure 
distribution as the basis for several low-speed airfoil designs. A drawback to this approach is that above the 
“design” angle of attack, separation jumps forward abruptly from the trailing edge, leading to the problem of 
abrupt stall that we've already discussed. As a result, Stratford-recovery airfoils have not found much applic 
ation in aeronautical practice, Instead, designers developing airfoils for practical applications purposely back 
avway from the Stratford recovery by varying amounts, that is, they make the recovery less concave, depending 
on how gentle they want the stall to be and how much of a penalty in maximum lift they are willing to pay for 
it 








So far we've assumed that the boundary-layer development is all-turbulent from near the leading edge, a situ 
ation Smith referred to as a turbulent rooftop. Now let's look at the case of a laminar rooftop. A run of laminar 
flow ahead of the start of the recovery, that is, a laminar roofiop, will result in a thinner boundary layer at the 
start of the recovery than would be there if the boundary layer were all turbulent. In terms of the canonical 
pressure distributions in Figure 7.4.13, we saw that a thin boundary layer at the start of the recovery tends to 
delay separation. In terms of the conventional pressure distribution, as in Figure 7.4.14, the thinner boundary 
layer would allow either a higher suction level in the rooftop or a longer rooftop, either of which would increase 
‘maximum lift. Figure 7.4.17, from Smith (1975), illustrates this effect by comparing conventional maximum-lift 
pressure distributions with laminar and turbulent rooftops. These examples happen to show Stratford recover- 
ies, but the effects of a laminar roofiop are reasonably generic. For a given recovery-point location, a laminar 
rooftop allows a higher suction level, and for a given suction level, a laminar rooftop allows a longer rooftop, 
In view of the potential for very high maximum lift coefficients, Liebeck (1973) assumed a laminar rooftop for 
several of his airfoil-design examples. For practical applications, a drawback to designing an airfoil for a lam- 
inar rooftop at the maximum-lift condition is that if the airfoil surface becomes contaminated, say by rain or 
insects, and the flow trips early to turbulent, the maximum-lift capability will be greatly reduced. 























Figure 7.4.17 Conventional maximum-tift pressure distributions with Stratford recoveries at a chord Reynolds: 
mber of S million, (From Smith, 1975; F 
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To summarize, we've seen that high maximum lift in a single-clement airfoil favors concave and even 
Stratford-recovery pressure distributions, and a laminar rooftop. In airplane applications, however, such features 
are to be avoided for handling characteristics and safety reasons, and besides, single-clement airfoil design is 
usually dominated by considerations in other parts of the flight envelope. For many airplanes, maximum lift for 
takeoff and landing is enhanced by high-lift devices with stots, which brings us to our next topic. 


7.4.4 Multielement Airfoils and the Slot Effect 


Maximum-lift capability can be greatly enhanced if the airfoil has multiple clements with favorably configured 
slots between them, Figure 7.4.18 shows how slots are typically arranged on airfoils with slotted trailing-edge 
and leading-edge high-lift devices and between the mainsail/headsail combination often used on sailboats. Note 
that the slot widths (zaps) used in aeronautical applications are typically much smaller, relative to overall chord, 
than those used in cloth sails. As welll see, however, the physical mechanism for the effectiveness of the slot is, 
largely the same in both cases. 
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Fora slot to be effective in enhancing maximum lift, the general pattem of flow through it must be as shown. 
in Figure 7.4.19, in which the flow passes smoothly through the slot, from the lower surface to the upper sur- 
ed along the upper surface of the aft element. A smoothly contoured stot as shown in part 
tates such flow, but even if the slot is preceded by a sharp-comered cove, which is common 
in practical applications in which the slot opens when a high-lift device is deployed, the flow under high-lift 
conditions usually reattaches to the lower surface ahead of the slot, as shown in part (b). In both the smoothly 
contoured slot and the coved slot, much of the air passing through the slot is not in the boundary layers and 
has freestream total-pressure, This part of the flow through the slot and extending downstream in the region 
between the boundary layer on the aft clement and the wake of the forward clement is often referred to as a 
potential-flow core, or potential core, for short, The potential core can be thought of as ending where confluence 
‘occurs between the wake of the forward element and either the boundary layer or the wake of the aft element, 
as shown in Figure 7.4.19¢,d. Identifying the beginning of confluence is a bit like identifying the “edge” of a 
turbulent boundary layer; both are difficult to define precisely in practice 





an effective high-lif slot. (a) Smoothly faired slot. (b) Slot 





Figure 7.4.19 Typical features of the flow thra 
with a sharp-cornered cove with flow reattachment upstream, (c) Confluence of the wake of the forward el 






with the boundary layer of the aft clement. (d) Confluence of the wake of the forward element with the 
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Historically speaking, explanations for how the slot effect enhances maximum lift have evolved considerably. 
Early on, the flow through the slot was typically seen as a wall jet that “energizes” the boundary layer down- 
stream and prevents or delays separation on the downstream element, in the way we discussed in Section 4.5.3, 
(sce also Prandtl! and Tietjens, 1934, section 93). For the small gaps typical of aeronautical applications, this 
view has some merit. Afterall, the entire viscous layer downstream of the slot, which now includes the bound- 
ary layer on the aft element, what remains of the potential core of the slot flow, and the wake of the forward 
clement, is still a boundary layer in the general sense, and the addition of the potential core does constitute a 
sort of “energizing” of the flow, relative to what would be there without the slot. The potential core does have 
higher energy than the rest of the boundary layer, albeit not higher than the freestream, But this view of the slot 
flow turns out to be disappointingly limited in what it can explain, 

Much of what is known about the performance of wall jets in preventing separation applies to the case of an 
active jet in which the total-pressure in the jet core is well above that of the freestream (farfield). Active-wall- 
jet blowing tends to be implemented with a relatively narrow slot, high total-pressure in the jet, and a high jet 
velocity. In this situation, the jet mass flux required to control downstream flow separation tends to be relatively 
small, and momentum flux alone usually does a good job of correlating performance, as we noted in Section 
4.5.3. On the other hand, a passive wall jet, in which the potential core is only at freestream total pressure, is not 
so simple and should not be expected to perform in a way that correlates neatly with simple jet-flow parameters, 
The sorts of relatively simple trends that can be seen in the behavior of ordinary boundary layers, as in Figures 
7.4.13 and 7.4.15, don't apply to passive wall-jet flows either. If we are to really understand the effectiveness of 
passive slots, we must go beyond viewing the slot flow as a simple wall jet, even for cases with small gaps. And 
clearly, physical intuition indicates that the wall-jet model doesn't apply to the large gaps used with sails. 














How the slot effect really works becomes much clearer if we view the boundary layers on the individual air- 
foil elements as ordinary individual boundary layers, a view that is valid as long as the potential core of the stot 
flow persists, and retains some validity even after some confluence has occurred. Looking at the problem in this 
‘way was first popularized in Smith's (1975) Wright Brothers Lecture. To the extent that this view holds true, it 
is logical to think of each airfoil element as an individual single-element airfoil, as far as its own boundary-layer 
development is concemed, with the only influence of the other airfoil clements coming through their effects on 
the pressure distribution. So our focus has shifted from seeing the slot effect primarily as a viscous-flow phe- 
nomenon (the wall-jet view) to secing it in terms of a combination of viscous effects and the largely inviscid 
interaction by which the airfoil elements influence the pressure distributions imposed on their neighbors’ bound- 
ay 

We can now look at the problem of how much lift an element of a multiclement airfoil can carry in the same 
way that we looked at the maximum lift of a single-clement airfoil in Section 7.4.3. There we saw that the main 
limitation on maximum lift is imposed by how much pressure rise (or velocity drop) the boundary layer on the 
suction side can withstand. We also saw that the boundary layer’s ability to withstand the pressure rise is in- 
creased if the boundary layer is thin when it starts into the pressure rise. The stot effect works on both of these 
things: the amount of pressure rise imposed on each element, and the thickness of the boundary layer starting 
into the pressure rise. 

So a slotted configuration enhances maximum lift by doing two things: 

1. Starting a fresh upper-surface boundary layer at the leading edge of each element. For elements after 
the first, this means a thinner boundary layer at the start of the pressure rise than would be there if there 
were no slot 

















2, Reducing the pressure rise imposed on the suction-side boundary layer of each clement. Slots do this in 
either of two ways, or both simultaneously, depending on the situation of the given airfoil element, When 
there is an element ahead, it can provide leading-edge suction-peak suppression, essentially by providing 
some flow tuning ahead of the leading edge of the current element, so that the flow doesn’t rush around 
the leading edge as fast as it otherwise would. When there is an element behind, it can provide tailing- 
edge dumping- velocity elevation, effectively by placing the trailing edge of the current element in a high 
velocity region near the leading edge of the trailing element. Reducing the velocity at the leading edge of 
aan clement and elevating the velocity atthe trailing edge both reduce the total velocity drop the boundary 
layer is subjected to, 

These mutual-influence relationships by which the elements favorably affect each others’ pressure distribu- 
tions can be seen clearly in the pressure distributions of typical high-lift configurations. An example with a 
leading-edge slat and a double-slotted trailing-edge flap is shown in terms of the conventional pressure coef 
ficient in Figure 7.4.20a. The slat does not have an element ahead of it to suppress its suction peak, but the 
downward deflection of the slat reduces the peak compared with what would occur on an airfoil without a de 
flected leading-edge device. The main element and the trailing-edge flaps have their suction peaks suppressed 
by the elements ahead of them. The trailing-edge dumping velocity on the slat is considerably elevated over 
‘what would occur on an isolated airfoil. Moving aft in the system, dumping velocities decrease until that on the 
afi-most trailing-edge flap reaches a level typical of an isolated single-element airfoil. Successive leading-edge 
peak velocities also decrease systematically. When we put these pressure distributions in canonical form, as in 
Figure 7.4.20, we see that each clement withstands a pressure rise comparable to what might occur on a single- 
clement airfoil, which tends to support our view of the elements as separate airfoils 








Figure 7.4.20 Geometry and pressure distribution of a four-clement high-lift configuration. (From Smith, 
1975; F 
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Looking at the boundary layers on the individual elements in this way provides us with much of our explana- 
tion for the effectiveness of the slots, but of course the flowfield around a multielement system is more complex 
than the flow around individual airfoils, and there are additional issues and limitations. While the boundary lay- 
ers on all elements but the last benefit from elevated trailing-edge dumping velocities, the wakes that leave these 
trailing edges must complete the remainder the pressure recovery, reaching freestream pressure or slightly high- 
er before they leave the system. In other words, the wakes of forward elements must withstand adverse pressure 


gradients as they flow over the upper surfaces of the aft elements. A wake is typically more resistant to flow 
reversal in an adverse pressure gradient than a boundary layer is, so that flow reversal in the wake is not a com- 
‘mon occurrence. But even if'a wake doesn't have reverse flow, it can adversely affect the maximum lift of the 
system. Its displacement thickness in an adverse pressure gradient can become quite large, and it can influ 
the pressure distribution and separation behavior of the airfoil clement itis flowing over. And unless the slot 
‘gap upstream is large, the wake will merge to some extent with the boundary layer of the element underneath, 
Iftoo much of this boundary-layer confluence takes place, the separation resistance of the entire viscous layer 
will be reduced. Thus the choice of slot gap is a trade: Greater suction-peak suppression favors a smaller gap, 
but boundary-layer confluence penalizes a smaller gap, 

‘The wakes of forward elements, and the interaction of the wakes with the separation behavior of aft elements, 
can affect the lift curve of a multielement airfoil in various ways, and it is safe to say that the possibilities are not 
completely understood. For example, there is some evidence from 2D RANS solutions and from experiments, 
that some three-element airfoils (slat, main element, and single-slotted aft flap) can have a counterclockwise 
hysteresis loop in the lift curve like what we saw for a single-element airfoil in Figure 7.4.12a. In the multiele- 
‘ment case, this seems to involve toggling between the two basic flow states illustrated in Figure 7.4.21. In part 
(a), there is mostly attached flow on the aft flap, which imposes a strong pressure gradient on the combined 
wakes of the slat and main element, causing a large displacement thickness and perhaps reverse flow in some 
cases. In part (b), the pressure gradient is less severe, and the forward-element wake remains thinner, because 
the flow separates near the leading edge of the aft flap. A different scenario that doesn't necessarily involve 
a double-valued lift curve can lead to a so-called “inverse-Reynolds-number effect,” in which an increase in 
Reynolds number results in a thinner forward-element wake, which increases the adverse pressure gradient im- 
posed on the aft flap, causing the flow on the flap to separate earlier, thus reducing maximum lif. 


























Figure 7.4.21 Illustration of flow states in the interaction of forward-element wakes with the separation on aft 
clements. (a) Mostly attached flow on aft lap and thick forward-element wake. (b) Separated flow on aft flap 
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Now let's look again at sail combinations like that shown in Figure 7.4.18d, These appear at first glance to be 
very different from aeronautical high-lift systems, in that the gap between elements is typically so much larger. 
But the mechanisms by which the slot does its job are much the same. This has not always been correctly un- 
derstood by the sailing community. According to older folklore among sailors, the slot directs a “high-velocity 
jet” of air along the lee (suction) side of the main (aft) sail to “energize” the boundary layer. This is reminiscent 
of the aeronautical community's older wall-jet interpretation of the slot effect, which we've seen is not a very 
good explanation in the case of small gaps, and which I've already argued is even less appropriate in the case 
of large gaps. The correct view of the slot effect in the case of typical sail configurations recognizes that the 

















velocity through the slot is only modestly elevated above freestream, and that the main benefit the slot provides 
for the mainsail is suppression of the leading-edge suction peak. Gentry (1971) provided the sailing community 
With one of the earliest correct interpretations of the stot effect. 





7.4.5 Cascades 


A cascade is a stacked array of nominally identical airfoils. The common examples are turning-vane arrays, as 
used in wind-tunnel comers, and rows of compressor blades, turbine blades, and stators, as used in turboma- 
chinery. These arrays obviously serve a variety of purposes, but what they have in common is that they all in- 
volve turning the flow. For stationary arrays (turing vanes and stators), flow turning is the primary function, 
while for moving arrays (compressor and turbine blades), flow turning is the means to an end: imparting work 
or extracting work. In the case of moving blades, imparting or extracting work requires a force component in the 
direction of the blades’ motion. The cascade must therefore change the component of the stream's momentum in 
that direction, which requires turning the flow. 

Because the blade elements of a cascade are usually not spaced far apart relative to their chords, the turning 
that can be accomplished is typically much greater than would be possible with isolated airfoils. The typical 
‘wind-tunnel turning-vane array, for example, turns the flow 90°, as shown in Figure 7.4.22. The reason such 
large turning angles are possible can be looked at in two ways. First, a global view is that the force generated by 
cach blade is directly “responsible” only for turning a streamtube of limited depth, so that the required loading 
on each blade is not too large. A more local view is that in spite of the large camber that such blades typically 
have, loadings are kept low, and stalling is avoided, by the inviscid interference provided by neighboring blades, 

















Figure 7.4.22 Wind-tunnel turing vanes for a 90° turn, Profiles sketched from Gelder et al., (1986): published 


by NASA 





‘The geometry of a cascade array repeats in a spatially periodic pattem, and for theoretical purposes, we ean 
usually assume that the resulting flow pattern is also spatially periodic. To solve for the detailed flowtield, we 
need only solve for the flow around a single blade, with periodic boundary conditions representing the effects 





of the other blades, as shown in Figure 7.4,23a. The ISES airfoil code (Drela and Giles, 1987) has options for 
analyzing and designing cascade blades, based on this kind of treatment of a single element in the array. For 
viscous calculations, the inlet low angle must be specified, which is analogous to specifying the angle of attack 
of a single airfoil. The outlet flow then depends on the solution for the flow around the blades. In inviscid eal 
culations, either the inlet or outlet flow angle may be specified, but not both. 





Figure 7.4.23 Simplified views of a cascade, (a) Dealing with a single clement and imposing periodic bound 
ary conditions. (b) Illustration of a view of integrated performance in terms of uniform farfield flow, and the 
relationship between inlet and outlet flow angles 
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For purposes of analyzing the integrated performance of an array, we can simplify things further by taking 
a control-volume view in which the disturbances from individual blades are assumed to have died out, and the 
entry and exit flows are taken to be uniform. Practically speaking, this requires moving only about one spa- 
cing length upstream and downstream of the leading and trailing edges of the elements. The details of the flow 
around the blades can then be ignored, and the cascade can be viewed as a control volume with a steady, uni- 
form farfield flow entering at a particular angle and speed, and a uniform exit flow leaving at a different angle 
and speed, as shown in Figure 7.4.23b. A streamtube passing through the cascade has its cross-sectional are 

changed by an amount that is dictated by the entry and exit angles, as indicated in the diagram. If the blades 
operate in the attached-flow regime, so that viscous losses are small, the flow can be approximated as inviscid, 
If we are in the reference frame in which the blades are stationary, the entry and exit flow conditions must then 
be related by the 1D isentropic flow relations we discussed in Section 3.11.1, and can be determined based on 
the area change only, and thus on the entry and exit angles only. Then given the flow conditions and the flow 
angles, we can apply conservation of momentum in control-volume form to calculate the forces per unit span 
(on the blades in both the vertical and horizontal directions, 








In inviscid flow without shocks, this force is the cascade counterpart to the lift of a conventional airfoil, Ifwe 
are in a reference frame in which the blades are moving, the isentropic relations do not apply because we must 
take into account the work done by the blades, and the exit flow conditions and the blade forces are then impli- 
citly related, Otherwise the analysis is the same as in the stationary-blade case. For details of such analyses, see 
Hill and Peterson (1992). 

At the control-volume level, when only the entry and exit flow conditions are known, the blade shape and 
details of the flow are not determined. Determining a blade chord and spacing and a detailed shape that would 
accomplish the specified flow turing is a design problem that usually has multiple solutions. As the chord is 
reduced relative to the spacing, however, the loading on each blade increases, and in the case of viscous flow, 
there is a limit beyond which no blade shape exists that can carry the required load. 








There is thus a minimum chord that the blades must have (relative to the periodic spacing) that depends on 
the required entry and exit flow conditions. The problem of determining the minimum chord is very similar to 
that of determining the maximum lift of a conventional airfoil, and the physics issues are essentially the same, 
In subsonic flow, the lift capability of a blade is limited by boundary-layer separation on the suction side, so 
that much of the discussion in Section 7.4.3 applies. In this regard, the pressure level at the trailing edge is very 
important, just as it was in the ease of a conventional airfoil. The trailing-edge pressure of a cascade blade is 
closely tied to the exit pressure of the cascade, just as the trailing-edge pressure of a single-element convention- 
al airfoil is closely tied to freestream pressure. 

Because exit pressure plays stich an important role, there is a substantial difference between the load-carrying 
capabilities of compressor cascades and turbine cascades. When the exit pressure is higher than the inlet pres- 
sure, as in a compressor stage, the suction-side boundary layer is not able to recover from as low a pressure as it 
would otherwise be able to, and the load-carrying capacity of the blades is reduced. Another way to look at this, 
is that the passages between blades are required not just to turn the flow, but to slow it down as well (i¢., to act 
as diffusers). An exit pressure that is lower than the inlet pressure, as in a turbine stage, has the opposite effect 
and enhances the load-carrying capacity of the blades. This is the main reason why turbine blades can sustain 
higher loadings than do compressor blades. In the design of gas-turbine engines, this difference is usually used 
to allow the turbine section to have far fewer stages than the compressor section. 























7.4.6 Low-Drag Airfoils with Laminar Flow 


We've already noted that most of the drag of an airfoil in attached flow consists of the integrated surface shear 
stress, or skin friction. Early in the history of our understanding of boundary layers, it became known that lam- 





inar skin friction is lower than turbulent skin friction under the same conditions, and that keeping the boundary 
layer laminar over part of the airfoil chord should lead to lower drag. And laminar-flow stability theory pre- 
dicted that a favorable pressure gradient would delay the growth of small disturbances in the boundary layer 
and thus should lead to a longer run of laminar flow. 





All of this was known by the late 1920s, but it was not applied immediately. The stability theory had not yet 
been tested against experiment, and it was not yet known what it would take to turn it into a practical transition- 
prediction method. Recall from Section 4.4.1 that stability-based en transition prediction wasn't developed until 
the carly 1950s (Smith, 1981). And in the 1920s airfoil design was still a cut-and-try art. 

But long before the en method was available, it had been observed that under the right conditions (a smooth 
airfoil surface and a low freestream turbulence level) transition often did not take place until the favorable pres- 
sure gradient at the front of the airfoil ended, and it was reasonable to expect that extending the favorable pres- 
sure gradient would extend the run of laminar flow. In the 1930s, a group at the NACA, under the direction of 
Eastman Jacobs (see Anderson, 1997), carried out a long program of airfoil development aimed at putting this 
idea into practice. This was one of the earliest practical applications of inverse design (see Section 7.4.10), in 
which an airfoil is purposely designed to produce a particular pressure distribution. The objective of this effort 
‘was of course to extend the regions of favorable pressure gradient and produce long runs of laminar flow. Ja 
cobs’ group also developed a low-turbulence wind tunnel in which to test the new airfoils 

In the earlier attempts that resulted in the NACA 2-through-5 series airfoils, the designs were carried out 
by approximate methods. The resulting airfoils demonstrated long runs of laminar flow at some conditions, but 
the approximate design methods did not control the pressure distribution near the leading edge well enough to 
produce good performance over adequate ranges of lift coefficient (see Abbott and von Doenhoff, 1958). 

‘Then in the late 1930s, Jacobs’ group undertook the design of the NACA 6-series airfoils, using a more ac- 
curate design method. The inverse design was actually applied only to a family of thickness distributions. These 











were then combined with various mean lines designed by linear theory to produce uniform load and therefore 
not grossly change the pressure gradients that had been designed into the thickness distributions. Each thickness 
distribution was designed to produce a favorable pressure gradient back to some intended point on the chord 
and to maintain the favorable gradient on the suction side up to a design angle of attack. Thus each thickness 
distribution had a range of angle of attack over which the pressure gradient would be favorable, and over which 
a low-drag bucket could be expected in the airfoil's drag polar. 

In wind-tunnel testing of the 6-series airfoils, the expected runs of laminar flow and resulting low drag levels, 
were verified. Figure 7.4.24 shows the shape and calculated inviscid pressure distributions of a 6-series sym- 
‘metrical airfoil, 632-015. Compared with a conventional airfoil of that time, the nose radius is smaller, and the 
‘maximum thickness is farther aft. The purposely designed region of favorable pressure gradient is clearly seen 
in the pressure distribution. The low-drag bucket in the measured drag polar can be seen in Figure 7.4.25. The 
‘width (range of C)) of the low-drag bucket depends on design details but is constrained by airfoil thickness, 
Making the bucket wider generally requires a thicker airfoil, which exacts a penalty in drag level. There is thus a 
trade between the width and the depth of the bucket. Adding camber (a cambered mean line) to the airfoil shape 
moves the low-drag bucket to higher lift coefficients, but because the width of the bucket depends primarily on 
the thickness distribution, the width tends to stay about the same, Drag polars are shown for some cambered 
6-series airfoils in Abbott and von DoenhofT (1958). 


Figure 7.4.24 Shape and calculated inviscid pressure distribution of the symmetrical NACA low-< 
low airfoil, 632-015. From Abbott and von Doenhoff, (1958). Used with permission of Dover Public: 
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Figure 7.4.25 Measured drag polars for the symmetrical NACA low-drag laminar-flow airfoil, 632-015, show. 
tng th vera cet. From Abbett and vom Deen (1958), Used with permission of Dover Publications 
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‘The success of the 6-series airfoils in the wind tunnel led to attempts to exploit their low drag levels on sever- 
al military airplanes during the World War Il years, the North American P-51 Mustang being the prime example, 


Achieving the long runs of laminar flow for which the airfoils were designed, however, requires low levels of 
surface waviness and roughness, something that was not routinely achieved with the conventional metal con- 
struction used on wings at the time. In these applications, the 6-series airfoils probably did not reach the low 
drag levels seen in the wind-tunnel data. True laminar-flow drag levels were probably not routinely achieved in 
practice until laminar-flow airfoils were used on high-performance gliders, beginning in the 1950s. 

As we discussed in Section 4.4.1, the verification of the stability theory wasn't widely known until after 
World War Il, the en transition-prediction method wasn't developed until the early 1950s, and it wasn't widely 
used until the 1970s. This was not much of a hindrance to the early development of laminar-flow airfoils be: 
cause successful airfoils could be developed without detailed stability calculations. On a wing without much 
sweep, over a wide range of practical Reynolds numbers from about a million to more than 10 million, a mod- 
crate favorable pressure gradient gencrally suffices to enable a long run of laminar flow, with transition at or 
near the end of the region of favorable gradient. When a wing has substantial sweep, however, the situation is, 
‘more complicated and tends to require more analysis, including detailed stability calculations, as we'll discuss 
in Section 8.6.4 

On airfoils like the 6-series, designed for low-drag laminar flow at moderate lift coefficients, the favorable 
gradient usually disappears at higher angles of attack, and transition moves forward, well before maximum lift 
is reached. Thus premature loss of laminar flow due to poor surface quality or contamination does not usually 
entail a reduction in maximum lift, unlike the Liebeck airfoils designed for maximum lift with laminar flow that 
‘we discussed in the Section 7.4.3, The small leading-edge radius typical of low-drag laminar airfoils tends to 
produce a pronounced suction peak at the leading edge at high angles of attack, however, and thus can reduc 
the maximum lift dictated by turbulent stall. 

In the years since the 6-serie ¢ designed, the technology of low-drag lamina 
become much more sophisticated, especially for high-performance gliders. Part of the focus of these develop- 
‘ments has been to ensure that transition happens where it is wanted and is not delayed so far that laminar sep- 
aration occurs before transition. Features like a “transition ramp.” which is a region of mild adverse pressure 
gradient carefully designed to trigger transition before the start of the hard aft recovery, have been used. Other 
airfoils have been designed to make use of roughness strips to trip the flow (Althaus, 1981), or a “pneumatic 
turbulator” (Horstmann and Quast, 1982), a row of tiny air jets that are supplied by a passive ram-air inlet and 
can be turned on over the range of C where artificial tripping is desired and can be sealed closed when a longer 
run of laminar flow is desirable, Laminar flow on swept wings poses additional problems that welll discuss in 
Section 8.6.4 
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7.4.7 Low-Reynolds-Number Airfoils 


‘Though low-Reynolds-number airfoils cover a wide spectrum, the single issue of laminar separation is pervasive 
across the entire range. Laminar separation is dealt with by a variety of strategies, from simply living with it 
to taking purposeful measures to prevent it or to control its effects. At the low end of the spectrum are rubber 
powered indoor mode! airplanes that use cambered-membrane airfoils at chord Reynolds numbers in the range 
‘of 3000-6000. In this regime, the laminar boundary layer on the upper surface typically separates at around 
70% of the chord and does not reattach, and maximum sectional L/D is around 12 at a Cy of 0.8-0.9. At the 
high end are airfoils designed for human-powered airplanes, as, for example, the MIT Daedalus (Drela, 1988), 
‘on which the chord Reynolds number on the inboard wing was around S00 000, with a maximum sectional L/D 
of around 138 at a Cy of 1.5. This Reynolds number is still well below those for which conventional low-drag 
airfoils are usually designed, and transition tends not to happen ahead of laminar separation unless artificial 
tripping is used. To avoid having to instal tripping devices on the delicate plastic-film covering of the Daedalus 








wing, Drela chose to accept the presence of a laminar separation bubble on the upper surface and to use the 
bubble, in effect, as the tripping mechanism, Drela found that through proper design of the pressure distribution, 
the bubble could be kept short, and the drag penalty associated with the presence of the bubble could be kept 
small. The “signature” of the separation bubble on the upper surface (the kink in the pressure distribution, with 
a short plateau preceding it, and a precipitous pressure rise following) can be seen in the pressure distributions 
in Figure 7.4.26, 


Figure 7.4.26 Shape and pressure distribution of DAE 11 designed by Drela (1988) for the wing center section 























of the Daedalus human-powered airplane, showing the indication of a laminar-sep bubble on the upper 
surface. From Drela, (1988). Used with permission of AIAA, XFOIL calculation by Steven R. Allmars 
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7.4.8 Airfoils in Transonic Flow 


‘As Mach number increases from zero, the pressure disturbances produced by an airfoil, when expressed in terms 
of the conventional Cy, increase gradually, but the general character of the pressure distribution does not change, 
‘Then when the freestream Mach number is high enough that the peak local velocity outside the boundary layer 
approaches sonic, the physics begins to change character. As the local Mach number passes through sonic, the 
local relationship between pressure and streamtube area reverses, as we saw in connection with ID isentropic 
flow in Section 3.11.1, and the airfoil pressure distribution changes dramatically. 

Figure 7.4.27a shows this progression for the NACA 4412, a conventional airfoil not designed for perform- 
ance at transonie speeds, illustrated in terms of pressure distributions at several Mach numbers at the same mod- 
erate C/ of 0.72, as calculated by the MSES code (Drela, 1993). At low freestream Mach numbers, the upper- 
surface suction peak is broad and centered at about 20% chord. As the freestream Mach number increases and 








the local velocity at the suetion peak approaches sonic, the suction peak moves aft. Sonic Cp values for the dif 
ferent Mach numbers are indicated by horizontal dashed lines. The freestream Mach number at which the peak 
local velocity first hits sonic is often referred to as the critical Mach number. As speed increases further, a re- 
gion of supersonic (“supercritical”) flow forms, terminated by a shock, as illustrated in Figure 3.11_1a, As the 
strength of the shock increases, the transonic drag rise begins. For low-speed airfoils like this one, the margin 
between the critical Mach number and the beginning of drag rise is small, At still higher Mach numbers than 
those shown in this series of solutions, the shock becomes strong enough to cause separation, dramatically re~ 
ducing maximum lift. Note that the high velocities preceding the shock are concentrated over the mid portion 
of the airfoil chord, 





Figure 7.4.27 Progression of airfoil pressure distributions from incompressible to the transonic regime at con: 
stant lift coefficient of 0.72, R= 10’, calculated by the MSES code (Drela, 1993), Sonic Cj, values for the dif 
ferent Mach numbers re indicated by horizontal dashed lines. (a) NACA 4412, representative of older con- 
ventional airfoils. (b) RAE 2822, representative of an early generation of modern transonic airfoils 
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Modem transonie airfoils delay the drag rise to well above the critical Mach mumber by delaying the rapid 
se in the local Mach number ahead of the shock. This requires shifting some of the lift from the midsec- 
tion to the front and the rear, which means making the pressure distribution at low Mach numbers “peaky” at 
the front and introducing an increased degree of “aft loading.” Figure 7.4.27b shows the calculated progression 
of the pressure distribution for an airfoil representative of an early generation of this general design approach, 
the RAE 2822 (Cook, McDonald, and Firmin, 1979), an airfoil with the same 12% maximum thickness as the 
NACA 4412. Note that the peak upper-surface velocity remains near the leading edge well into the transonic 
regime rather than being located near mid-chord, as it was on the NACA 4412. The shock first appears well 
forward and then moves aft rather than first appearing near mid chord and not moving much, as was the case 
with the NACA 4412, 

Richard Whitcomb of NASA developed some of the earliest airfoils of this type. His first such airfoil was 
designed to operate with the shock quite far aft and incorporated a sot in a manner similar to a high-lift slotted 
flap, but smoothly faired as in Figure 7.4,19a. Subsequent airfoils aimed for a similar overall pressure-distri- 
bution architecture, but were unslotted (Whitcomb, 1974). For this general design approach, Whitcomb coined 
the term “supercritical airfoil,” referring to the fact that the drag rise was delayed well past the critical Mach 
number. Whitcomb’s supercritical airfoils were more aggressively aft-loaded than the RAE 2822 example we 
looked at in Figure 7.4.27b, 

‘The formation ofa shock in the flow field causes drag to increase through two mechanisms: 

1. There is the dissipation in the shock itself, which makes itself felt as an increase in pressure drag at the 
airfoil surface. 





























2. The increase in pressure through the shock, even when it does not cause separation, thickens the bound- 
ary layer as it passes through the shock, which also increases its rate of growth from the shock aft, and 
increases the pressure drag due to the boundary-layer displacement effect. 





The results of this can be seen in Figure 7.4.28, which shows the drag-rise curves of the NACA 4412 and 
the RAE 2822, Ata constant Cy of 0.72 for which we compared the pressure distributions in Figure 7.4.27, both 
airfoils maintain a reasonably low and nearly constant drag level across the low-Mach range, until a point is 
reached for each airfoil where the drag rise begins, gradually at first, and then quickly becoming quite steep, 
Forthe NACA 4412, the drag rise begins at a Mach number of about 0.60, while for the RAE 2822 itis delayed 
to about 0.68. Over the first few tens of counts of drag rise, shock drag typically accounts for roughly two thirds 
ofthe increase over the low-Mach drag level. The other roughly one third is accounted for by an increase in vis 
cous drag associated with the increasing punishment imposed on the boundary layer as the shock gets stronger, 











rise curves for NACA 4412 and RAE 2822 airfoils at C/ of 0.72, calculated by the MS 





Figure 7.4.28 Dra, 
code (Drela, 1993) 
ore 












oot + 


010 + 





0.009 | 


é 
9.008 





RAE 2822 
0.007 + | 


o.008 | 








‘Sons T ‘ ‘ T 
03 oa 08 06 07 og 
u 





We've seen how transonie flow brings with ita huge change in the pressure distribution on an airfoil. It also 
brings a dramatic increase in the sensitivity of the pressure distribution to small changes in the effective shape of 
the airfoil, and thus much more sensitivity to the boundary-layer displacement effect that we discussed in Sec 
tion 4.1.3 and that we saw illustrated for subcritical airfoil flow in Figure 7.4.5. We make a similar comparison 
for transonic flow in Figure 7.4.29. The boundary layer displacement thickness is largest on the upper surface 
near the trailing edge, where it affects the circulation and the overall lift, and it does so much more strongly than 
it did in the subcritical case in Figure 7.4.5, 





Figure 7.4.29 Effect of boundary-layer displacement on the pressure distribution of the RAE 2822 airfoil in 
transonic flow, R = 10”, M= 0.74, a=2.221°, calculated by the MSES code 
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‘The interaction between the shock and the boundary layer plays an important role in the physics of transonic 
airfoil flows. We can see some of the effects of this interaction in the pressure distributions through the shocks 
in Figure 7.4.29: 

1. The pressure rise through the shock is “smeare. 
pressure rise thickens the boundary layer, as we've already mentioned, and the thickening of the bound- 
ary layer acts like adding a curved “ramp” or “wedge” to the effective shape of the airfoil, which has the 
effect of making the shock “fan out” at its base into compression waves (Figure 7.4.30) and smearing the 
pressure rise over a distance roughly proportional to the incoming boundary-layer thickness, This smear- 
ing of the shock pressure rise is clearly visible in the surface pressure distribution in the viscous case in 
Figure 7, 

2, The pressure downstream of the shock is not as high as that which a normal shock would produce at 
the same upstream Mach number. This is another result of the effective viscous “ramp” or “wedge” asso- 
ciated with the thickening of the boundary layer. In addition to causing the shock to fan out; the “wedge 
causes it to become oblique, so that the normal-shock relations don’t apply, and the post-shock pressure 








* over some distance along the airfoil surface, The 

















is moved closer to the sonic level, ~ Pas can be seen in the viscous case in Figure 7.4.29, 
Figure 7.4.30 Sketch of transonic shock/boundary-layer interaction. From Sirieix, Delery, and Stanewsky 
(1980). Used with permission of Springer Science + Business Media 
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Other interesting aspects of transonie airfoil shocks can be seen in Figure 7.4.29. The shock pressure jumps 
that would have occurred, had the shocks been normal shocks with the upstream Mach numbers My consist 
cnt with the pressure distributions, are indicated by arrows. In the viscous case, the pressure rise falls far short 
of the normal-shock value because of the “wedge” effect we just discussed. In the inviscid case, the pressure 
rise falls little bit short, but for a different reason. A shock impinging on a smooth surface in inviscid flow 
‘must impinge normal to the surface, and the pressure rise should be the normal-shock pressure rise. But when 
the surface is curved, there is a singularity at the point where the shock impinges (the Zierep singularity, se 
Oswatitsch and Zierep, 1960), and the flow downstream of the shock very quickly reexpands to a higher Mach 
‘number. The numerical solution for the inviseid case in Figure 7.4.29 didn't have enough resolution to show the 
singular dip to the normal-shock value. There is also some numerical smearing of the shock in the inviscid case, 

In the viscous shock/boundary-layer interaction, the downstream pressure varies somewhat as a function of 
the strength of the shock. By examining experimental data, Jou and Murman (1980) concluded that the down- 
stream pressure corresponds closely to that of an oblique shock on a wedge with the maximum deflection angle 
for an attached shock (see Section 3.11.2 for a discussion of oblique shocks). Lynch and Johnson (1987) pro- 
posed a similar kind of correlation for the downstream pressure, with a slightly different result. The two are 
compared in Figure 7.4.31 in terms of the inviscid Mach number Mz downstream of the shock inferred from 
hock down” to anywhere near the normal- 


















































‘measured surface pressures. It is clear that transonic airfoils don’t 





shock level, and for the weak-shock range that is of interest in cruise (M1 < 1,20) the downstream Mach number 
Mp will be between 0.95 and 1.00. 



































Figure 7.4.31 Correlations of downstream Mach number in transonie shock/boundary-layer interactions 
(From Jou and Murman, (1980 (“Max oblique”) and Lynch and Johnson, 1987) 
10 
‘Lynch and Johnson 
os | 
Max oblique 
oa 
Normal shock 
= Nhe] 
0.85 
OB 
078 - i 
1 1.05 wt 118 12 1.25 13 


As either Mach number or angle of attack increases, the shock generally becomes stronger, and when it is 
strong enough it causes immediate separation of the boundary layer. Because the pressure rise through the shock 
is smeared over a distance that scales roughly with the thickness of the incoming boundary layer, the severity of 
the pressure gradient through the shock varies so as to compensate for the effects of Reynolds number, with the 
result that shock-induced separation has practically no Reynolds-number dependence. Separation first appears 
at an upstream Mach number Mi very close to 1.30, practically independent of Reynolds number, and with only 
a slight dependence on the shape factor of the incoming boundary layer. For M between 1.30 and 1.40, the 
boundary layer reattaches to the airfoil surface, and the separation is thus limited to a local bubble beginning at 
the base of the shock, as illustrated in Figure 7.4.32. For Mj above 1.40, there is usually no reattachment, and 
the final flow pattern in Figure 7.4,32 is generally associated with severe buffeting. A more detailed discussion 
of transonic shock/boundary-layer interaction can be found in Sirieix, Delery, and Stanewsky (1980). 











Figure 7.4.32 Illustration of the progression of separation at the foot of the shock on an airfoil. (a) Mi 
1,30: Attached flow. (b) 1.30 <M, 40; Separation bubble at foot of shock. (c) My > 1.40: Separation 
without reattachment 
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‘The progression of separation at the foot of the shock described above can be complicated by interaction 
with separation starting at the trailing edge and moving forward. Because these two types of separation can pro- 
‘gress cither separately or simultaneously, the number of possible scenarios is large. Which one actually happens 
depends on the details of the particular airfoil's pressure distribution, Pearcey, Osborne, and Haines (1968) ex- 
hhaustively described the possibilities and divided them into those with separation at the foot of the shock only 
(Model A) and those with aft separations or combinations (Model B). Their diagram of the possibilities is shown 
in Figure 7.4.33 


Figure 7.4.33 Possible sequences in the development of separation at the foot of the shock and separation 

















moving forward from the trailing edge, shown as successive stages as either Mach number or angle of attack 
increases, Turbulent boundary layers are assumed. From Pearcey, Osborne, and Haines, (1968). Published by 
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‘The problem of designing an airfoil for good performance under transonic conditions, for example, achieving 
a high sectional L/D at a high Mach number, is effectively that of designing for the highest Cy at which a re 
onably low drag level can be had. Thus it is similar to the problem of designing a single-element airfoil for 
‘maximum lift in subcritical flow that we discussed in Section 7.4.3, where we saw that an optimum design rep- 
resents a tradeoff between increasing the magnitude of the negative Cp in the “rooftop” on the forward part of 
the chord and delaying the start of the pressure recovery. The limiting constraint in the general high-liN case 
‘was delaying boundary-layer separation to the trailing edge. In the transonic case, we have the same boundary- 





layer separation constraint, but we also have the requirement for “reasonably low” drag, which is effectively an 
active constraint as well. In particular, that means keeping shock drag under control over the required range of 
operating conditions while trying to maximize usable lift. 

It is possible to design an airfoil with the required region of supersonic flow and a shock-free recovery at one 
operating condition. But shock-free design has not proven to be practical because it provides low drag over too 
narrow a range of Mach and Cy. At conditions other than the design condition, a shock-free airfoil tends to have 
a stronger shock and significantly higher drag than a conventional transonic airfoil would. The conventional 
compromise is to design for an upper-surface pressure distribution with the general features illustrated in Figure 
74,34, including a weak shock, over the desired transonic part of the operating envelope. Shock drag increases 
rapidly for upstream Mach numbers above about 1.15-1.20, which effectively limits the value of negative Cp 
that can be tolerated just ahead of the shock. Note that a shock of this strength is not even close to causing sep- 
aration (recall Figure 7.4.32a). 








Figure 7.4.34 Illustration of desired features of an upper-surface pressure distribution for efficient transonic 
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Downstream of the shock, it seems to be advantageous to provide a slight re-expansion before the final aft 
pressure recovery begins. This increases lift and is probably also favorable to the boundary layer. Although the 
shock does not cause separation, itis sufficiently traumatic to the boundary layer that it seems to be helpfil to 
provide the re-expansion to allow the boundary layer to “relax” before the start of the final aft pressure recov~ 
ery. Downstream of the re-expansion, a slightly convex recovery is favored because it also increases lift. This 
differs from what we saw in Section 7.4.3, where maximum lift in subcritical flow favored a concave recovery. 
In that case, a concave recovery allowed more negative Cp at the start of the recovery, whi 
case, negative Cp is limited by shock drag. 

It is also favorable to design the supersonic rooftop with a slight built-in deceleration or adverse pressure 
gradient. This increases lift by allowing more-negative Cy near the leading edge, and it facilitates a benign pro- 
gression of shock position and strength with Mach and C/. When all these considerations are taken into account, 
it seems to be optimum to position the shock just aft of mid chord at the Cy at which the maximum sectional 
LID is desired at the targeted cruise Mach number. 








in the transonic 











Practical considerations for design are discussed in Section 7.4.10. 


7.4.9 Airfoils in Ground Effect 


‘The presence of a ground plane below an airfoil alters the flow relative to free-air conditions at the same angle 
of attack. The effects generally become stronger with decreasing height above the ground plane, and the height 
‘must typically be less than about one chord for the effects to be large. 

In the simplest model, which should be valid for lange hic, the lift is represented by a vortex at the airfoil 
quarter-chord, and the effect of the ground is represented by an image vortex below the ground. The prese 
ofthe image reduces the effective freestream velocity seen by the airfoil from Use to a lower value Uesrand thus 
reduces the lift at a given angle of attack. If we ignore any change to the effective camber of the airfoil and 
assume that the airfoil shape and angle of attack determine I/Uesr, we obtain the following expression for the 
lif relative to its free-air value at the same angle of attack: 


142 C1/Ctoo = 1/L1 + (Ciaoe)/(8ab)}. 


‘Note that the Cy ratio depends on both Cj and hic, and that the effect disappears (the ratio goes to one) as either 
























































hhle +c or as Ci — 0, The predicted reduction in lift is plotted as the solid curve in Figure 7.4.35 for Ct = 
130, 
Figure 7.4.35 Effect of a ground plane on the lift of an airfoil at a fixed angle of attack. Comparison of the 
simple model of Equation 7.4.2 with MSES calculations for the NACA 4412 airfoil at a = 7.622° (C)= 1.30 
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Of course, a real airfoil has bound vorticity distributed along the chord and has thickness, and thus the ground 
alters the effective camber and angle of attack as well as Usit. These effects will be more complicated and will 
not generally disappear as Ci — 0. As an illustration of what these more-realistic effects can look like, Figure 
7.4.35 also shows results calculated by the MSES code for the NACA 4412 airfoil, with viscous effects included 
‘on the airfoil surface but not on the ground plane. At the larger heights, the lift loss is roughly the same as that 
predicted by the simplest model, Equation 7.4.2. At the lower heights, the lift reduction reverses, and lift in- 
creases, presumably because the ground increases the effective camber or angle of attack. Such deviations from 
the simple model will of course depend on the chordwise lift distribution. And for small heights, the boundary 
layer on the ground plane could alter these results significantly. (Note that a local unsteady boundary layer will 














develop even on a stationary ground plane in zero wind, because of the local unsteady velocities produced as 
the airfoil passes by.) 

There is a widespread notion that ground effect produces an “air cushion” of high pressure under the airfoil, 
‘which increases lift. In the NACA 4412 example in Figure 7.4.35, lift was indeed increased for hic less than 
about 0.3. Pressure distributions for three of these cases are plotted in Figure 7.4.36. At h/c = 1.95, there is a 
decrease in lift, coming from a pressure increase that is greater on the upper surface than on the lower surface, 
consistent with the simplified model that explains the effect in terms of a reduction in effective freestream velo- 
city, At the lowest h/e of 0.26, the pressure increases have grown larger on both surfaces, but the increase on the 
lower surface is now larger than that on the upper surface, so that there is a small lit increase. ‘The change in 
loading is not concentrated toward the leading edge, and thus is consistent with a change more in the effective 
camber rather than in the angle of attack, From what we see in this case, the “air cushion” image isn't a bad one, 
as long as you keep in mind that much of the effect on lift from the lower surface is offset by a pressure increase 
(on the upper surface that is almost as large as that on the lower surface. 















































Figure 7.4.36 Effect of a ground plane on the pressure distribution on an NACA 4412 airfoil for three of the 
cases in Figure 7.4.35 
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In the case of a 3D wing, the 3D effects of the ground plane often overwhelm the 2D effects we've just dis- 
cussed. We'll look at the 3D effects on lift in Section 8.2.4 and the 3D effects on induced drag in Section 8.3.9. 


7.4.10 Airfoil Design 


Different mission performance requirements place different amounts of importance on aerodynamic perform- 
ance measures such as high maximum lift, low drag, and high-Mach-number capability. In our discussions so 
far, we've considered these aerodynamic objectives separately, looking at some of the purely aerodynamic con- 
siderations that apply to designing a low-speed airfoil for maximum lift, a low-drag airfoil with laminar flow, 
or an airfoil for high L/D at high subsonic Mach numbers. Of course, practical airfoil design should take into 
account much more than just these single objectives. An airfoil on a practical flight vehicle should perform well 
not just at one flight condition, but should provide favorable performance over the full range of conditions en- 
countered during the vehicle's mission. The aerodynamic design should therefore take into account multiple op- 
crating conditions, including those in which high-lift devices may be deployed. Then there are nonaerodynamic 














requirements, In addition to providing aerodynamic performance, an airfoil must enclose wing structure, fuel, 
and mechanical systems. Sometimes an airfoil optimized for purely aerodynamic considerations will already 
meet these other requirements, but usually not. In the usual case, the best shape is a compromise between aero- 
dynamic and nonaerodynamic objectives and constraints. 

In the early era from the 1800s to the 1930s, airfoil design was a cut-and-try affair, with the airfoil shape 
as the input, and the performance, as determined by wind-tunnel testing and flight experience, as the output. 
Progress was slow, and the performance levels that were achieved were not high by today's standards 

We've seen that the lift and drag performance of an airfoil is largely determined by the behavior of the bound- 
ary layer, which means that the pressure distribution is hugely important. In the second era of airfoil design, 
from the 1930s to the 1990s, controlling the pressure distribution through inverse design (solving for the shape 
that yields a specified pressure distribution) led to major advances in the ability to target particular kinds of 
performance. An carly example we already considered is the NACA 6-series airfoils designed for low-drag lam- 
inar flow. In the early years, the state of computational methods was such that inverse design was limited to 
incompressible inviscid flow, but this sufficed for low-Mach-number applications. It was not until the 1970s 
that methods became available for routinely computing inviscid transonic flows. Turning this capability into 
a practical design tool required adding viscous effects, through boundary-layer coupling, because the pressure 
distribution in transonic flow is very sensitive to small changes in the effective shape of the airfoil, as we saw 
in Figure 7.4.29, The application of viscous transonic inverse-design methods led to dramatic improvements in 
transonic airfoil performance. 
design method in general entails some interesting difficulties. One has to do with the nature of 
the inverse problem itself, and that is that only particular target pressure distributions lead to realizable airfoil 
shapes that are not either open or crossed over at the trailing edge. One way of dealing with this problem is to 
allow the solution algorithm to alter the target pressures in some arbitrary way, for example, by adding a lin- 
car ramp or some other distribution to the pressures, and to solve for how much of the alteration is needed to 
make the resulting geometry realizable. How close the resulting design comes to achieving the desired pressure 
distribution then depends on how close to realizable the target was. Another approach is called modal inverse 
design, which starts with a “seed” airfoil shape that is then modified by the addition of particular shape func 
tions, or “modes,” whose amplitudes are solved for by optimization, so as to minimize some measure of the de- 
viation between the actual pressure distribution and the target pressure distribution. The shape-changing modes 
are purposely defined so as not to be able to “open” the trailing edge, and the resulting airfoil automatically has 
a realizable shape. Both of these methods of dealing with the realizability problem are available as options for 
doing inverse design in the ISES and MSES codes (Drela, 1993) 

Since the 190s, CFD-based optimization has replaced inverse design as the method of choice for designing 
an airfoil, or at least for the final refinement of a design. The objective function that is minimized ean include 
almost any weighted combination of aerodynamic performance measures and airfoil shape characteristics. The 
aerodynamic performance objective almost always includes multiple operating conditions, since airfoils optim- 
ized for only one condition usually perform poorly at “off-design” conditions. Constraints can also be imposed 
fon the aerodynamic characteristics (pitching moment, for example) or on the shape (maximum thickness or 
some other measure of the structural fitness of the shape, for example). Often the things we might ordinarily 
think of as constraints can be handled equally well as part of the objective instead. 

With the advent of optimization, it might seem that airfoil design has become a “pushbutton” activity: Define 
the objective and the constraints, and turn the code loose to produce the best possible airfoil. But airfoil optim- 
ization is not usually that simple in practice. Numerical optimizers have an uncanny ability to find and exploit 
weaknesses in the formulation of the problem, often with the result that the optimized solution is practically 
useless. The weakness can be in the physical modeling, as in some flaw in the physical fidelity of the CFD 
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‘method, or it can be flaw in the choi 
airfoil optimization in a way that produc 

Regardless of whether inverse design or optimization is used to generate a design, there are lessons that erop 
up repeatedly and seem to be universal. One is that the pressure distribution on the upper surface has much 
greater leverage over the performance (drag or maximum lif) than the pressure distribution on the lower surface 
does. In the case of drag, this is presumably because of the higher average velocity over the upper surface un- 
der lifting conditions. In the case of maximum lif, it is because boundary-layer separation on the upper surfac 
is determined by the upper-surface pressures. Thus for either low drag or high lift, a deviation from the aero- 
dynamic optimum pressure distribution on the upper surface carries a heavier penalty than a similar deviation 
oon the lower surface, The upper surface pressure distribution is therefore more or less “inviolable,” while the 
lower-surface pressure distribution is more “negotiable” and can be compromised, for structural or other non- 
aerodynamic reasons, with only minimal aerodynamic performance penalty. 


of objectives or constraints, It usually takes considerable skill to use 
‘an excellent design for the intended purpose. 

















7.4.11 Issues that Arise in Defining Airfoil Shapes 


Defining the shape of an airfoil would seem to be a simple proposition: Either use analytic functions, as in the 
NACA 4- and 5-digit series, or use a string of defining points combined with some method of interpolating 
smoothly between them. But interesting issues can still arise that are worth discussing here. 

Decomposing an airfoil shape into a camber line, or mean line, and a thickness shape was common in much 
of the early work on airfoils, including the various NACA series. As we saw in Section 7.4.1, the aerodynamic 
effects of camber and thickness (and angle of attack) are exactly separable only in the linear limit of small sur- 
face slope. Still, it was common practice to design camber lines and thickness shapes separately as late as the 
NACA 6 series of low-drag laminar airfoils. 

The traditional way of lofting an airfoil by combining a camber line and a thickness shape is described in 
Abbott and von Doenhoff (1958). The leading and trailing edges are defined as the ends of the 
and the chord line is defined as the straight ine joining the leading and trailing edges. The thickness shape is 
added normal to the camber line, as shown in Figure 7.4.37. The circle defined by the leading-edge radius has 
its center not on the chord line, but on a line drawn tangent to the camber line at the leading edge. Thus if the 
slope of the camber line at the leading edge is nonzero, the center of the circle will be displaced vertically from 
the chord line, and the nose of the airfoil will protrude slightly ahead of the “leading edge. 

















Figure 7.4.37 Traditional way of combining a camber line and a thickness shape. From Abbott and yon Doen 


hoff, (1958). Used with permission of Dover Publications, In 
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‘There are two formal problems with this procedure: 
1. Some camber lines have infinite slope at the leading edg 
“fudged” as explained in Abbott and von Doenhoff (1958), and 


in which case the procedure has to be 





2. An airfoil surface defined in this way can “double back” on itself ifthe half-thickness exceeds the local 
radius of curvature of the camber line, but this is something that practically never occurs 

A more basic objection to the traditional recipe is that there's no real reason to use such a complicated pro- 
s. It certainly isn't justified by linear theory, since for the small surface slopes assumed in the theory there's 
no significant difference between adding the thickness normal to the camber and simply adding the y coordin- 
ates. And for airfoils with practical thickness and camber, the difference is typically significant only in the 
neighborhood of the leading edge, where linear theory doesn't apply anyway. So it makes just as much sense 
theoretically, and much more sense practically, just to add the y coordinates. 

Now that most new airfoils are designed by CFD calculations, either by inverse design or optimization, as 
‘we discussed in Section 7.4.10, we tend not to deal with separate camber lines and thickness shapes anyway. If 
we forego the decomposition into camber and thickness, defining an airfoil shape is just defining a function y(x) 
that is double valued so as to have upper and lower surfaces. We generally like an airfoil to have a well behaved 
pressure distribution in subsonic flow, which dictates some desirable properties for y(x). In potential flow, a dis 
continuity in either slope or curvature produces a singularity (infinite slope) in the pressure distribution (This is 
discussed in Section 9.2.1, and two cases are sketched in Figure 3.10.2b.c). In real, viscous flow, a discontinuity 
in slope or curvature doesn't produce singular behavior, but it can still produce a large local pressure gradient, 
which is best avoided. It is thus prudent to require that the surface be continuous to the second derivative (C2), 
This is not a difficult requirement to meet. 

‘What can cause some difficulty, however, is handling the leading-edge region, The usual blunt leading edge 
has a combination of concentrated high curvature and a leading edge point where the slope is infinite, which is, 
not that easy to represent with simple conventional curve-fitting procedures. 

A general method of representing body shapes has been proposed by Kulfan (2008) that provides one way 
of dealing with the leading-edge issue. The function y(x) defining the cross section of a 2D body like an airfoil 
is defined as the product of a class function that gives the body its basic character, and a shape function that 
defines the specific shape. The idea is that with the class function providing the basic blunt leading-edge shape, 
the shape function should be a function that is easier to curve-fit. A simple class function for an airfoil with a 















































blunt leading edge anc a wedge trailing edge is V(1 — X), where x goes from 0 to 1 from the leading edge 


to the trailing edge. The VX provides a blast leading edge with a finite leading-edge radius, and the (1 —x) 
provides a wedge tailing edge, as shown in Figure 7.4.38. The airfoil shape is then given by 


143 ¥ = fVx(1-x) + 





with separate shape functions f, and f] for the upper and lower surfaces. Separate values of yre for the upper 
and lower surfaces define the thickness of the trailing edge. The value f(1) determines the slope at the trailing 
edge, and (0) determines the leading-edge radius. Thus to have continuity of curvature at the leading edge re- 
quires fy(0) =~ fi (0). Figure 7.4.39 shows the airfoil shapes and the functions fix) defined by them by Equation 
7.43 for the symmetrical NACA 0012 and cambered NACA 4412 (lofted by adding y coordinates, not by the 
‘more elaborate procedure). For the symmetrical case, f(x) is well behaved and would be easy to curve-fit to high 
accuracy. In the eambered case, however, things are not so well behaved. Note that 1(0) is the same regardless of 
camber, since the leading-edge radius is determined only by the thickness shape. But the NACA 44xx camber 
line has nonzero slope at the leading edge, which causes f(x) to have infinite slope there, though f(x) is reason- 
ably well behaved everywhere else. So when the camber line at the leading edge has nonzero slope, Equation 
7.4.3 doesn't completely eliminate the difficulty of fitting the leading edge, and special measures must be taken 
to handle the infinite slope there. 























Figure 7.4.38 The class function V*(1 — X) for fitting airfoil shapes uccording to Equation 7.4.3 
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Figure 7.4.39 Airfoil shapes for NACA 0012 and NACA 4412 and correspond 
by Equation 7.4.3, 
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